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PREFACE.

The present work has been undertaken at the request

of many teachers, in order to be placed in the hands of

beginners, and to serve as an introduction to the larger

treatise published by the author; it is accordingly based

on the earlier chapters of that treatise, but is of a more

elementary character. Great pains have been taken to

render the work intelligible to young students, by the use

of simple language and by copious explanations.

In determining the subjects to be included and the

space to be assigned to each, the author has been guided

by the papers given at the various examinations in ele-

mentary Algebra which are now carried on in this country.

The book may be said to consist of three parts. The first

part contains the,elementary operations in integral and

fractional expressions ; it occupies eighteen chapters. The

second part contains the solution of equations and pro-

blems; it occupies twelve chapters. The subjects contained

in these two parts constitute nearly the whole of every ex-

amination paper which was consulted, and accordingly they

are treated with ample detail of illustration and exercise.

The third part forms the remainder of the book ; it con-

sists of various subjects which are introduced but rarely

into the examination papers, and which are therefore more

briefly discussed.

The subjects are arranged in what appears to be the

most natural order. But many teachers find it advan-

tageous to introduce easy equations and problems at a very
' early stage, and accordingly provision has been made for
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such a course. It will be found that Chapters XIX. and
XXI. may be taken as soon as a student has proceeded as

far as algebraical multiplication.

Ill accordance Aviththe recommendation of teachers, the

examples for exercise are very numerous. Some of these

have been selected from the College and University exami-

nation papers, and some from the works of Saunderson and

bimpson ; many however are original, and are constructed

with reference to points which have been shewn to be im-

portant by the author's experience as a teacher and an

examiner.

The author has to acknowledge the kindness of many

distinguished teachers who have examined the sheets of his

work and have given him raluable suggestions. Any re-

marks on the work, and especially the indication of diffi-

culties either in the text or the examples, will be most

thankfully received.

I. TODHUNTER.
St John's Colleqb,

July 1863.

Four new Chapters have been added to the present edi-

tion, and also a collection of Miscellaneo\is Examples which

are arranged in sets, each set containing ten examples.

These additions have been made at the request of some

eminent teachers, in order to increase the utility of the

work.

July 1867.
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ALGEBRA FOR BEGINNERS.

L Tke Principal Signs,

\. Algebra is the science in which we reason about
numbers, witli the aid of letters to denote the numbers^
and of certain signs to denote the operations performed
on tlie numbers, and tho relations of the numbei^s to each
other.

2. Numbers may be either known numbers, or num-
bers which have to be found, and which are therefore
called unknown numbers. It is usual to represent known
numbei-s by the first letters of the alphabet, a, b, c, &c.,

and unknoicn numbers by the last letters ic,y, z; this is

however not a ncccssai^ rule, and so need not be strictly

obeyed. Numbers may be cither whole or fractional. The
word quantify is often used vrith. the same meaning as

number. The word integer is often used instead of tchule

number,

3. The beginner has to accustom himself to the use of
letters for representing numbers, and to leani the meaning"
of the signs; we shall begin by explaining the most im-
portant sign.s and illustrating their use. VVe shall assume
that the .student has a knowledge of the elements of Arith-

metic, and that he admits the truth of the common notions

required in all parts of mathematics, such as, a/' equals b6

added to equals Uie wholes are equal, and the like.

4. Tlie sign + placed before a number denotes that the
number is to be added. Thus a-^b denotes that tho num-
ber represented by d is to be added to tho number repr*

T. A. I



2 THE PRINCIPAL SIGNS.

sented by a. If a represent 9 and h represent 3, then a + d
represents 12. The sign + is called the plus sign, and
a + 6 is read thus ^'SLplus b."

5. The sign — placed before a number denotes that tin
number is to be subtracted. Thus a — h denotes that tha
number represented by 6 is to be subtracted from the
number represented by a. If a represent 9 and b repre-

sent 3, then a — b represents 6. The sign — is called the
minus sign, and a — 6 is read thus *" a Qninus b."

6. Similarly a-\-h + c denotes that we are to add h to

tf, and then add c to the result ; a + b — c denotes that wo
are to add b to a, and then subtract c from the result;

a-b + c denotes that we are to subtract b fi-cfln a, and tnea
add c to the result ; a— b—c denotes that we are to sub-

tract b from a, and then subtract c from the result.

7. The sign = denotes that the numbers between
which it is placed are equal. Thus a=b denotes that the
number represented by a is equal to the number repre-

sented by b. And a + 5 = c denotes that the sum of the
numbers represented by a and b is equal to the number
represented by c; so that if a represent 9, and b represent

3, then c must represent 12. The sign = is called the
sign of equality, and a = 6 is read thus "a equals b" or

"a is equal to b."

8. The sign x denotes that the numbers between
which it stands are to be multiplied together. Thus
a X ft denotes that the number represented by a is to l>o

multiplied by the number represented by b. \i a repre-
sent % and b represent 3, then a x 6 represents 27. Tho
sign X is called the sign of multiplication, and a^b is

read thus " a into b," Similarly axbxc denotes the pro-
duct of the numbers represented by a, b, and c.

9. The sign of multiplication is however often omitted
for the sake of brevity ; thus ab is used instead of a x ?>,

and has the same meaning; so also aba is used instead of

axbxc, and has the same meaning.

The sign of multiplication must not be omitted when
numbers are expressed in the ordinary way by figures.

Thus 45 cannot be used to represent the product of 4 and
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6, because a different meaning has already been appro-
priated to 45, namely, forty-nve. We must therefore re-

present the product of 4 and 5 in another way, and 4x5
is the way which is adopted. Sometimes, however, a
point is used instead of the sign x

; thus 4.5 is used in-

stead of 4x5. To prevent any confusion between the
point thus used as a sign of multiphcation, and the point
used in the notation for decuual fractions, it is adviiiable

to place the point in the latter case higher up; thus
5

45 may be kept to denote 4+ — . But in fact the point is

not used mstead of the sign x except in cases where there
can be no ambiguity. For example, 1.2.3.4 may be put for
1x2x3x4 because the- points here will not be taken for
decimal points.

The point is sometimes placed instead of the sign x
betv^een two letters ; &o that a . & is used instead of a x &.

But the point is here superfluous, because, as we have
said, ab is used instead cf a x 6. Nor is the point, nor the
sign X necessar}- between a number expressed in the or-

dinary way by a figure and a number represented by a
letter ; so that, for example, 3a is used instead of 3 x a,

and has the same meaning.

10. The sign -=- denotes that the number which pre-

cedes it is to be divided by the number which follows it.

Thus a-^h denotes that the number represented by a is to

be divided by the number represented by h. If a repre-

sent 8, and h represent 4, then a^h represents 2. The
sign -T- is called the sign of division, and a -^6 is read
thus "a &!/ b."

There is also another way of denoting that one num-
ber is to be divided by another; the dividend is placed

over the divisor with a line between them. Thus v is

used instead of a ^ 6, and has the same meaning.

11. The letters of the alphabet, and the signs which
we have already explained, together with tho.«!e which may
occur hereafter, are called algebraical symhols. because
they are used to represent the numbers about which we
may be reasoning, the operations performed on them, and

1—2



4 EXAMPLES. I.

their relations to each other. Any collection of Algebraical
symbols is culled an algehraicuL expression, or briefly an
expression.

12. We shall now give some examples as an exercise

in the use of the symbols v\iiich have been explained;

these examples consist in finding the numerical yalues of

certain algebraical expressions.

Suppose a=l, 6 = 2, c= 3, d=6, e = 6,f=0. Then

7a + 3&-2c?+/=7 + 6-10 4-0 = 13-10 = 3.

2ab + Sbc-ae+ d/=4: + 48-6 + = 52-6=46.

^ 106._*^12 120_30^ ^jg^j^_
b cd ac 2 15 3

4.c + 5e _ 12 + 30 _ 12_
d-b " 5-2 "3

Examples. I.

If a=l,b = 2, c = 3, <i=4, e = 5,f=0, find the numen-
cal values of the following expressions

:

L 9a + 2b-\-2c-2f. 2. 4e-3a-Zb + 5c.

3. 7ae + Sbc+9d-a/. 4. 8abc-bcd+9cde-de/.

6. abcd + abce + abde + acde + bcde. 6. :^ + - + ^f - -.
b c d e

y 4ac 8bc_!jcd I2a eb 20c

b d e ' ' be cd de'

_ cde
. 5bcd 6ade ,^ ^ . , Zhde

9. -7-+ T—

.

10. 7e + bcd--^—

,

ab ae be 2ac

,, 2a + 5b 3b + 2c a + b + c + d ,^ b + c + Ss

c d 2e e + c — a

.„ a + c b + d c + e , , f7 + 6 + <?4-(7-i-e
13. + :5—i- + . 14. —-j T—

.

c—a d—o e^c e—a+c—o+a
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II. Factor. Coefficient. Power. Terms.

13. TTlien one number consists of the product of two
or more numbers, each of the latter is called a factor of

the product. Thus, for example, 2x3x5 = 30; and each
of the numbers 2, 3, and 5 is a factor of the product bO.

Or we may regard 30 as the product of the two foctors,

2 and 15, or as the product of the two factors 6 and 5,

or as the product of the two factors 3 and 10. And so, also,

we may consider Aah as the product of the two factors

4 and al\ or as the product of the two factors Aa and &,

or as the product of the two factors Ah and a; or we may
regard it as the product of the three factors 4 and a and b.

14. "When a number consists of the product of two
factors, each factor is called the coefficient of the other

factor; ^o i\\2ii coefficient is equivalent to co-factor. Thus
considering Aah as the product of 4 and ai*, we call 4

the coefficient of «&, and ah the coefficient of 4; arui

considering Aah as the product of Aa and &, we call Aa
the coefficient of 6, and h tlic coefficient of Aa. There will

be little occasion to use the word coefficient in practice in

any of these cases except the first, that is the case in which
4 is regarded as the coefficient of ah\ but for the sake of

distinctness we speak of 4 as the numerical coefficient of

ah in 4«6, or briefly as the numerical coefficient. Thus
when a product consists of one factor which is represented

arithmetically, that is by a figure or figures, and of an-

other factor A'hich is represented algebraically, that is by
a letter or 'etters, the former factor is called the numeri-
cal coefficient.

15. When all the factors of a product are equal, the

product is called a jjoicer of that factor. Thus 7 x 7 is

called the seomd power of 7 ; 7 x 7 x 7 is called the third

power of 7; 7x7x7x7 is called the fourth /?oW£'r of 7;

and so on. In like manner a x « is called the second power
of a ; a X a X rt is called the third power of a; ay.ay^ay.a
is called t\\c fourth power of a; and so on. And a itself i*

Bometimea called ihQjirst power of a.
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16. A power is more briefly denoted thus: instead of
expressing all the equal factors, we express the factor once,

and place over it the number which indicates how often it

is to be repeated. Thus a* is used to denote ay. a; a' is

used to denote a x a x <t ; a* is used to denote a x a x a x a

;

and 80 on. And a^ may be used to denote the first power
of a, that is a itself; so that a^ has the sanie meaning as a.

17. A number placed over another to indicate how
many times the latter occurs as a factor in a power, U
called an index of the poicer, or an exponent of the power

;

or, briefly, an index^ or exponent.

Thus, for example, in a' the exponent is 3; in a** the
exponent is n.

18. The student must distinguish very carefully between
a coefficient and an exp-ment. Thus 3c means three times c;
here 3 is a coefficient. But c^ means c times c times c;
here 3 is an exponent. Tnat is

3c; = c + c + c,

c* = C X C X c.

19. The second power of a, that is a^, is often called the
square of a, or a squared; and the third power of a, that is

a^ is often called the cuhe of a, or a cubed. There are no
such words in use for the higher powers ; <r* is read thus
*'a to thefourth pawer,'^ or briefly '* a to thefourth.^'

20. If an expression contain no parts connected by the
signs + and — , it is called a simple expression. If an
expression contain parts connected by the signs + and —
it is called a compound expression, and tlie parts con-

nected by the signs + and — are called terms of the ex-

pression

Thus ax, Ahc, and 5aV are simple expressions ; «- -t- 6' — c*

is a compound expression, and a', h^, and c* are its terms.

21. When an expression consists of two terms it is

called a hinomial expression : when it consists of three

terms it is called a trinomial expression; any expression

consisting of several tenus may be called a multinoiniai
expression, or a polyyiomial expression.
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Thu» 2a + 3b is a binomial expression ; a — 2b + 5c is a
triLoniial expression; and a — b + c — d — e may be called ft

liiultiuumial expression or a polynomial expression.

22. Each of the letters which occur in a term is

r-cilled a dimension of the term, and the number of the

1 •ttei's is called the degree of the term. Thus d'H^c or
axaxby.b'xbx.c is said to be of six dimensions or of

tie sixth degree. A numerical coefficient is not counted;
elms y«'6"* and aW are of the same dimensions, namely
soven dimensions. Thus the word dimensions refers to

t.ac number of algebraical multiplications involved in the

i-jrm; that is, the degree of a term, or the number of its

'dinensioiis^ U the sum of the e.vponents of its algebraical

factors, provided we remember that if no exponent be
crepressed the exponent 1 must be understood, as indicated

in An. IG.

2:}. An expression is said to be homogeneous when all its

tr.vms are of the same dimensions. Thus 7a^ + 3a-& + 4aJc

i.- homogeneous, for each term is of three dimensions.

^Vc shall now give some more examples of finding the

I 'imericjil vahies of algebraical expressions.

Suppose a=l, 5 = 2, <:= 3, tf?=4, e = 5,f=>0. Then

6-^= 4, &3= 8. 6*= 16. 5' = 32.

.•?6a= 3x4=12, 5&5=5x8 = 40, 96'= 9 x 32 = 28S.

^=5^= 5, e* = 52 = 2o, ^=.5»=125.

a^0^=lxS = 8, .3Z^'c«=3x 4x9 = 108.

oP + c2-7«5+/*=64 + 9-14 + = 59.

3(^-4c-10 27-12-10 5 ,

<^-2c^ + 5c-23 27-18 + 15-23 1

^ + rf3g8_„3 125 + 64 27-1

e + d c—a 5 + 4 3 — 1
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S3AMFLE3. IL

If ci = l, 5 = 2, <r=3, c? = 4, 5= 5,/=0, find th© x»ZQierkad

values of the following expressionii:

1. a2 + 62 + c» +^ + e'+/'.

2. c3-cP + c3-&3 + a3.

3. aZ>c' 4- lc<P- dea} +/*

4. c*- 2c' 4-45-13.

5. o'-!-3o"& + 3a&2 + j»

W de_32
^* 4a "^^^^ «>*•

^ 2^ + 2 3^-9 «2 I
S. -—r.

+ ;r + — « .«-3 «-2 e+3

^ O'+J' C'4-^ ^2_^
9. -f r 4- .

tf d <;

,^ 8a' + 35' 4c^+6&' c»4-^

2S 12 4

a^+ 4«-''5 + ^^a^lr + 4 a?)'' 4-6*

a' 4- 3a'6 + 3a&- 4- Z»*
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III. Remaining Sigiis. Brackets

24. The difference of two numbers is sometimes de-
noted bv the sign ~; thus a-^h denotes the ditierence of

the numbers represented by a and h ; and is equal to a — 6,

or 6 — rt, according as a is greater than 6, or less than h : but
this symbol ~ is very rarely required.

25. The sign > denotes is greater than., and the
sign < denotes is less thuji; thus a >6 denotes that the
number represented by a is greater than the number
represented by h, and h<a denotes that the number re-

presented by 5 is less than the number represented by a.

'J hus in both cases the opening of the angle is tmiied
towards the greater number.

26. The sign .*. denotes then or therefore; the sign •.*

denotes since or because.

27. The square root of any assigned number is that
number which has the assigned number for its square or

second power. The cuhe root of any assigned number is

that number which has the assigned number for its cube or
iJi ird 2r)wer. The fourth rout of any assigned number is

that number which has the assigned number for its fourth

power. And so on.

Tlius since 49= 7^ the square root of 49 is 7; and so if

a=h^, the square root of a is b. In like manner, since

125=5^ the cube root of 125 is 5; and so if a=c^j the cube
root of a is c.

2S. The square root of a may be denoted thus \Ja\

but generally it is denoted simply thus sja. The cube root

of a is denoted thus IJa. The fourth root of a is denoted
thus \Ja. And so on.

Thus -v/9=3; ^S=2.

The sign ^ is said to be a corruption of the initial

letter of the word radix.



10 REMAINING SIGNS. BRACKETS.

29. When two or more numbers are to be treated as

forming owm number they are enclosed within brackets.

Thus, suppose we have to denote that the sum of a and h

is to be multiplied by c ; we denote it thus {a + h)y.c or

{a + 6} X c, or simply {a + b) c or {a + b}c ; here we mean that

the whole oi a + b is to be multiplied by c. Now if we omit

the brackets we have a + be, and this denotes that b only
is to be multiplied by c and tlie result added to a. Simi-

larly, {a+b~c)d denotes that the result expressed by
a + b — c is to be multiplied by d, or that the ichie of

a + b-c is to be multiplied by d; but if we omit the
brackets we have a + Z^ — a/, and this denotes that c only
is to be multipUed by d and the residt subtracted from
a + b.

So also '\a—h-irc)x{d^e) denotes that the result ex-
pressed byrt-6 + cis to be multiplied by the result ex-
pressed hjd + e.^ This may al o be denoted simply thus
{a-^b + c){d 4- e)

; just as a x 6 is shortened into ab.

So also sjia + b + c) denotes that we are to obtain the
result expressed by o -f- 6 + c, and then take the square root
of this result.

So also {aby denotes db-xdb; and {ahf denotes abxdbx ab.

So also {a + b — c)^{d+e) denotes that the result ex-

pressed by a + 6— c is to be divided by the result expressed
hj d + e.

30. Sometimes instead of using brackets a line is

drawn over the numbers which are to be treated as fonning

one number. Thus a — b + c\d + e is used with the same
meaning as (a-b +c)x(d + e). A line used for this pur-
pose is called Si vinculum. So also (<2 + & — <') ^(c? + e) may

be denoted thus —-. : and here the line between
d-^e

a + b — c and ^ + ^ is really a vinculum used in a particular
sense.

31. We have now explained all the signs which are
used in algebra. We may observe that in some cases the
word sign is applied specially to the two signs + and -

;

thus in tlie Rule for Suotraction w© shall speak of changing
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the sigti*, meaning the signs + and -
; and in multi;»lic»-

tion and division we shall ^peak of the Hule oj' /b'i^fis, mean-
ing a rule relating to the signs + and —

.

32. "We shall now give some more examples of findin^i

the numerical values of expressions.

Suppose a= l, h=2, c=3, d=5, «=8. Then

^{2h + 4€)= ^^4 + 12)=V(16)=4.

4/(4c-26)= 4/;i2-4)=»/ S)= 2.

^V'2?'+ 4c)-(2d?-&;^^;-it:-2&; =6x 4-8x2= 32- 16= 16.

;^{(«-6)(2t?-55)}=V{(8-2}a6-10:}=^/.Gx6)= 6.

{(^-flO(^ + <;)-(c?-c)(c + a)}(a + c?)-= {3x5 -2x4)6=7x6 =42.

=4/^27 + 54 + 36 + S) -^ V(l + 4-4)=4/(125) -i- 1= 5.

EXAMPLEa IIL

If a=L, 5=2, c=3, d=5, e=8, find the numerical
values of the following exDressions

:

1. a(p + c). 2. b{c + d). 3. c(e-d).

7. ^l^TZl^- 8. sfi^hce). 9. ^/(254-4c/+5d).

10. (a + 26+3c + 5e-4^(6^-5c?-4<;-35 4-2a).

11. (a34-&2+ c«)(e«-c?«-0. 12. (3d^-7c»\3.

13. e^{d''-^e) + d^{(P + :ie).

14. «-{^/(^4-l) + 2}4-(e-^e) J(0-4).

15. ^(a2 + 2aZ> + 6«) X ^(a' + 3rt-6 + 3a^>' + &»).

16. .y(c"-3c»a4-3ca'-a«)+ J(5»+c2-2<;6).
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IV. Change of the order of Terms. Like Terms.

33. 'Wlien all the terms cf an expression are connected
by the sign + it is iiuliifcrtnt in what order they are

l)laccd; thus 5 + 7 and 7-i-5 give the same result, namely,

12; and so also a^-b and b + a give the same residt, namely,

the sum of the numhers wliich are represented by a and b.

We may express this fact algebraically thus,

a + b=^h + a.

Shnilarly, a + b + c=a-JrC-^b= b + c + a.

34, "When an expression consists of some terms pre-

ceded by the sign + and some terms preceded by the
sign — , we may wTite tlie foriner terms first in any order

we please, and the latter terms after them in any order Ave

])lease. This is obvious from the common notions of arith-

metic. Thus, for example,

7 + 8-2-3 = 8 + 7-2-3= 7 + 8-3-2= 8 + 7-3-2,

a + b — c — e=b + a — c— e=a + b — e — c=b + a — e-c.

3"). In some cases we may change the order of the
terms further, by mixing up the terms which are preceded
by the sign — with those wliicli are preceded by the sign +.
Tlius, for example, suppose that a represents 10, and b re-

prusents 6, and c represents 5, then

a+b—c=a-c+b=b—c+a;
for we arrive without any difficulty at 1 1 as the result in

ail the cases.

Suppose however that a represents 2, b represents 6,

And c represents 5, then the expression a — c + b prL-sents a
diiliculty, bi^cause we are thus apparently required to take
a greater number from a le^s, namely, 5 fioin 2. It will

be convenient to agree that f-uch an expression as a — c + b,

when c is greater than a, shall be under^to(xi to mean the
same thing as a + b-c. At present we shall not use such
an expression as a + b—c except when c is less tJiian a + b;
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80 that a + b — c will not cause any difficulty. Similarly, wo
ehali consider —h + a to mean the same thing as a — 6.

36. Thus the numerical value of an expression remains
the same, whatever may be the order of tiie terms which
compo^e it. Tliis, as we have seen, follows partly from our
notions of addition and subtraction, and paitly from an
agreement as to the meaning ^\hich we ascribe to an ex-
pression when our ordinary arithmetical notions are not
strictly apphcable. Such an agreement is called in algebra
a coiiceuiion, and conveniional is the corresponding ad-
jective.

37. '^e shall often, as in Art. 34, have to distinguish

the terris of an expression which are preceded by the sign
+ from the teniis which are preceded by the sign — , and
the following definition is accordingly adopted. The terms
in an expression which are preceded by the sign + are
called j^^sitive terms, and the terms which are preceded
by the sign — are called negative terms. This definition is

introduced merely for the sake of brevity, and no meaning
\s to be given to the A\^rds positive and negative beyond
what is expressed in the definition-

38. It will be seen that a term may occur m an ex-

pression preceded hy no sifin, namely the first teim. Such

a term is counted with the pcsitive terms, that is it is

treated as if the sign + preceded it. It will be found that

if such a change be made in the order of the terms, as to

bring a term which originally stood first and was preceded

by no sign, into any other place, then it will be preceded bv

the sign + . For example,

a-k-'b — c = h-^a —c=h — c + a',

here the term a has no sign before it in the first expres-

sion, but in the other equivalent expressions it is preceded

by the sign + . Hence we have the following important

addition to the definition in Art. 37 ; if a term he preceded

by no sign, the sign + is to be understood.

39. Terms are said to be like when they do not differ

at all, or differ only in their numerical coefiRcients ; other-

wise they are said to be unlika> Thus a, 4a, and la are
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like ternia; a^, 5a\ and 9a^ are like tenns; a^, a&, and 6"

are unlike terms.

40. An expression which contains like terms may be
gimphfied. For example, consider the expression

6a-a + Sb + 5c-b-\-Sc — 2a;

by Art. 35 this expression is equivalent to

6a—a— 24i + Zb— h + oc+ Zc.

Now Qa—a—^a^Za] for whatever number a may re^

present, if we subtract a from 6a we have 5a left, and then
if we subtract 2a from 5a we have 3a left. Similarly

Zb-b= 2b; and 5c + Sc= 8c. Thus the proposed expression

may be put in the simpler form

3a + 2b + 8c.

Again; consider the expression a— 36— 45. This is

equal to a — lb. For if we have first to subtract 36 from
a number a, and then to subtract 46 from the remainder,

we shall obtain the required result in one operation by

subtracting 76 from a; tliis follows from the common no-

tions of Arithmetia Thus

a-36-46=a-76.

41. There will be no difficulty now in giving a mean*
ing to such a statement as the following,

-36-46= -76.

We cannot subtract 36 from nothing and then subtract
46 from tli« remainder, so that the statement just given is

not here intelhgible in itself, seiximted from the rest of an
algebraical sentence in which it may occur, but it can be
easily explained thus: if in the course of an algebraical

operation we have to subtract 36 from a number and then
to subtract 46 from the remainder, we may subtract 76 at

once instead.

As the student advances in the subject he may be led

to conjecture that it is possible to give some nBpaning to

the proposed statement by itself, that is, apart from any

other algebraical operation, and this conjecture will bo

found correct, when a larger treatise on Algebra can be
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consulted with advantage; but the explanation which we
have given will be suliicient for the present.

42. The simplifying of expressions by collecting like

tenn3 is the essential part of the processes of Addition and
Subtraction in Algebra, as we shall see in the next tw-

Chapters.

It may be useful for the beginner to notice that accord-

ing to our definitious the following expressions are all

equivalent to the single symbol a :

a^, 1 X a, a X 1, -,

+ as + 1 X a, -f a X 1, + -.

Examples. IV.

If a=»l, 6=2, c=3, J=4, (9=«6, find the numericaJ

values of the following expressions

:

1. o-3d4-4<J. 2. a-}j^^<?^(p.

3. (a + &)(& + c)-(&+ c)(c + 60 + (c4-flO(flf+4

4.
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V. Addition.

43. It is convenient to make three cases in Addition,

namely, I. When the tei'ms are all like terms and have the

same sign; 11. When the terms are all like terms but
have not all the same sign; 111. When the terms are not

all like terms. We shall take these three cases in order.

44. I. To add like terms which have the same sign.

Add the numerical coefficients, prefix the common sign,

and annex the common letters.

For example, 6« + 3a + 7«= 1 6a,

- 2fcc - 76c- 95c= - 1S6C.

In the first example 6a is equivalent to +6a, and 16<i

to + 16a. See Art. 38.

45. II. To add like terms which have not all the
same sign. Add all the positive numerical coefficients

into one sum, and all the negative numerical coefficients

into another; take the difference of these two sums,
prefix the sign of the greater^ and annex the common
letters.

For example,

7a-3a + lla + a-5a-2a=19a-10a=9a,
2bc ~Toc-2hc-^Ahc^ 'jbc -Cibc=llbc-'lC>br= - ^hc.

4G. in. To add terms which are not all like terms.
Add tone'her tJui terms u-lil-h are like ffrms hu the ruh
in the second case, and put down tJie other terms each
preceded by its proper sign.

For example; add together

^a + bb-lc+'id, 3a-6 + 2c + 5tf, 9a-2&-c-rf,
and -a + 3& + 4c-3(f + <?.

It is convenient to arrange the terms m columns, so
that Uke terms shall stand in the same column; thus we
have
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4a + 56-7c + 3^

3a- h-^r^c-vhd

9a-2b- c- d

-a + 36 + 4c-3f/4-d

I5a + i>b- 2c + 4^(1 + 6

Here the terms 4a, 3a, 9a, and -a are all like terms;
the sum of the positive cocflBcicuts is IG; there is one term
mth a negative coefficient, namely — a, of which the co-

efficient is 1. The difference of 16 and 1 is 15; so that
we obtain +15a from these like terms; the sign + may
however be omitted by Art. 38. Similarly we have
5b — b— '2b + 3b= ob. And so on.

47. In the following examples the terms are arranged
suitably in colunms

:

a^ + 2x^- 3x+l a'+ ab+ b^-c

4ar» + 7^+ x-9 3a»-3a^>-76'

-2a^+ a^— 9x+ 8 4a' + 5a&+9&*

-3^- af^ + lQx-l a'^-Zab-Zb*

In the first example we have in the first columa
jc» + 4;p3 _ oj;3 _ 3^^ that is 5.r^ — 5jf^ that is, nothing; this

is usually expressed by saying iJte terms tchich invoice j?

cancel each otJier.

Similarly, in the second example, the terms which in-

volve ab cancel each other; and so also do the terms whicla
involve b*.

Za^ - tr'+ 3x~ y
— 2x- + 4xy + 5j/'— x— 2y

-Ixy— ?/*+ Qx-oy
4ar» +4«/'- 2x

CJL S
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Examples. V.

Add together

1. 3a -26, 4a -56, 7a -116, a + 9&.

2. 4a;'-3y2, 2jr»-52/2, _j?5^y2^ -2a;'*+4?/*.

3. 5a + 36 + c, 3a + 36 + 3<;, a + 36 + 5c.

4. 3ar + 22/-^, 2t— 2?/ + ^?, —x-\-'2]f-TZz.

5. 7a-4b + c, 6a+36-5c, -12a + 4c.

6. a;—4a + b, 3a? + 26, a — x— 5b.

7. a + b — c, b + c — a, c + a-b, a + b— o,

8. a + 26 + 3c, 2a— 6— 2c, b— a-c, c—a— ft.

9. a-2b + 3c-4d, 36-4c + 5c/-2a, 5c-6c?+3a-46,

7^-4a + 56-4<;.

10. a!^-4a^ + 5x-3, 2j;^-7a^-l-ix + rj, -x^ + d^ + x + a.

11. a:4-2.?;3 + 3.?;2, a^ + x'^ + x, 4x* + 5x^, 2x'2 + 3^-4,

-3;c'-2;t'-5.

12. a3- 3a=6 + 3a62- 6», 2a^ + 5a'6 - 6a62- 7 6»,

a3-a6» + 26'.

13. ^-2a^' + a''^ + a', x^ + 3ax*y 2a^-ax^-2x*.

14. 2a6 - Sa.c'* + 2a-x, 12ab + 1 Oax^ - ^a^x,

— 8«6 + (7.^3 — 5a^.r.

15. a^ + tf^z', -4a^-5z^, Sx^-ly^ + lOz'^, 6y*-6;j*.

16. 3a:'-4;cy + 2/' + 2:B + 32/-7, 2.v^- 4y'-^ 3x- oy + S,

1Oxy + Sy^ + 9?/, 5.i;- - 6,fy + 3^' + 7.c - 7?/ + 1 1

.

17. a?*- 4ar3y + G-r^y^ - 4.i-^^ + 2/-», 4.i-' ?/ - 1 2.?^^ + 12^^

-

4y^,

ex'y^-

1

2.r?/^ + 6y^, Axy^— Ay*, y^.

IS. a^ + xy'^ + .r^2_ ^2^_ ^.y^ _ ^a^^

xhf + y^-\- yz'^-xy*-y'*z-xyz,

a^z¥ y^z + z^ - xyz — yt^ - xx\
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VI. Subtraction,

48. Suppose we have to take 7 + 3 from 12; the result
is the same as if we first take 7 from 12, and then take 3
from the remainder; that is, the result is denoted by
12-7-3.

Thus 12-(7 4-3)=12-7-3.

Here we enclose 7 + 3 in brackets in the first expression,

because we are to take the ichole of 7+3 from 12: see

Art. 29.

Similarly 20-(5 + -i + 2)=20-5-4-2.

In like manner, suppose we have to take h^rC from a
;

the result is the same as if we first take b from a, and
then take c from the remainder; that is, the result is

denoted by a — h — c.

Thus a — {h + c) = a — h— c.

Here we enclose h + cm. brackets in the first expression,

because we are to take the whole of & + c from a.

Similarly a-{jb + c-\-d)=a-h—c-d.

49. Next suppose we have to take 7 — 3 from 12. If

we take 7 from 12 we obtain 12-7; but we have thus

taken too much from 12, for we had to take, not 7, but 7

diminished by .3. Hence we must increase the result by 3;

and thus we obtain 12 — (7 —3)= 12 — 7 + 3.

Similarly 12- (7 + 3- 2)= 12 -7-3 + 2.

In like manner, suppose we have to take h — c from a.

If we take h from a we obtain a — b; but we have thus

taken too much from a, for we Iiad to take, not b, but 6

diminished by c. Hence we must increase the result by c;

and thus we obtain a— {l) — c)=a — b + c.

Similarly a —
(f)
+ c — d)=a— b — c-\-d.

50. Consider the example

a-Q}-i'C — d)=^a — b-c + d\

that is, if b-^c-d be subtracted from a the result is

2—2
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a — h—c-^d. Here we see that, in the expression to be
subtracted there is a term — d, and in the result there is

the corresponding term +d\ also in the expression to be
subtracted there is a terra + c, and in the result there is a
term - c ; also in the expression to be subtracted there is a
term h, and in the result there is a term — h.

From considering this example, and the others in the
two preceding Articles we obtain the following rule for

Subtraction : change the signs of all the terms in the ex-
pression to he subtracted, and then collect the terms as in

Addition.

For example; from Ax —^y-\-2z subtract ^x — y + z.

Change the signs of all the terms to be subtracted ; thus
we obtain —2x + y — z] then collect as in addition; thus

Ax—Zy+ 2z— Zx + y-z =x—2y + z.

From 2x^ + 50^- Qx'^ -lx-^5 take 1x^ - 2x^ + dx"^ -Sx-l.

Change the signs of all the terms to be subtracted
and proceed as in addition ; thus we have

3^ + 5^- 6x^-7x+ 5

-2x*+2x^- 5^2+6^+ 7

x* + 7x^-nx^- ;c + 12

The beginner will find it prudent at first to go through
the operation as fully as we have done here ; but he muy
gradually accustom himself to patting do\Mi the result

without actually changing all the signs, but merely sup-

posing it done.

61. We have seen that

a— {b-c)=a—b + c.

Thus corresponding to the term — c in the expression
to be subtracted we have +c in the result. Hence it i^

not uncommon to find such an example as tlie following
proposed for exercise: from a subtract —c, and the result

required is a + c. The beginner may explain this in the
manner of Art. 41, by considering it as having a me^aning,
not in itself, but in connexion witn some other parts of an
algebraical operation.
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It is Tisunl however to offer some remarks which will

^er-^e to impress results on the attention of Jie be^'nner,

and perluips at the same time to suggest reasons for tliem.

Thus we may say that « = « + c— c, so that if we subtract
— c from a there remains a-^-c.

Or we may say tliat + and — denote operations the re-

verse of each other ; thus —c denotes tiie reverse of +c, and
so — ( — c) will denote the reverse of the reverse of +c, that
is, — ( — c) is equivalent to + c.

But, as we have implied in Art. 41, tne beginner must
be content to defer until a later period the complete expla-
nation of tlie n-ieaning of operations pci-foi-med on negative
quant it ien, that is. on quantities denoted by letters with
the sign — prefixed.

It should be observed that the words addition and
subtraction aro not used in quite the same sense in Algebm
as in Arithmetic. In Arithmetic addition always produces
increase and subtraction decrease: but in Algebra we may
speak of adding —3 to 5, and obtaining tiie Algebraical
sum 2; or we may speak of subtracting —3 from 5, and
obtaining the Algehraiccd remainder S.

Examples. VI.

1. From 7«+ 14& subtract Aa-ir 106.

2. From ea-2b~c subtract 2«-2&-3<;.

3. From .Sa - 26 + 3c subtract 2a-'ib-c— d»

4. From Ix^— Sx—l subtract bx^— 6;c + 3.

5. From 4.r^-3.p^-2.r'-7J? + 9

subtract x* — 2^ - 2.c-' +7^ — 9.

6. From ^x* — 2ax + So* subtract x'^ —ax+ a*.

.^ 7, From x^-3:nj-y^ + yz-2z^
"^

subtract x- + 2xy + ^xz — 2>]f-
— 2^^.

8. From .'i.c- + ^xy -

1

2xz - Ay- - lyz - 5z^
subtract 2x^— 7xy + 4xz — 3y- + 6yz— 5«*.

9. From a^ - 3a^b + Sab* - b^ subtract -a^ + Sa-b - Sab*+ &*.

10. From 7^ - 2./-= + 2^ + 2 subtract 4.v^ - 2x-- 2x - 1 4,

and from the remainder subtract 2x^ — ^x^4-4:X-\- 16.
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VII. Brackets.

52. On account of the extensive use which is wade of

brackets in Algebra, it is necessary that the student should
observe very carefully the rules respecting them, and we
shall state them here distinctly.

JVhen an expression with in a pair of brackets is pre-
ceded by the sign + the brackets may be removed.

When an expression within a pair of brackets is pre-
ceded by the sign — the brackets may be removed if the

iign of every term within the brackets be changed.

Thu.s, for example,

a — b + {c—d+e)—a—b + c—d-^ey

a — b — {c — d+e) = a — b — c-i-d-e.

The second rule has already been illustrated in Art. 50

;

it is in fact the rule for Subtraction. Tiie first rule might
be illustrated in a similar manner.

53. In particular the student must notice such state-

ments as the folloAving:

+ {-cP)=-d, -{-d]>=+d, +(4-«)=+e, -{ + e)=-6.

These nuist be assumed as niles l)y the student, which
ne may to some extent explain, as in Art. 41.

54. Expressions may occur with more than one pair of
brackets : these brackets may be removed in succession by
the preceding rules beginning with the inside pair. Thus,
for example,

a-* [o-\-{c-d)]=a + \b+ c—d]=a + h + c-d,
a->r{b— {c — d)]=a-h{b — c+d?i=a-\-b— c-ird,

a-{b + {c-d)}=a-{b + c-d] = a-b-c + d,

a-{b-{c— d)]=a-{b-'C + d\=a-b + c—d.
Similarly,

a-[b-{c-{d-e)]]=a-\b-{c-d + e]'\

=a—\o — c -i- d — e^=a-b -r c — d ¥ e.

It will be seen in these examples that, to prevent con-

fusion betvreea vai'ious pairs of brackets, we use brackets
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of dififerent shapes; we miglit distinguish by using brackets

of the same shape but of different sizes,

A vinculum is equivalent to a bracket; see Art. 30.

Thus, for example,

a_[5_{c_(c^-"iI7)}]=a--[6-{c-(fl?-e4-/)}]

55. The beginner is recommended always to remove
brackets in tlie order she^NTi in the preceding Article;

namely, by removing first the innermost pair, next the in-

nermost pair of all which remain, and so on. We may how-
ever var^- the order ; but if we remove a pair of brackets
including another bracketed expression within it, we must
•,.iake no change in the signs of the included expression.
In fact such an included expression counts as a single term.
Thus, for example,

a+{b + {c-d)]=a + 'b-^{c-d)=a + h-\-c-dy

a+ {b-{c— d)]= a + d-{c — d) = a + b — c + df

a—{b + {c— d)}=a-b — {c-d)=a — b— c + d,

a—{b— (c — d)}=a — b + {c— d)=a — b + c — d.

Also, a-[b- {c-{d-e)}']^a-b + {c - {d -e)}

= a — b + c — (cl— e)=a — b + c — d + c.

And in like manner, a — [b — {c — {d—e-f)]]

=a-b +{c- {d-e^)}=a- b + c-{d-e -f)
=a^b + c~d + e —f=a— b + c — d + e —f.

.^G. It is often convenient to put two or more terms
\nthin brackets; the rules for introducing brackets follow

immediately from those for removing bmckets.

Any number of terms in an expression may he put
xjcithin a pair of brackets and the sign + placed bqfore

the whole.

Any number of terms in an expression may he put
trithin a pair of brackets and the sign — placed before

the lohole, provided the sign of every term icithin the

brackets be changed.
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Thus, for example, a—h+c — d+e
^a-b + ic-d + e), or =a—b + c-\-{-d + e\

or =a — {b-c + d-e), or =a-b — ( — c + d — e).

In like manner more than one pair of bracketa may
be introdticeJ. Tims, for example,

a-b + c- d + e—a- {b - c + d - e]=a— [b- -{c—d+ e)}.

Examples. YII.

Simplify the following expressions by remoTing the
brackets and collecting Mke terms

:

—

1. 3a-b-(2a-b). 2. a-b + c-{a-b-c).
3. l-{l-a) + {l-a + a^-{l-a-f-a--a^).

4. a + b + {la-b)-{2a-3b)-{5a + 6b).

6. a — b + c— (b— a + c) + {c—a + b) — {a — c + b).

6. 2x-Zy-Zz-{x-y + 2z) + {x-¥Ay + bz)-{x^x-^)'
7. a-[b-c-{d-e)].

8. 2a-{2b-d)-{a-b-{2c-2d)].

9. a-{2b-{Zc + 2b-a)]. 10. 2a-(&-(a« 2h%
11. ^a-{b + {2a-b)-{a-b)}.

12. 7a -[3a -{4a -(5a -2a)}],

13. 3a-[6-{a + (&-3a)}].

.14. 6a-[45-{4a-(6a-4&)}].

15. 2a- {3b + 2c) - [bb - (6c - 6&) + 5c - {2a - (c + 26)})

.16. a-[26 + {3c-3a-(a + 6)} + {2a-(6 + c)};^

17. i6-{5-2.r-[l-(3-;r)]}.

18. 15a:-{4-[3-5:??-(3.r-7)]}.

19. 2a- [2a - {2a - (2a -2a- a)]\

20. 1 6 - ;p- [7.r- {8j;-(9^ - 3j: - 6j;)}].

21. 2x-[3y-{\x-{5y-Q^^y)]\

.
22. 2a - [3& + (2& - c) - 4c + {2a- (36 - c - 26))].

23. a- [56- {a- (5c- 2c^ 6 -46)4- 2a -(a -26+7)}].
.^24. x«-[4.r3-{6;r3-(4^-l)}]-(a?< + 4a:» + 6x« + 4df-hl).



MUL TIPLieA TION. 25

VIII. Multiplication,

57. The student is supposed to know that the product
of any number of factors is the same in whatever order the
factors may be taken ; tlius 2x3x5 = 2x5x3 = 3x5x2;
and so on. In like manner ahc=acb=l)ca, and so on.

Thus also da 4- h) and {a + hy are equal, for each de-
notes the product of the same two factors; one factor
being c, and the other factor a + h.

It is convenient to make three cases in Multiplication,

namely, I. The multiphcation of simple expressions; II. The
multiplication of a compound expression by a simple ex-
pression; III. The multiplication of compound expres-
sions. We shall take these three cases in order.

58. I. Suppose we have to m.ultiply 3a by 4&. The
product may be vn-itten at full thus 3 x a x 4 x 6, or thus
3 X 4 X a X ^; and it is therefore equal to \'2ah. Hence we
have the folloAving rule for the multiplication of simple ex-
pressions; inultiply together the numerical coefficients

and put the letters after this product.

Thus for example,

7a x3&c=21a&<;,

4ax5&x3c=60a?;c.

59. The powers of the same number are multiplied
together hy adding the exponents.

For example, suppose we have to multiply a' by a*.

By Art. 16, a^ = axay.a,

and ^ a'^=ay.a-y

therefore a^ x a'=a xaxaxa xa = a'^=a**\

Similarly, c*xc^ = cxcxcxcxcxcx c= c''=c^'^\

In like manner the rule may be seen to be ti-ue in any
other caae.
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60. II. Stippo.se we have to multiply a + 6 by 3. "We
have

3(a + &)=a-i-6 + a + 6 + a + 6=3a + 3&.

Similarly, 7(a + h)=7a + 1b.

In the same manner suppose we have to multiply a + b

by c. We have
c(a + b)— ca + cb.

In the same manner we have

3(a-&}= 3a-35, *t{a-b) = 1a-1b, c{a-b) = ca-cb.

Thus we have the following rule for the multiplication
of a compound expression by a simple expression; multiply
each term of the compound expression by the simple ex-

pression, and j)ut the sign of the term before the result;

and collect these results toform the complete product.

61. III. Suppose we have to multiply « 4-& by c + c?.

As in the second case we have

{a + b) {c + d) = a{c-^d) + b{c + d)\

also a(c + d) = ac-\-ad, b{c-¥d) = bc + bd\

therefore {a + b){c + d) = ac + ad+bc + bd.

Again ; multiply a—bhvc + d.

{a-b){c + d) = a/^c + d)-b{c + d)\

also a{c+ d)= ac + adf b{c + d) = bc + bd;

therefore

(a— hYc + d) = ac + ad- {br + bd) = ac + ad—bc— bd.

Similarly ; multiply a + bh\ c— d.

{a+ b){c- d) = (c - d)'a + b) = c(a + b)- d{a f h)

= ca + cb — {da + db) = ca+ cb — da — db.

Lastly ; multiply a—bhyc- d.

{a - b){c -d) = {c- d)a -{c- d)b
;

also {c-d/i-ac-ady {c — a,b = bc— bd;

therefore

{a — b){c— d) = ac - ad - {be— bcT) = ac — ad— be + bd.

Let us now consider the last result. By Aiii. 38 we
may write it thus,

(,+a-b){ + c-d)= +aC'-ad- bc + bd.
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"We see that corresponding to the 4-a which occurs
in the multiplicand and the + c which occurs in the multi*
plier there is a term -\- ac in the product ; corresponding to
the terms +a and —d there is a term —ad in the product;
corresponding to the terms —h and +c there is a term
— he in the product ; and corresponding to the terms - 6
.nd — d there is a term + td in the product.

Similar observations may be made respecting the other
three results ; and these observations are briefly collected
in the following important rule in multiplication : like signs
produce + and unlike signs—. This rule is called the
Rule of Signs, and we shall often refer to it by this rc^e.

62. We can now give the general rule for multiphnng
algebraical expressions; multipljf each term of the multi-
plicand J)y each term of the m,ultiplier ; {f the terms have
the same sign prefix the sign + to the product, if they
have different signs prefix the sign — ; then collect these

results toform the complete product.

For example ; multiply 2*2 + 35 — 4c by 3a — 4&. Here

(2a + 3&-4c) (3a5-4&) = 3a (2a + 35 -4c) -45 (2a + 36-4c)

= 6«2-f-9rt&-12ac-(8a& + 12&2- 166c)

= 6a' + 9^5 - 1 \Lac -%ah-\ 2"&' + 1 ^hc.

This is the result which the rule will give; we may
simplify the result and reduce it to

6a' + a6 - 12ac- 1262 -j. i66c.

We might illustrate the rule by using it to multiply
6 - 3 + 2 by 7 + 3 - 4 ; it will be found that on working by
the rule, and collecting the terms, the result is 30, that is

5 X 6, as it should be.

63. The student \nll sometimes and such examples as

the follo'sving proposed: multiply 2a by —4 J, or multii/ly
— 4c by 3a, or multiply —4c by —46*

The results which are required are the following,

2a X -46= - 8a6,

-4cx 3a=-12ac,
-4<;x-4d= 166c
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The student may attcach a meaning to these operations

in the manner we have already explained; see Article 4i

Thus the statement — 4cx —45 = 166c may be under-
stood to mean, that if —4c occur among the terms of a

multiplicand and —4& occur among the terms of a multi-

plier, there will be a term 166c in the product correspond-
ing to them.

Particular cases of these examples are

2ax-4=-8a, 2x-4=-8, 2x-l=-2.
64. Since then such examples may be given as those

in the preceding Article, it becomes necessary to take ac-

count of them in our rules ; and accordingly the rules for

multiplication may be conveniently presented thus:

To multiply simple terms; nivltiply together the nu-
merical coefficients, put the letters after this product and
determine the sign by the Rule of Signs.

To multiply expressions; multiply each term in one
expression by ewh term in the other by the rule for inid-

tiplying simple terms, and collect these partial products to

form the complete product.

65. TVe shall new give some examples of multiplication

an'anged in a convenient form.

a +h a +b a^ + 3x

a +b a —b x —I

d^ + ab

+ ab4-b'
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Consider the last example. "We take the first term in

the multiplier, namely a-, and multiply all the terms in the
multipHcand by it, pacing attention to the Rule of Signs;
thus we ol)tain 2a* — Aa^b + baVj-. We take next the second
term of the multiplier, naniely —2ab, and multiply all the
temis in the nmltiplieand by it, paying attention to the
Rule of Sifjns; tlius vre obtain — (ia'^b + bd-b^ — lOabK
Then we take the last term of the multiplier, namely 3^',

and multiply all the terms in the multii)hcand by it,

paving attention to the Rule qf Signs; thus we obtain

We arrange the terms which we thus obtain, so that
like tenns may stand in the same column ; this is a very
useful arrangement, because it enables us to collect the
terms etisily and safely, in order to obtain the final result.

In the present example the final result is

3a* - lOa'5 + 22a»62_ 22ab^ + 15&*.

66. The student should observe that with the view of
bringing like terms of the product into the same column
the terms of the multiphcand and multiplier are arranged
in a certain order. We fix on some letter which occurs in

many of the terms and arrange the terms according to the

p()wers of that letter. Thus, taking the last example, we
fix on the letter a ; we put first in the multiplicand the
term 3a-, which contains the highest power of a, namely
the second power ; next we put the term — Aab wliich con-
tains the next j>ower of a. namely the first power; and last

we put the term bb'\ which does not contain a at all. The
multiplitand is then said to be arranged according to

descending powers of a. We arrange the multiplier in

the same way.

We might also have arranged both multiplicand and
multii)her in reverse order, in which case they would be
arranged according to ascending poicers of a. It is of

no consequence which order we adopt, but we must take
the same order for the multiphcand and the multipher.

67. We shall now give some more examples.

Multiply 1 -f 2.C - 3.c" 4- ar* by *'— 2;c— 2. Arrange ao
cording to desccndinr" powers of x.
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a^-2x -2

-2;c* +&jy^-^x~2

Multiply a^-\-h'^ + c'^—db-'bc — ca\)Y a^h + c.

Arrange according to descending powers of a.

a^— ab— ac ^-J)^ -he + c-

a + h + c

c?—<j?h— d^c + ab^— ahc + ac^

+ aR) -ab^-abc +b^-b^c + bc^

+ a-c - abc - ac^ +b''c-bc' + <^

a* -Sabc +b^ +c3

This example might also be worked with the aid of

^brackets, thus,

a^-a{b + c) + b^-b€+c'*

a + (b + c)

<^-a\b + c) + a(62 -bc-^c^

+ «-(?> + c) - a(& + c) (6 + c) + (& + c) (6"- 5c + c*)

Then we have a(5'— bc-¥ c') -a(jb + c){b + c)

= a[b''— bc + (^-{b + c)(b + c)}

= a{b^ -bc-¥c'- (&2 + '2bc + d^)}

= a{b*-bc + c'--b^—2bc-C'}= -3abc;

find (5 + c)(62_5c + c2)= &3 + c'.

Thus, as before, the result \s a^ 4- b^
-\- c^— Sabc.
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Multiply togctiier x -a, x— h^ .c — c.

X —a
X -b

oc^—ax

— bx + ab

a?-{a + b)x + ab

X —c

x^-{a + b)x' + abx
- cx^ + (a 4- b)cx

—

abc

x^ — {a + b + c)x''- 4- {db + «c + bc)x — abc

The student should notice that he can make two exer-
cises in multiplication from every example in whioli the
multiplicand and multipher are different compound ex-

pressiona, by changing the original multipher into the
niultiphcand, and the original niultiplicaucl mto multipher.
The result obtained should be the same, which will be a
t^J^t of the correctness of his work.

Examples. VI IL

Mv'.tiply

1. 2^-3 by 4x\ 2. 3a-* by 4(i\ 3. 2a^b by 2ab\

4. 2xY^ by 5x^y^z\ 5. IxY by 72/V.

6. 4a'^-3&by 3a6. 7. Sa'-9abhy3a\

8. 3x^- 4//2 + 5z- by 2x'^y.

9. a?">^ — y^z* + z-^x^ by x^y^z^.

1 0. 2xy-z^ + Sx-y^z - hs^yz^ by 'ixy'^z.

11. 2x — y\y3 2y->rX.

12. 2.r3 + 4:i;' + 8.f'+16 by3;B-6,

13. ic" 4- :i'^ + a; - 1 by a; - 1.
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^ 14. l+4dr-10;c='by l-e^ + S^c".

16. ;r'-4;r'+ll;c-24 by a;^ + 4:r+ 5.

16. a;' + 4.^^ + 5^- 24 by ;?;2_ 4^^.11^

17. ;c*— 7^ + 5.r + l by 2;^'— 4:c + l.

18. ;r' + 6.ir'+24;r + 60 by ;c3_6^2 4.i2.r+12.

19. a:'-2:c2 + 3^-4 by 4.i;3 + 3^ + 2^+l.

21. ^^ — 2>ax by a; + 3a.

22. (iC'->r1(Lx-ay^\ys d?-Jr2ax->r3^.

23. 262 + 3a6-«2t>y 7^_55_

24. a2_^^ + 5aby^2 4.^5_5«^

25. a'-- aZ> + 2&2 by a** + (i5 + 26».

26. ^x^ - ^xy - y^ by ^x- 2y.

27. x^ - xfhf + xy*—y^ by x + y.

28. 2a^ + 3xy + 4?/^ by Sor^ + 4xy + y\

29. x' + y^ — xy + x + y — lhjx + y— l.

30. a;^ + 2.i'2y + 4x"y^ + Sxy^ +16y*hy x- 2y.

31. 81x* + 27x^y + 9x-y^ + 2xi/-\-y*hj ^-y.

32. ;r + 2y - 3^ by .r - 2// -t- 3z.

33. <2^—«j + &j; + &- by a + 6 + :2;.

34. a' + fe2 + c»-5c—ca-a& by a + 6 + c.

35. a^ + 4bx + 4b-x^ by a^_ 4&.c + Ah^x'.

36. a2_2rt^ + 62^<.2by a2 + 2aZ> + 6'-c«.

Multiply the follovring expressions together

37. x—a, x + a, a^ + a\

38. x-k-a, x + h, x + c.

39. x'-ax + a^ x^-\-ax + a\ ar*-aV + <i*.

40. as -2a, x-a^ a? 4- a, x + 2a.



DIVISION, S3

IX Division.

68. Division, as in Arithmetic, is the inverse of Multi-
plication. In Multiplication we determine the product
arising from two given factors ; in Division we have given
the product and one of the factors, and we have to deter-
mine the other factor. The factor to be determined is

called the quotient.

The present section therefore is closely connected with
the preceding section, as we have now in fact to undo the
operations there performed. It is convenient to make
three cases in Division, namely, I. The division of one
simple expression by another; II. The division of a com-
pound expression by a sinrple expression ; III. The division

of one compound expression by anothen

69. I. "We have already shewn in Art. 10 how to

denote that one expression is to be divided by another.
For example, if ba is to be divided by 2c the quotient lj

indicated thus: 5a -4- 2c, or more usually—.

It may happen that some of the factors of the divisor

occur in the dividend ; in this case the expression for the
quotient can be simplified by a principle already used in

Arithmetic. Suppose, for example, that loa'^ft is to be
15a^6

divided by 65c; then the quotient is denoted by —r—

.

Here the dividend 15a-6 = 5a'x3&; and the divisor

6&c=2cx36; thus the factor 35 occurs in both dividend
and divisor. Then, as in Arithmetic, we may remove

this common factor, and denote the quotient by —

;

,, \5a^h 6a'
thus —rr- = -7.- .

66c 2c

T, A. 3
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It may happen that all the factors which occur in the

divisor may be removed in this manner. Thus suppose, for

example, that 240^^^ is to be divided by 8a;c

:

8ax Sax
:3&.

70. The rule with respect to the sign of the quotient

may be obtained from an examination of the cases which
occur in Multiplication,

For example, we have

4abx3c=12ahc;

therefore t j. =3^> —t;
— =4«6.

4ab 3c

4ahx —3c= — 12abc;

,, - -12abc „ -12abc . ,

therefore ,
—=-3c, _ =4ao.

— 4abx3c= — l2abc;

therefor© ——-r-= 3c, —^—^= - 4a6.— 4a6 3c

— 4a6x — 3c=12a^c;

.- . 12abc _ 12atc ^ .

therefore —7-, = — 3c, -—- = — Aab.
—4ao —3c

Thus it will be seen that the Rule of Sigm holds lb

Division as well as in Multiplication.

71. Hence we have the following rule for dividing one
simple expression by another: Write the dividend over
the divisor with a line bettceen them; if the expressions

' have common factors, remove the common factors ; prefiai

the sign + if the expressions have the same sign and the

sign — if they have different signs.

72. One power of any number i> divided by another
power of the same number, by subtracting the index qf
the latter poicerfrom the index qf t?ieformer.
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For example, suppose we have to divide a" by a'.

By Art. 16, a''=axaxaxaxa,
a^=ax ax a;

., f a'^ay.axaxaxa ,
therefore -^ = =« x a=a^= a"""3.

a^ ax ax a

-,. ., ,cFcxcxcxcxcxcxc -
Similarly -i

= =cxcxc = (r= c^"*.
c^ cxcxcxc

In like manner the rule may be shewn to be true in any
other case.

Or we may shew the trutli of the rule thus

:

by Art. 59, c*xc^ = c^,

therefore I4 = ^^ ^~^'

73. If any power of a number occurs in the dividend
and a higher power of the same number in the divisor, the
quotient can bo simplified by Arts. 71, and 72. Suppose,
for example, that AaV^ is to be divided by 3c6^; then the

quotient is denoted by ^7^ • The factor h^ occurs in both

dividend and divisor; this may be removed, and the quo-

tient denoted by^ ; thus |^ = ^^3

.

74. II. The rule for dividmg- a compound expression
by a simple expression >vill be obtained from an examine
tion of the corresponding case in Multiplication.

For example, we have

{a — b)c=ac—hc',

-, - ac— bc ,
therefore = a—o.

c

(a-b)x —c=—ac + bc;

tiberefiK^ -^ =a-b.— c

3—2
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Hence we have the following rule for dividing a com-
pound expression by a simple expression : divide each term
of the dividend by the divisor, by the rule in the first

case, and collect the results toform the complete quotient.

For example, = \a^— 3oc + ac.
^ ' a

75. III. To divide one compound expression by
another we must proceed as in the operation called Long
Division in Arithmetic. The following rule may be given.

Arrange both dividend and divisor according to ascend-

ing powers of some common letter, or both according to

descending powers of some common letter. Divide the

first term of the dividend by the first term of the divisor,

and put the result for the first term, of the quotient; mul-
tiply the whole divisor by this term and subtract the

product from the dividend. To the remainder join as

many terms of the dividend, taken in order, as may be

required, and repeat the whole operation. Continue the

process until all the terms of the dividend have been

taken down.

The reason for this rule is the same as that for the
rule of Long Division in Arithmetic, namely, that we may
break the dividend up into parts and find how often the
divisor is contained in each part, and then the aggregate

of these results is the complete quotient.

76. "We shall now give some examples of Division

arranged in a convenient fonn.

a-¥b)a'^^'2ab + h'^{a + b a+b)a^-b\a-h
a'^ + ab a' + ab

ab + b^ —ab— b^

ab + b'^ -ab~b^

a-bja*-b^{a + b a^ + ^xJa^^-i^-5x{Je-l
a* -ah a^ + Zx^

ab-b^ -x^-Zx
ab-b* -a^-Zx
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a«- 2a&+ 352j 3a<- 1 Oa^6

+

22a-h''- 22ab^-b nh* [Za^- Adb + 56^

~4a^b + l3a^-b--22ab*

-4a^b+ Sa^b'^-12ab^

5ar-b''-10a¥ + l5b*

5^262 -10a&3+ 1554

Consider the last example. The diyidend and divisor

are both arranged according to descending powers of a.

The first term in the dividend is 3a* and the first term in

the divisor is a^; dividing the former by the latter we
obtain Sa^ for the first term of the quotient. We then
multiply the whole divisor by Sa^, and place the result so

that each term comes below the term of the dividend which
contains the same power of a; we subtract, and obtain
— 4d^b + l^a'b^ ; and we bring down the next term of the
dividend, namely, ~22ah\ We divide the first term,
—4a^b, by the first term in the divisor, or; thus we obtain
— 4a& for the next term in the quotient. We then multiply

the whole di'sdsor by — 4ab and place the result in order
under those terms of the dividend with which we are now
occupied; we subtract, and obtain Qa^b^—lOab^; and we
bring down the next term of the dividend, namely, 15b\
We divide 5a^b^ by a', and thus we obtain 56- for the next
term in the quotient. We then multiply the whole divisor

by 5b-, and place the terms as before; we subtract, and
there is no remainder. As all the terms in the di^ddend
have been brought down, the operation is completed ; and
the quotient is 'Sa^-4ab + 5b^.

It is of great importance to arrange both dividend
and divisor according to the same order of some common
letter; and to attend to this order in every part of tlie

operation.

77. It may happen, as in Arithmetic, that the division

cannot be exactly performed. Thus, for example, if we
divide a'^ + 2ab-r2b- by a -ft, we shall obtain, as m the first

example of the preceding Article, a -f- 6 in the quotient,

and there will then be a remainder &-. This result is ex-
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pressed in ways similar to those used in Arithmetic; thus
we may say that

a+b a+b'

that is, there is a quotient a + b, and a fractional part —r .

In general, let A and B denote two expressions, and
suppose that when A is divided by B the quotient is q, and
the remainder R ; then this result is expressed algebrai-

cally in the following ways,

A = qB + R, or A-qB=R,ARAB
or^ = ^ + ^, or g-^ = -g.

The student will observe that each letter here may re-

present an expression, simple or compound; it is often

convenient for distinctness and brevity thus to represent

an expression by a single letter.

We shall liowever consider algebraical fractions in sub-

sequent Chajytcis, and at present shall confine ourselves to

examples of i'ivision in which the operation can be exactly

performed.

78. We give some more examples

:

Divide x^-ox^ + 7x^ + 2x'-6x-2 by 1 + 2j;- S.r* + ;r*.

Arrange both dividend and divisor according to de
scending powers of x.

a?*-3u^ + 2.r + lj;c7-5ar' +7^^+2x'-6x-2{a^-2x-2

~2a^-2x*+Qa^ + 2x^-Qx
^2x^ +Qa?-Aj(?-2x

-2.zr* -k-Qx^-Ax-^

'-2X* i-ex'-4x-2
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Divide a*-\-'t^-\-<^— Zdbc by a + 6 + e.

Arrange the dividend according to descending powers

of a.

a+J + cjrt' -3a6c+53+c3(^a2-a&-<w+62-6<;+c»

-a'h
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Diride ii?-{a-¥'b-¥c)a^'\-{ab + ac-\-'b€)x-<ibc by x-e.

x~c)a^-{a + 'b + c)x^ + {ah + a£+ bc)x - dbc {a^- {aA-byx+db

— {a + b)x^ + {ab + ac + bc)x- abc

ahx —ahc
abx —ahc

Every example of Multiplication, in which the miilti'

plier and the multiplicand are different expressions, will

furnish two exercises in Division ; because if the product
be divided by either factor the quotient should be the other
factor. Thus from the examples given in the section on
Multiplication the student can derive exercises in Division,

and test the accuracy of his work. And from any example
of Division, in which the quotient and the divisor are
different expressions, a second exercise may be obtained
by making the quotient a divisor of the dividend, so that
the new quotient ought to be the original divisor.

Examples. IX.

Divide

I. 15.r*by3ar2. 2. 24a«by-8a'. 3. lS;r3y2 by 6;?^.

4. 24a^&5^«by-3a26V. f5. 1Qa%^J(^f\iy f>b''-x^y.

6. A.a?-%x'^^-\Qx\>^ ^x. 7. 3a^-12a3 4-loa'by -3<«'.

8. aHf- 3.?;V + ^x^\>^ xy.

9. - 1 5rt3?)3 - 3«252 + 1 2rtZ) by -Zab.

10. eOa^'feV - A&a'h^c'' + 36aW- 20aZ'C« by \ah<^.

II. ;r2-7.c+12 by ;c-3. ^12. a;2 + ;c-72 by 5r + 9.

13. 2;c3 _ ^2 4. 3^_ 9 |3y 2;c _ 3.

14. 6;?:3 + i4^_4j.^24 by 2.C+ 6.

15. ^3i?^2,x'^-^x-\h^^x-\.

16. 7J?'-24;c3^5g^_2i by 7a?-a
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i7. af^~\hy x-\. -48. a^ - 2a6' + ?>3 by a - 6.

19. x^-Q\i/hy x-'^y.

20. x^ - 2a^y + '2x~y^- xy"^ hy x-y.

n. x^-y^hj x-y. 22. or' + 326' by a + 26.
'

23. 2rt^ + 27a&3 - 8 1 b\ by « + 36.

24. :c' + x^y + x^y^ + x-y^ + xy* + y^ hj xi^ + y'.

25. x^ + 2.ir'2/ + 3.»^2/''-
.-cV - 2^*2/*- Sy'^ hy a'-y*.

26. .t;^-5^3^.i]^2_^2ar + 6 by a;2-3a; + 3.

27. x^ + x^-9x^-l6x-4hy x^ + ^x + 'k

28. ic^-13j72 + 36by .r^ + 5j; + 6.

29. a;^ + 64by ^ + 4j7 + 8.

30. a^ + l0x^ + 35x^ + 50x + 24'by x'+5x + 4,

31. ^* 4- 573-24^?- - 35j? + 57 by ^^ + 2ar - 3.

32. l-^-3a7'-ar'by 1+20? + ^^.

'J3. ^-2j;3+i by_2^_2^+l,

34. a"* + 2^=6^ + 96" by a-- 2o6 + 36^.

35. a^ - If by a^ - 2a?h + 2ab- - ¥.

36. x^ + 2x^--ix^-2a^ + 12a^-2x-l byx2+ 2*-l.
37. a^ + 2x^ + 3x^ + 2x'' + l by j^ - 2a^ + 3j^ - 2.r + 1.

38. x^ + x^-2hja^ + a^+l.

39. x^—(a \-b + c)x^ + {ab + ac + hc)x-ahc
by x^-{a + b)x + ah

40. aV + {2ac -W)jfi + c- by ax^ -bx + c,

41. x*—x^y - xy^ + y* by x^ + xy + y\

42. iT^ — 3ar,y — 2/^ — 1 by .r-y— 1.

43. 49;z;2+ 21xy + 12yz - 1 6^^ by 7x + 3y- 4z.

44. a2 + 2a6 + 6'-c2 by a + 6-c.

45. -fa^ + Sb^ + c^-6abchy a^ + ib'^ + c^-ac-2ab- 26c.

46. a3 + 3a-6-H3a6''^ + 63 4-c;3 by a+6 + c.

47. a^(b + c) + b'(a-c) + c'^{a-b) + abc by a + 6 + c.

48. x^ - 2ax^ + {a^+ ab- b'^)x - a'6 + ab'^ by x-a + b.

49. (;i; + 2/)'' — 2 (.2; 4- 2/) ^r + 5^ by X + 2/ — 2;.

60. {x-i-yY->-3{x + yyz + S{x + y)z^ + z^

by (a; + y)'' + 2{x + y)z-i- z\
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X. General Results in Multiplication,

79. There are some examples in Multiplication which
occur so often in algebraical operations that they deserre

especial notice.

The following three examples are of great importance.

a +b
a +b
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For example, the result (a-f &)(a — 6)=a'— t^ is proved
to be true, and is expressed thus by symbols more com-
pactly thaa by words.

A general result thus expressed by symbols is often
called 2l formula.

81.
^
We may here indicate the meaning of the sign ±

which is made by combining the signs + and — , and which
is called the double sign.

Since {a + hy=a? + 2db + h^, and {a-'bf=a^-2ab + l^,

we may express these results in one formula thus

:

where ± indicates that we may take either the sign + or
the sign — , keeping throughout the upper sig^n or the
loicer »ign. a±5 is read thus, " a plus or minus 6."

82. "We shall devote some Articles to explaining the
use that can be made of the formulae of Art. 79. We shall

repeat these formaloe, and numher them for the sake of
easy and distiyict rejerenc^ to them.

(a+ bf =a« + 2«&4-&' (1)

{a-hf =a^-2ab-hb^ (2)

{a + b){a-b)=a'-b^ (3)

83. The formuloe will sometimes be of use in Arith-

metical calculations. For example; required the difference

of the squares of 127 and 123. By the formula (3)

(127)'-(123)' = (127 + 123)(127- 123) = 2o0 x 4= 1000.

Thus the required number is obtained more easily than

it would be by squaring 127 and 123, and subtracting the

second result from the first.

Again, by the formula (2)

(29)2 = (30 -1)2= 900 -60 4- 1=841
;

•ind thus the square of 29 is found more easily than by
multiplying 29 by 29 directly.

Or suppose we have to multiply 53 by 47-

By the formula (3)

53 X 47 = (50 + 3) (50 - 3) = (50)» - 3» = 2500- 9 ^ 2491.
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84. Suppose that we require the square of 3* + 2y.

We can of course obtain it in the ordinary way, that is by
multiplying Zx + 2y by Zx + 2y. But we can also obtain it

in another way, namely, by employing the formula (1).

The formula is true whatever number a may be, and what-
ever number h may be ; so we may put 3-c for a, and 2y
for b. Thus we obtain

{Zx + 22/)' = (3a;;' + 2 {Zx 2y) + {2yf = ^a^+\2xy+ Ay*.

The beginner will probably think that in such a case he
does not gain any thing by the use of the formula, for

he will believe that he could have obtained the required
result at least as easily and as safely by common work
as by the use of the formula. This notion may be correct

in this case, but it will be found that in more complex
cases the formula will be of great service.

85. Suppose wc require the square of x-\-y-^z. De-
note a? + 2/ by a.

Then x + y + z = a-k- z] and by the use of (1) we have

{a-irzf = a-^1az-^z'^^(,X'\-yf-\-2{x + y)z-\-a^

= aP-+ ^.xy 4- ,2/^ + 2xz + 2yz + z^.

ThuB{x + y + zy= x' + y^ + z'^ + 2xy+2yz + 2xz.

Suppose we require the square of p— q + r — s. Dcnot*
p-q by a and r— s by b; then p — q + r — s = a + b.

By the use of (1) we have

(a + bf = a^ + 2ab + b^ = (j)-q)* + 2{p-q){r-3)+{r-s)K

Then by the use of (2) we express {p—q)* and (t*— «)^

Thus {p — q + r — sY

=p^— 2pq + q^ + 2 {pr -ps -qr + qs) + r' —im^ t*

-p"'+ ^2 4. ,.3 ^ jy3 ^ 2/>r + 2qs- 2pq- 2ps- 2qr - 2rs.

Suppose we require the product of p—q-irV—s auA
p-q-r + s.

LetjE? — g= a and r-g = b\ then

p — q->rr — s=^a + h, and jp-^ — r + *= a — 6.
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Then by the use of (3) we have

(a + 6)(a-d) = a»-6«=Cp-^)'-(r-#)«;

and by the use of (2) we have

'=p* + q'— r^— s' — 2pq + 2rs.

86. The method exhibited in the preceding Article
is safe, and should therefore be adopted by the beginner;
as he becomes more familiar with the subject he may
dispense with some of the work. Thus in the last example,
he will be able to omit that part relating to a and b, and
simply put down the following process

;

{p-q + r-s)(j>-q-r+ s) = {p-q + {r-s)}{p-q-{r-s)}
= ip-qf-(r-sy=p^-2pq + q'^-{r^-2rs + sr^)

=p*—2pq + q^—r^ + 2r8—t^;

or more briefly still,

{p-q ^r-s)(j)-q-r + s)={p— qy-{r-s)*

=p^-2pq + q^-t^ + 2rs-a^.

But at first the student will probably find it prudent to

go through the work fully as in the preceding Article.

87. The following example will employ all the three

formulse.

Find the product of the four factors a + b + c^ a+b—e,
a — b + c, b + c — a.

Take the first two factors; by (3) and (1) we obtain

(a + 6 + c)(a + 6-c)=(<z4-5)2-c2=a2 + 2<z6 + 6''-c'.

Take the last two factors ; by (3) and (2) we obtain

{a-h + c) (b + c- a) = {c + {a-b)]{c-{a-h)}

= c»-(a-6)»= c"-a" + 2a6-6*.

We have now to multiply together a' + 2a6 + &^-c' and
c"-a' + 2aA-62. We obtain

r
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={2a6 + (a2+ 62_c2)j|2a5-(a2 + 6«-c2;}

= 4a^-(a2 + 62)2 4.2(a24.Z>2)c2_<u

= 4a2&a- a* - 2a2&2 _ 54 + 2a2c2+ 2?)2c2- <j«

= 2a262 + 2&2c2 + 2a2c2- o^- 5*- c^.

88. There are other results in Multiplication which are

of less importance than the three formulae given in Art. 82,

but which are deserving of attention. We place them here

in order that the student may be able to refer to them
when they are wanted; they can be easily verified by
actual multiphcation.

(a-&)(a24-a& + 52) = a«-63,

(a + 6)»= (a + &) (a= + 2«5 + h'^ = a^ + Za^h + 3a&» + 63,

(a- fe)3= (a - 6) (^2-2^ + 62) = a3 - 3<i2& + 3a62 - 63,

(a+ 6 + c)3 = a3 4. 3a2 (6 + c) + 3^1(6 + c)2 + (6 + c)3,

=a3 + 3<i2(5 + c) + 3a(6'» + 26c + c2) + 63 + 362c + 36«s + c8

= a3 + 63 + c3 + 3a2(& + c) + 3b-(a + c) + 3c^{a + 6) + Gabc.

89. Useful exercises in Multiplication are formed by
requu-ing the student to shew that two expressions agree in

giving the same result. For example, shew that

{a-b){b-c)ic-a) = a'^ic-b) + b^{a-e) + c'^{b-a).

If we multiply a — 6 by 6 — c we obtain

ab-b^ — ac + bc;

then by multiplying this result by c— a we obtain

cab-cb^— ac^ + bc^-a-b + ab^rhah-abc,

that is a^c-b) + b\a-c) + c^{b-a).

Again; shew that {a-b)^+{b-cf + {e-af
= 2(c-6)(c-a) + 2(6-a)(6-<;) + 2(a-6)(a-c).
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By using formula (2) of Art. 82 we obtain

{a-hf-¥(J>-cf+{G-af

= 2(a'+ 6' + c'-a6-ac-&c).

And {e—li){c—a) = <?—ca— cb + ah^

(b—a){b— c)— b^-ba-bc + acj

{a— b){a—c) — a^-ab— ac + bc;

therefore {c—b)(c—a) + {b—a){b—c) + {a-b){a-c)

= a* + l^+ c^—ab—ac—bc;

therefore {a- &)' + (&

—

cf+ {c- af

= 2{c-b){c-'4 + 2{b-a)Q?'-c)+2{a~b)(a'-cy

BXAilPLES. X.

Apply the formulae of Art. 82 to the following sixteen

examples in multiplication

:

1.

— 3.

5.

7.

8.

9.

10.

11.

12.

14.

15.

16.

15x + Uyy. 2. {1a^-5y*)\

x^ + 2a:-2f. 4. (a;'-5a? + 7)».

2jr-^x-Af. -6. {x-\-2y-^Zzf,

a^ + xy + 2/') {a^+xy- y^).

x^+ xy + y^{x^-^y +y^
aT^ + xy+ y'^){a:^— xy—y^).

a^ + xy— y^){a:^—xy + i^).

a^ + 2x' + 3x+l){a^-2x' + 3x-l).

x-sy(x^ + 6x+9). 13. ia + b)'{a*-2ab-l^

2x + 32/)' {^\a? + Vlxy- 9y»).

ax -V by) {ax— by) {a^x* + 6*?/').

ctx + byf {ax — byf.
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Shew that the following results are true

:

17. (a' + y") (c= + d^) = {ac 4 bd)* + (ad- hc)\

18. (« + 6 + c)'' + a'» + 6»+c3 = (a + 6)2 + (& + c)»+ (<;+ a)».

19. [a-h)Q)-c){c-a) = hc{c--'b)-\-ca{a--c)-\-db{b-a).

20. {a-hf + V'-a^=Zdb{h-a).

21. (a4-& + c)2—a(& + c-a)-6(a+ c-6)-c(a + 6-c)
=2(a' + 6' + c3)

22. {a^ + a& + &*j»- (a=-ah^ b"f=4ab (a'+ &=).

23. {a + b + cf'-a^-b^-c^=3{a + b){b + c){c+a).

24. (a + 6+c)(a6 + &c + ca) = (a + &)(& + c)(c + a) + a5{;.

25. {a + b){b + c-a){c + a-b)
= a{b^ + c'-a^) + b{c* + a'-b^).

26. (a+ & + c)3-(6 + (;-a)3-(a-& + c)3-(a4-6-c)3
= 24:abc.

27. (a + 6 + c)» + (a + &-c)' + (a-& + c)'+ (6 + <;-«)'

28. (a + 6)' + 2(a»-5') + (a-6)»= (2a)«.

29. (a-6)3 + (&-c)3 + (c-di)3= 3(a-&)(6-c)(c-a).

30. (a-5)3 + (a+6)'+3(a-&)=(a+6) + 3(a + &)'(<!-&)

31. (a + 6)'(6 + c-a)(c+a-6) + (a-6)'(a+& + (;)(a+6-c)
= 4a6c=.

32. a{b + c)(J/ + c'-a') + b{c + a){c^-ha^-b*)

+ c{a + b){a^ + b^-c') = 2abc{a-^b+c\

33. (a-&)(a;-o)(:c-6) + (&-c)(;c-6)(^-c)
+ (c — a)(;r— c)(;c— a) = (a— &)(6— c)(a— c).

34. {a + by + ia + c)^ + {a + d)^' + {b + cy + {b + d)^ + ic-i-d)^

= {a + b + c + dy- + 2(a^+ b- + c^ + d-^.

35. {((m; + byf + (ay- bxf} {(oar + &y)»- {ay + bx)-}

= {a*-b*){a^-U*).

36. {oy - hzf + (a« - cxf + (&:r-ayf + (a;r + 6y + cir)^

= {a^-\-V' + (^{a^ + y^- + i^.
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XL Factor*.

90. In the preceding Chapter we have noticed some
general results in Multiplication ; these results may also be
regarded in connexion with Division, because every ex-
ample in Multiplication furnishes an example or examples
in Division. We shall now apply some of these results

to find what expressions will divide a given expression, or
in other words to resolve expressions into theirfactors.

91. For example, by the use of formula (3) of Art. 82
we have

(f-b^= {a* + b*){a'-b*) = {a' + b^){a'' + b^){a + b){a-b).

Hence we see that a^—¥ is the product of the four
factors a*-\-b*, a^ + b\ a + b, and a— b. Thus a^-b^ is

divisible by any of these factors, or by the product of any
two of them, or by the product of any three of them.

Again,

(a^ + ab + b^) (a' -ab + b-) = {a- + b- + ab) {a^ +W- ab)

= (a2 + 52)2^ ^abf= a* + 2a^b' +¥- orW'= a^ + a^b" + 6*.

Thus a^ -^ arlP- -^b^ is the product of the two factors
a- + rt6 4-?/2 and ar—ah-^b'^, and is therefore divisible by
either of them.

Besides the results which we have already given, we
«hall now place a few more before the student.

92. The following examples in division may be easily
verified.

x-y

= x-\-y,

= a^ + xy-\-i/,

x-y

X-y

and so on.

T. ,U
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case in each of tlie four results, and referring other cases

to it. For example, suppose we wish to consider ^vhether

x^—if is divisible by x — y or by x-\-y; the index 7 is an
odd whole number, and the simplest case of this kind is

x — y, which is divisible by x — y, but not by a>+y\ so we
infer that x^ — y"^ is divisible by x — y and not by x + y.

Again, take .i^-y^; the index 8 is an even whole number,
and the simplest case of this kind is x- — y-, which is

divisible both hy x — y and x + y; so we infer that a^—y^
is divisible both hj x-y and x + y.

9 4. The follomng are additional examples of resolving

expressions into factors.

a^ -y^= {x^ + y^) (x^ -y^)

= {x + y) {x^'-xy + y^ {x-y){x^ + xy + y^:

8^ - 270*= (2&)3- (3c)3 = (2b - 3c) {(26)2 + 2bx3c+ (3c)^}

= (26 - 3c) (462+ ebc + 9^2)

;

4(ab + cd}^-{a' + h^-c^-cPf=

{2{ab + cd) + {a} + b''-c'-d}:]{2{db + cd)-{a'' + h'*-c'-d^
= \2ab + 2cd + a^+ W-c^-d'^){2db + 2cd-a''-V^ + c'^ + d:^

= {{a + b)\- {c- dyi {{c + d)' -{a- bf]

= {a + b + c— d){a + b— c + d){a-b + c + d){b + c + d—a).

95. Suppose that (a^ - .5x?/ + Sy^) {x - Ay) is to be divid-

ed by x^— lxy+l'ly"^. We might multiply a^—5xy+%y*
by x—4y, and then divide the result by x^-7xy+12y^.
But the form of the question suggests to us to tiy if

x— 4y is not a factor of x^ — Ixy + 1 2?/- ; and we shall find
that x^ - Ixy + 1 2y- = {x- 3y) (x - Ay). Then

(;g2— p,xy + 6.y^ {x — Ay) __ x^-5xy + 6i^
^

{x-3y){x-Ay) ~ x-3y '

and by division we find that

x^— 5xy + Gy^

x-3y =*-^''-

4—2
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96. The student witii a little practice will be able to
resolve certain trinomials into two binomial factors.

For we have generally

(^ + a) (a: + 6; = j;' + (a + &) :r 4- rt6

;

suppose then wc wish to know if it be possible to resolve

X- -{Ix^Yl into two binomial factors; we must find, if

possible, two numbers such that their sum is 7 and their

product is 12 ; and we see that 3 and 4 are such numbers.
Thus

.^2 + 7^ + 12 = (d? + 3) (a;+ 4).

Similarly, by the aid of the formula

{x - a){x — h)=^ x^ - {a + h) X + ab,

we can resolve a;'— 7^ + 12 into the factors {x — Z){x — 4).

And, by the aid of the formula

{x + a)[x -h) = x'^ + {a-'b) X- ah,

we can resolve x--^ x-1'2 into the factors (.r + 4) (j; - 3).

We shall now give for exercise some miacellaneoud
examples in the preceding Chapters,

Examples. XI.

Add together the following expressions

:

1. a[a+h — c), b:fi + c— a), c{a + c-b).

2. a{a — b + c), b{b — c + a), c^c-a + b).

3. a{a—b + c + d}, b{a + b-c-i-d\ c(a + 5 + c-c0,

d{ — a + b + c + d).

4. 3a-(4&-7c), 36 -(4c -7a), 3c -(4a -76).

5. Sa-(56 + 2c), 96-(5c + 2rt), 9c -(5a + 26).

6. {a-\-b)x + {a + c)y, {b-c)x + {b-c)yt

(c-a)x + \b-a) y.
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7. {z~x){a-¥h) + {Z'-y){a-'b\ {x-\-y)a-\'{x-\-z)by

{y-z)a + ix - y) b.

8. {a-b)x+{b-c)y + {c-a)z,

a {y + z) + b (_z + x) + c (x + y), a,v + by + cz.

9. 2{a + b-c)x + {a + b)y + 2nz,

2{a + c -b) X + (a + c) y + 2bz, 2{b + c—a) x + {b + c) y + 2cz,

10. a'-{a-b + c)(a + b-c), b^-{b-a + c){b + a-c\

c^ — {c—a + b){c + a-b).

Simplify the following expressions

:

11. a-2(p + 3a)-5[b + 2{a-b)}.

12. {a + b)ib + c)-{c + d){d+a)-{a + c)[b- d).

13. 4^a-\2a-{2b{x + y)-2b{x-y)]\

14. {x+b){x + c)~{a + b + c){x + b) + a^ + ab + b'^ + Sax.

15. a-[5b-{a-3{c-b) + 2c-{a-2b-c)}].

16. 5a-7{b-c)-[6a-(3b + 2c) + 4c-{2a-{b + c-a)}].

17. {x + 3)^~3{x + 2)^ + S{x + rf-x'.

18. {x + y)* + {x + y)*y + {x + y)y^- [Zx'y + 6y^x + 2^^}.

19. {\+xf + {!-[ xfy + {\+x) y'^^ + y^

-{3x{x + \)^y{y-¥\) + 2xy^\].

20. a{b + cf + b{a + cf+c{a^bf + {a-b){a + c){b-c)

-{a + b){a-c){b-c)-{a-b){a-c){b + c).

21 i^ + ^) {(i + c)-{b + d) (d + c)

22.
a^-3ab + 2b^ _ g'-7a^ + 12&^

a-2& a -36

-_ 3«3_7a26-5a&2 + .5&3 6a' -26a'& + 4005^-206'
/ij. — _ 4- ,

a+o a—b

^ lB{bc^ + ca' -f- ab') - 1 2 (5V + c*a + a*b) - 1 9abc

2a~'6b
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Divide

25. x^ + y^— la^y^ by {x— y)\

26. x^ + y^+ 2x^y^ by {x + y)\

27. (a^ - ^a^h + 5a&«- Zl^) {a- 2b) by a«- S^ft + 25*.

2S. (a;3_ 9^2y 4. 23^2_ j 5^3) (^ _ -jy^ ]jj ^2 _ ^^.y ^ 'jy^^

29. a^ 4- a^64 + &« by (a^ - a& + &2) (a^ + a5 + f^).

30. a^-b^ + a^b^ {a^ - b*) by {a?-ab + 6') (a» + ab + 6»).

31. 4fl-62 + 2(3af4-26*)-«5(5a2-ll&2) by (3a-fe)(a + t).

32. (a--2-3;c + 2)(a;-3)by^---5a.- + 6.

33. {x''-Zx + 2){x-¥^) by .c^ + ^c-o

34. {a- + ax-¥ x^-) {c^-¥a^ by a* +aV + or*.

35. (a^ + a'ft' + b^) (a + &) by a} + «& + &».

36. h{a^ + a^) ^axipc^-dP) + a^{x + a) by (a + 5)(x + <z\

Resolve the following expressions into factors

:

87. ^2 4. 9,^. + 20. 38. x"^nx + 2>(i.

39. X'-\6x-¥o0, 40. :r--20.c+100.

41. ;c= + .r-132. 42. a;2-7.r-44.

43. ar^-Sl. 44. a^ + \1b.

45. ;r^-256. 46. ..;»^64. ,

47. a- + 9rt6 + 205l 48. x' - \2xy + A2t/,

49. (a + 6)'-llc((Z + 5)+ 30c'.

50. 2(.?7 + y)»-7(^ + 2/)(a + 5) + 3(a+&)«.

Shew that the follo^ving results are true

:

51. {a + 2b)a^-{b+ 2a)b' = {a-b){a-\-b)\

52. a {a- 2bf -b(p- 2af = {a -b){a + bf.
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XII. Greatest Commoji Measure.

97. In Arithm^ic a whole number which di\'ides

another whole number exactly is said to be a measure of
it, or to measure it; a whole number wliich divides two
or more whole nimibers exactly is said to be a common
measure of them.

In Algebra an expression which divides another ex-
pression exactly is said to be a m,easure of it, or to measure
it; an expression which divides two or more expressions
exactly is said to be a common measure of them.

98. In Arithmetic the greatest common measure of

two or more whole numbers is the greatest whole number
which will measure them all. The term greatest common
measure is also used in Algebra, but here it is not very
appropriate, because the terms greater and less are sel-

<iom applicable to those algebraical expressions in which
definite numerical values have not been assigned to the
various letters which occur. It would be better to speak
of the highest common measure, or of the highest common
dieisor; but in conformity with established usage we
shall retain the term greatest common measure.

The letters g.c.m. will often be used for shortness
instead of tliis term.

"We have now to explain in what sense the term is used
in Algebra.

99. It is usual to say, that by the greatest common
measure of two or more simple expressions is meant the
greatest ex2?ressi!yn ichicJi tcill measure them all; but
this definition will not be fully understood until we have
given and exemplified the rule for finding the greatest

common measure of simple expressions.

The following is the Rule for finding the g.c.m. of

simple expressions. Find by Arithmetic the g.c.m. q/
the numerical coefficients; after this number put every
letter which is common to all the expressions, and give
to eojch letter respectively the least index which it has
in the e.vpressions.
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100. For example; required the g.c.m. of l^a^li^e and
^OaHM. Here the numerical coefficients are 16 and 20,

and their G.C.M. is 4. The letters common to hoth the

expressions are a and &; the least index of a is 3, ami

the least index of h is 2. Thus we obtain 4a^6^ as the re-

quired G.C.M.

Again; required the g.c.m. of Qa^c^x^yz^, l^al^hcxhj^,

and l^a^ifix-y*. Here the numerical coefficients are 8,

12, and 16; and their g.c.m. is 4. The letters common to

all the expressions are a, c, x, and y ; and their least indices

are respectively 2, 1, 2, and 1. Thus we obtain 4:d^cxhj as

the required g.c.m.

101. The following statement gives the best practical

notion of what is meant by the term greatest common
measure, in Algebra, as it shews the sense of the word
greatest here. When two or more expressions are divided

by their greatest common measure, the quotients have no
common measure.

Take the first example of Art. 100, and divide the ex-

pressions by their g.c.m.; the quotients are 4ac and 56(/,

and these quotients have no common measure.

Again, take the second example of Art. 100, and
divide the expressions by their g.c.m.; the quotients are
26^^.2.'^^, Sa^by"^, and 4:ac^y^, and these quotients have no
common measure.

102. The notion which is supplied by the preceding
Article, with the aid of the Chapter on Factors, will enable
the student to determine in many cases the g.c.m. of com-
pound expressions. For example; required the g.c.m. of

4a*{a + b)^ and 6ab{a^— b% Here 2n is the g.c.m. of the
factors 4a- and (ktb; and a + b is a factor of (a+b)* and
of a'^ — b'^, and is the only common factor. The product
^a{a + b) is then the g.c.m. of the given expressions.

But this method cannot be applied to complex ex-
amples, because the general theory of the resolution of
expressions into factors is beyond the present st;ige of
*.he student's knowledge; it ja therefore necessary to adopt



GREATEST COMMON MEASURE. 57

another method, and we shall now give the usual definition

and rule.

103. The following may be given as the definition of
the greatest common measure of compound expressions.
Let two or more compound expressioyis contain powers
of som,e common letter ; then the factor of highest di-

inensions in that letter which divides all the expressiom
is called their greatest common measure.

104. The follo\ving is the Rule for finding the greatest
common measm-e of two compound expressions.

Let A and B denote the two expressions ; let them
he arranged according to descending powers of some
common letter, and suppose the index of the highest
power of that letter in A not less than the index of the

highest power of that letter in B. Divide A hy B;
then make the remainder a divisor and B the dividend.
Again make the neio remainder a divisor and the pre-
ceding divisor the dividend. Proceed in this way until
there is 7io remainder; then the last divisor is the

greatest common measure required.

105. For example; required the g.c.m. of a^ — Aa; + S
&nd4a^-9x^-l5x+l8.

g^-^ + Sj ^a^- 9a;2-15^+18 (^4;c + 7
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106. The rule which is given in Art. 104 depends on
the following two principles.

(1) If P measure A, it will measure mA. For let

a denote the quotient when A is divided by P; then
A=aP ] therefore niA = maP; therefore P measures
7nA.

(2) If P measure A and B, it will measure mA^nB.
For, since P measurc-s A and B, we may suppose A = aP,
and B^bP; therefore mA^nB={7na^nb)P; therefore

P measures mA ± nB.

107. We can now demonstrate the rule which is given
m Art. 104.

Let A and B denote the two ex- B) A (p
pressions. Divide ^ by ^; let p jjB
denote the quotient, and C the re-

mainder. Divide B by (7; let q de- CJ B Kjj

note the quotient, and D the remain- qC
der. Divide C by D, and suppose
that there is no remainder, and let r D) C {r

denote the quotient rP

Thus we have the following results

:

A=pB + C, B =qC+D, C=rD.

We shall first shew that P is a common measure of

A and B. Because C=rD, therefore P measures C;
therefore, by Art. 106, P measures $(7, and also qC+D;
that is, P measures B. Again, since P measures B and C,

it measures pB + C; that is, P measures A. Thus P
measures A and B.

We have thus shewn that P ia a common measure of

A and B; we shall now shew that it is their greatest

common measure.

By Art. 106 every common measure of A and B mea-
sures A —pB, that is C; thus every common measure oi

A and P is a common measure of B and (7. Similarly,

every common measure of B and (7 is a common measure
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of C and D. Therefore every common measure of A and
^ is a measure of D. But no expression of higher dimen-
sions than D can divide D. Therefore D is the greatest

common measure of A and B.

108. It is obvious that, evei'y measure of a common
measure of tico or more expressions is a common m^easure

of those expressions.

109. It is she-wn in Art. 107 that every common
measure of ^ and ^ measures i>; that is, every common
measure of two expressions measures their greatest com,-

mon measure.

110. We shall now state and exemplify a rule which
is adopted in order to avoid fractions in the quotient ; by
the use of the rule the work is simplified. We refer to the

Chapter on the Greatest Common Measure in the larger

Algebra, for the demonstration of the rule.

Before placing a fresh term in any quotient, we may
divide the divisor, or the dividend, hy any expression

which has no factor which is common to the expressions

whose greatest comm,on measure is i^equired ; or, we
may multiply the dividend at such a stage hy any ex-

pression which has no factor that occurs in the divisor.

111. For example; required the g.c.m. of 2.r^— 7^ + 5

and 3:r'— 7:c + 4. Here we take '2x'^ — lx + 5 as divisor;

but if we divide 3^^ by 2x- the quotient Ls a fraction ; to

avoid this we multiply the dividend by 2, and then divide.

2x^--'7x + 5) 6x^--Ux+ S (,3

6;c2_2l:r+l5

7x- 7

If we now make 7.^ — 7 a di\isor and 2.r2_7^4.5 i^^q

dividend, the first term of the quotient \nll Itc fractional

;

but the factor 7 occurs in every term of the proposed
divisor, and we remove this, and then divide.
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2x^-2x

Thus we obtain ar— 1 as the g.c.m. required.

Here it will be seen that we used the second part of

the rule of Art. 110, at the beginning of the process, and
the first part of the rule later. The first part of the rule

should be used if possible ; and if not, the second part. We
have used the word expression in stating the rule, but in

the examples which the student will have to solve, the

factors introduced or removed will be ahnost always nu-

mericalfactors, as they are in the preceding example.

"We will now give another example; required the g.c.m.

oi 2x^-'Jx'^ - 4:X- + X - 4: and 3.c^-lla-^-2.c^-4.c-16.

Multiply the latter expression by 2 and then take it for

dividend.

2x^-lx^-Ax^ + x-A) 6x*-22x^- 4x^-8x-32 t,3

6x*-21x^-12x^ + 3x-l2

- x*+ 8.c'-lla;-20

"We may multiply every term of this remainder by -

1

before using it as a new divisor; that is, we may change
the sign of every term.

tc* - Sa^ + Ux+20J 2x*- 7x^- 4.r» + a;-4 (,2:c + 9

2.C*- 16^ + 22:^2 + 40a;

9x^-26x^- 39;r- 4

9x^-'J2x^+ 99;c+lS0

46a;2-138.r-184

Here 46 is a factor of every term of the remainder; we
remove it before usinij tlie remainder as a new divisor.
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«3-3^- Ax

-5:^^+15:?: + 20

— 50^''+ 15.-^ + 20

Thus a?2-3a;-4 is the g.c.m. required,

112. Supjiose the original expressions to contain a
common factor F, whicli is obvious on inspection ; let

A = aF and B = hF. Then, by Art. 109, F will be a factor

of the G.C.M. Find the g.c.m. of a and b, and multiply it

by F; the product wiU be the g.c.m. of A and B.

113. TVe now proceed to the g.c.m. of more than two
compound expressions. Suppose we require the g.c.m. of

three expressions A, B, C. Find the g.c.m. of any two of

them, say of A and B; let Z> denote this g.c.m.; then the
g.c.m. of D and C ^vill be the required g.c.m. of A, B, and (7.

For, by Art. 108, every common measure of D and C is

a common measm-e of A, B, and C; a:ad by Art. 109 every
common measure of A, B, and C is a common measure of

D and C. Therefore the g.c.m. of D and C is the g.c.m.

of ^ , B, and C.

114. In a similar manner we may find the g.c.m. of

fou)^ expressions. (Jr we may find the g.c.m. of two of
the given expressions, and also the g.c.m. of the other two

;

then the g.c.m. of the two results thus obtained will be
the G.C.M. of the four given expressions

Examples. XII.

Find the greatest common measure in the follovTing

examples

:

1. 15;c*, lS.r3. 2. I6a^h\ 2()a^b^.

3. ^CurY'A ASx^z*. 4. S5a-b^x^y\ 49a-b^x^,

5. 4(a; + l)^ 6(a;*-l). 6. 6ix-\-l)\ Qix^-l).
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7. 12(a2 + &»)«, 8(a*-5^). 8. x'-y\ i^-y^.

9. ^^2^. 3^^.15^ a;2+9;c + 20.

11. :c'- + 2^-120, x^^-^x-SO.

12. a.•2-15;^; + 36, x'^-^x-ZQ,

13. ;c3+6^ + 13;??+12, ^^ + 7^2 4.ig^+lg^

14. a;3_9^,2^23.y-12, ;i;3_i0x'2 + 28a;-15,

15. a^ - 29.'c 4 42, x^ + X' - 'S5x 4- 49.

16. x^-4:\x-^0, a^-Ux''- + 25.x' 4- 25.

17. a^ 4- 7^ 4 17^ + 1-5, ;c3 4-8.c^4-19^ + 12.

18. a^-\0x'^ + 2Qx-S, a^-^x^ + IZx-12.

19. A:{x'^-x^ I), 3(:r^ + ;r2 + l).

20. 5(.c^-:?;+l), 4(.ZJ^-1).

21. 6x^ + x-2, 9:?;3 + 48a;2 4.59^+16.

22. a^-4:x' + 2x + 3, 2^-9:^3 4- 12;c2- 7.

2.'^. :c* + ;c2 _ g^ ^4_ .3^.2 _,. 2,

24. .zr5-2a7- + 3^-6, x-^-a^-x^--2x.

25. a^-1, 3^ + 2;c^4-4;z;3 + 2.c2 + .T.

26. .r^-9ar'-30a;-25, x^ + x*-7x^ + 5x.

27. 35^=^ + 47.^24- 13a? +1, 42aj4 + 41d.-3-9.i'--9a;-l.

28. x'^-3x^ + 6x^-7x^ + 6x'-3x+l,
x^-x^ + 2x*~x^ + 2x--x4-l.

29. 2;r*-6.?;3 + 3^2_3^.4.1^ x'^-3x^-i-x^-4x^-^12x-^

30. a?8-l, d7^"+j?Ha?8 + 2u7^4-2a;^ + 2^ + ^= + * + l.

31. x^-3x-70, ^-39;c + 70, ;t-3-48^ + 7.

32. :C" - 0??/ - 1 2?/2, ;c2 + 5^^ + Qy2^

33. 2a;'' + 3a.c4-a2, 3;^;- + 2a.t' - rt^^

34. x"^- Sa\c- 2a\ x^ - ax- - -ia*.

35. 3x^— Zx-y + xy^- y', 4x^i/ - 5xy^ + y*
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XIII. Least Common Multiple.

115. In Arithmetic a whole number which is mear^ured
hj another whole number is said to be a multiple of it ; a
whole number which is measured by two or more whole
numbers is said to be a common fnultiple of them.

116. In Arithmetic the least common rnultiple of two
or more whole numbers » the least whole number which
is measured by them alL The term least common multiple
is also used in Algebra, but here it is not very appropriate;
see Art. 98. The letters l.c.m. will often be used for
shortness instead of this term.

We have now to explain in what sense the term is used
in Algebra.

117. It i3 usual to say, that by the least common mul-
tiple of

^
two or more simple expressions, is meant the least

expression which is mea^sured hy them all; but this defi-
nition will not be fully understood until we have given and
exemplified the rule for finding the least common muHiplo
of smiple expressions.

The following is the Rule for finding the l.c.m. of
simple expressions. Find 'by Arithmetic the l.c.m. of the
numerical coefficients; after this number put every letter

which occurs in the expressions^ and give to each letter

respectively the greatest index which it has in the ex-
pressivns.

118. For example; required the l.c.m. of l^a'^bc and
lOaWd. Here the numerical coefficients are 16 and 20,
and their L.C.M. is 80. The letters which occur in the ex-
pressions are a, b, c, and d; and their greatest indices are
respectively 4, 3, 1, and 1. Thus we obtain SOa^¥cd as th€
required l.c.m.

Again ; required the L.C.M. of Sa-bh^:3fy2^, 12aH>cjtr'y^,

and IGa^c^x^. Here the l.c.m. of the numerical coefficients

is 48. The letters which occur in the expressions are
a, b, c, X, y, and z ; and their greatest indices are respec-

tively 4, 3, 3, 5, 4, and 3. T-ims we obtain -i^SaWc^x^y^z^ as

the required l.c.m.
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119. The following statement gives the best practical
notion of what is meant by the term least common multiple
in Algebra, as it shew? the sense of the word least here.

IVhen the least common mulciple of two or inore expres-
sions is divided by those expressions the quotients have no
common measure.

Take the first example of Art. 118, and divide the l.c.m..

by the expressions ; the quotients are 5b^d and 4ac, and
these quotients have no common measure.

Again; take the second example of Art. 118, and di^nde

the L.C.M. by the expressions ; the quotients are Sa^ci/,

^c-a^i/z^, and Scib^ar^z^, and these quotients have no com-
mon measure.

120. The notion which is supplied by the preceding
Article, with the aid of the Chapter on Factors, will enable
the student to determine in many cases the l.c.m. of com-
pound expressions. For example, required the l.c.m. of

Aa^ia-^hf and Qal){a^-h^). The l.c.m. of 4(2* and C^ab is

lla^h. Also {a + by and ar — W- have the common factor

a + 6, so that {a + &)(« + b) {a — b) is a multiple of {a 4- b'f"

and of a^ — b'^; and on dividing this by {a + bY and a^ — b^ we
obtain the quotients a — b and a + b, which have no common
measure. Thus we obtain 12a-6(a + 6)^(a— 6) as the re-

quired l.cm.

121. The following may bo given as the definition of the

L.C.M. of two or more compound expressions. Let two
or more compound expressions contain powers of some
common letter; then the expression of lowest dimensions
in that letter which is measured by each of these expres-
sions is called their least common multiple.

122. We shall now shew how to find the l.c.m. of two
compound expressions. The demonstration however will

not be fully understood at the present stage of the student's
knowledge.

Let A and B denote the two expressions, and D their

freatest common measure. Suppose A -nl), and B = bD.
hen from the nature of the greatest common measure, a
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asid b have no common fiictor, and therefore their least

common multiple is ah. Hence the expression of lowert
dimensions which is measured by aD and hD is ahD. And

Hence we have the following Rule for finding the L.CM.
of two compound expressions. Divide the product of th4
expressions hy their g.cm. Or we may give the rule thus

:

Divide one of the expressions by their g.c.m^ and mul-
tiply the quotient by the other expression,

123. For example; required the l.cm. of «— 4r+ 3
and Aa^-^a^—l^x-irlS,

The €}.c.M. is ;c— 3; see Art. 105. Divide Jt^— 4;r + 3
by x— Z; the quotient is a; — 1. Therefore the l.cm. is

(« — l)(4i;*-9«'— 15;c + 18); and this gives, by multiplying
out, ^^-\^x^-Qx^ + ^2x-l^.

It is however often convenient to have the L.C.M,

expressed in factors, rather than multiplied out. We
know that the o.aM., whicn is ar — 3, will measure the ex-

pression 4^a^ — ^a^—l5x-^lS>; by division we obtain tho
quotient. Hence the l-cm, is

{x-Z){x-\){Ax' + Zx-Q).

For another example, suppose we require the L.C).M. of
2:c2_ 7^ + 5 and ^'^-'Jx + 4:.

The Q.c.M. is « — 1: see Art. HI.

Also {2x'^-1x + 5)-^{x-l) = 2x-^
and {^x^-1x-^i)-i-[^^l)-=v^x-4:.

Hence the l,c,m. is

{x-l){1x-b){Zx-^\

Again; required the L.C.M. of 2x*-la^—^x^-^-x— A^

and 6X*-l\a^-2x^-Ax-\Q.

The G.o.M. is a;*— 3a?— 4: see Art. Ill,

Also

{2x*-*l3?-Ax^ + X-A)^{x^-'iX-A) =2;C*-X+1,
and

(3«*- 1 1«» - 2;c'- 4.« - 16) -r («' - 3* - 4) = 3;c» - 2x + 4.

r. A. (
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Hence the L.c.M. is

124. It is obvious that, every multiple of a common
multiple of two or more expressions is a common multiple

0/ those expressions.

125. Eve')^ common multiple of two expressions is a
multiple of their least c uimon multiple.

Let A and B denote the two expressions, M their

L.c.M. ; and let JV denote any other common multiple. Sui>-

pose, if possible, that when N is divided by M there is a
remainder R ; let q denote the quotient Thus Ii— N—g^f.
Now A and B measure M and N, and therefore they mea-
sm-e R (Art. 106). But by the nature of division A is of

I'Arer dimensions than M : and thus there is a coninicn

multiple of A and B which is of lower dimensions than
their l.c.m. This is absurd. Therefore there c-au be no
remainder R; that is, iVis a multiple of M.

126. Suppose now that we require the l.c.m. of three

compound expressions, A, B. C. Find the l.c.m. of any
two of them, say of A and B ; lei M denote this L.C.M.

;

then the l.c.m. of 31 and C will be the required L.C.M. of

Ay B, and C.

For every common multiple of M and C is a common
multiple of A, B. and C, by Art. 124. And every common
multiple of A and B is a multiple of J/, by Art. 125; hence
every common multiple ofM and C is a common multiple

of A. B, and C. Therefore the L.C.M. of 31 and C is the

L.C.M. of A, B, and C.

127. In a similar manner we may find the L.C.M. of four

expressions.

128. The theories of the greatest common measure and
of the least common multiple are not necessary for the

subsequent Chapters of the present work, and any diffi-

culties which the student may find in them may be post-

Doned until he has read the Theory of Equations. The
exa nples however attached to the preceding Chapter and
to the nresent Chapter should be carefully worked, on ac-

count of the exercise which they afford in all the funda-
mental processes of Algebra.
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Examples. XIII.

Find the least common multiple in the folio- iig ex-
amples :

1. 4a'6, 6a&». 2. \1aW-c, \%al'-c\

3. 8a2j;y, 126=J7V. 4. {a-h)\ a^-h\

5. 4a (a + 6), ^h[a?-vW). 6. a^-js, a^-ft^.

7. a^-Zx-^, oi?-x-\1.

8. a:3 + 5j;'+7^+ 2, ^^2^5^,4.3^

9. 12472 + 507-3, 6073 +^- J.

10. ^-6^7^+11^7-6, .r3-9.c- + 26j7-24.

11. 3c^-lx-% a73 + 8.r'+17cr+10.

12. ^ + z3+2jj7' + j7+1, ^r-*-!.

13. a7<-2;c3_3j^^Sj,._4^ a;^-5arV20;»-16.

14. al^-v c^x^ + a^, J7* — aar^— a-^j? + a*.

15. 4a^62<.^ 6a&3c2, lSa-&cl

16. SCo"-?)'), 12(a + &A 20 («--&)».

17. 4 (a + 6), 6(a2_&2)^ SC^j^ + o^').

18. 15(a»6-a5'), 21(a3-a62), 35(a^>» + 6«).

19. a;2-l, a?^\^ x^-\.

20. ^'-1, ^c'+l, ar<+l, .rs-l.

21. ;c'-l, a;3+i^ x^-\, a;6+l.

22. a:' + 3a; + 2, a;2 + 4j; + 3, a^^hx->t^.

23. x- + 2j;-3, a:^ + 3x'-x-S, a^ + 4.v^ + x-9,

24. .r^' + S^c+lO, ;c3-19.c-30, ;r*-15.c-5a

5—

«
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XIV. FracUcms.

129. In this Chapter and the following four Chapters
we shall treat of Fractions ; and the student will find that
the rules and demonstrations closely resemble those with
which he is already familiar in Arithmetic.

130. By the expression t we indicate that a unit is

to be divided into h equal parts, and that a of such parts

are to be taken. Here r is called a fraction; a is called

the numerator, and h is called the denominator. Thus
the denominator indicates into how many equal parts the
unit is to be divided, and the numerator indicates how
many of those parts are to be taken.

Every integer or integral expression may be considered
as a fraction with unity for its denominator; that is, for

example, <^ = 7 > o-\-c = —— .

131. In Algebra, as in Arithmetic, it is usual to give

the following Rule for expressing a fraction as a mixed
quantity: Divide the numerator ty the denom,inator, as

Jar as possible, and annex to the quotient a fraction
having tlie remainderfor numerator^ and the divisoi' for
denominator.

„ ,
2Aa „ 3a

Examples. -=- = 3a + —*

.

a^ + Zab 2ab-—=a+ —,.
a+b a+b

a^-6a; + 14 -x + Q

or =^ + 3-^^-/-.
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The student is recommended to pay particular atten-

tion to the hist step ; it is really an example of the use of

brackets, namely, + (— j? + 2)= — (j?— 2).

132. Rule for multiplying a fraction by an integer.

Either multiply the iiumerator by that integer, or divide
the denominator hy that integer.

Let i denote any fraction, and c any integer; then

will t X c = ^ . For in each of the fractions ^ and -r- theho h h

unit is divided into h equal parts, and c times as many
, , , . ac . a y ac . ^. a

parts are taken m -^ as m r : hence ^ is c times r •'^

h h h

This demonstrates the first form of the Rule.

Again J let j- denote any fraction, and c any integer;

then wiU i— x c = , . For in each of the fractions =-
DC he

and T the same number of parts is taken, but each part

in ^ is c times as large as each part in r- , because in

T- the unit is divided into c times as many parts as in

a , a . ,. a
£ ; hence r is c times ,-

.

oh he

This demonstrates the second form of the Rule.

133. Rule for dividing a fraction by an integer. Either
multiply the denominator hy th(zt integerj or divide the

numerator hy that integer.

Let £ denote any fraction, and c any integer ; then

will i-^c==-. For ^ is c times r-. by Art. 132; and
h he h be' ''

therefore £- is -th of ^ .

be c 9

This demonstrates the first form of the Rule.
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etc
Again; let -j- denote any fraction, and c any integer

then v,d\ -T"'^c=i« For v- is c tunes t, by Art. 132;

and ther'jfore r is -th of -i- ,DC
This demonstrates the second form of the Rule.

134. If the numerator and denominator ofanyfrac-
tion he midtiplied by the same integer^ the value of the

fracti is not altered.

For "^ the numerator of a fraction be multiplied by any
integer, the fraction will be nudtiplied by that integer;
and the result will be divided by that integer if its de-
nomina!; or be multiplied by that integer. But if we multiply
any ni:nber by an integer, and then divide the result by
the saiVo integer, the number is not altered.

Tlie result may also be stated thus: if the nunierator
and denominator of any fraction be divided by the same
integer, the value of the fraction is not altered.

Bo i these verbal statements are included in the alge-

braical statement r = r- •

h he

Thi? result is of very great importance ; many of the
operati'^ns in Fractions depend on it, as we shall see in the
next t !) Chapters.

13-). The demonstrations given in this Chapter are
satisfa.. ory only when every letter denotes some positive

whole numher ; but the results are assumed to be true

whatever the letters denote. For the grounds of tliis

assunrjtion the student may hereafter consult the larger

Algebra. The result contained in Art. 134 is the most
importiiut; the student will therefore observe that hence-

forth we assume that it is ahcays true in Algebra that

r = 5- , whatever a, h, and c mav denote.
he- ' '

For example, if we put — 1 for c we haT© 7 = —v .
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IBo also

a _ —a a _ ~^_ ^ ^ — <i <l

In like manner, by assuming that y x c is always equal

to -,- we obtain such results as the follovnng

:

a _ ~a _ a a n_~'2«_2«

Examples. XIV.

Express tlie following fractions as mixed quantities

:

25ar S6ac + 4c 8a^+3b 12^ -5y
*•

7 • • 9 • ^- 4a •
^' ~6i '

^ x'^ + Zje + 2 „ Iss'^-Qx-l

x^ + ax'^-'^a'^x-'^a* x^-2a^
'•

is—2a
'

xl^-x+V
x*+l x*-l

9. ^-^. 10. —-f .

x—1 x+l

Multiply

11. ^by3&. 12. ^-A__^ by 3 (<.-&).

13. by4(a=-a5 + 6'). 14. _^-_by« + L

Divide

15. |^by22?. 16. ^""'"f by 3g~2fc
3?/ "^ a + 6 •'

*6. ^by;c»-;r+l.
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XV. Reduction of Fractions.

136. The result ccmtained in Art. 134 -mil novc he
applied to two important opei^ons, the reduction of a
fraction to its lowest terms, anothe reduction of fractions

to a common denominator.

137. Rule for reducing a fraction to its lowest terms.
Divide the nnmerator and denominator of the fraction
ly their greatest common measure.

¥oT example; reduce ^,3, to its lowest terms.

The 6.C.M. of the numerator and the denominator is

4a^l^; dividing both numerator and denominator by 4a^?>*,

Aas ^CLC
we obtain for the required result —r-,. That is, -^^ is

bhd odd

equal to g, ^ , , but it is expressed in a more simple

form ; and it is said to be in the lowest terms, because it

cannot be further simplified by the aid of Art. 134.

Again ; reduce ^_g^_i5^^iQ to ^^ ^o^^* terms.

The 6.C.M. of the numerate and the denominator is

»— 3; dividing both numerator and denominator by jp— 3

we obtain for the required result —3—r
.

In some examples we may perceive that the nimaerator

and denominator have a common factor, without using tho
rule for finding the g.c.m. Thus, for example,

{a-by-c' _ {a-h + c)(a-h-c) _ a-b + e

o'-Cfc+ c)"
~ (<a-^b-i-c){a-b-c) ~ a + fr+c*
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138. Rule for reducing fractions to a common denomi-
nator. Multiply the numerator of each fraction hy
all the denominators except its own, for the numerator
corresponding to that fraction; and mtdtiply all the
denominators togetherfor the common denominator.

For example ; reduce r , ^ , and ^ to a common de-

nominator.

a _ adf c _ £^ e _ ebd

l~Wr d~dbr f'fhd'

Thus r-n- ) -Jir^y and ^^^5-5 are fractions of the same
odf dhf fbd

value respectively as t, -5, and ^; and they have th©

common denominator hdf.

The Rule given in this Article will always reduce frac-

tions to a common denominator, but not always to the
lowest common denominator ; it is therefore often con-
venient to employ another Rule which we shall now give.

139. Rule for reducing fractions to their lowest com-
mon denominator. Find the least common midtiple of
the denominators, and take this for the common denomi-
nator ; thenfor the new numerator corresponding to any
of the proposed fractions, multiply the numerator of that

fraction by the quotient which is obtained by diciding

the least comtnon midtiple by the denominator of tJiat

fraction.

For example: reduce —
, — , — to the lowest com-

yz zx xy
men denominator. The least common multiple of the do-

nominators is xyz\ and

a aai
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Examples. XV.

Reduce the following fractions to their lowest terms

:

oa-x — 1 Day- 5 a- - o-) a-— b-

x-^Zx + 2 a---M0^-f-21

x- + &x-h-5' ' X'— 'ix—lo'

2x'^-\-x-\6 x^-\-{a + b)x + ah

2x--\^x + Zd' ' a^ + {a-\-c) x + ac'

x^-(a + b)x + ab .^ 33^-t-23^-3S

x^ + {c-a)x-ac' ~'
4x' + Zdx-2T

{x + dj^-ib + cf ar-4-53?+ 6

{x + bf-{a + cY'
' x^ + x-\-lQ'

,_ x^-l()x-\-2l _ x^' + dx + 2Q
15. -^ — —

- . lo.

x'^4-x-42 6^-ll3- + 5

x^-10x- + 2lx + l8' 3x^-2jr^-l'

20x^ +x-U _ ^--2ax + a^

l2x^-5x^ + 5x-6' ' x^-2aj^+ 2a-x^^'

2.g^-5j^-8>c-16 x^-Sa^x + 2a^

2jf-hnx'^-i-16x + i6' "' 2x^ + aj^ + a^x-'ia*

ar3-3;°-7Jr-4-3 3.r*- 142:3-9:c + 2
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or -I ar — a*y^

Reduce the following fractions to their lowest common
denominator

:

3 4 5 «. 1 3 *

35.

36.

37.

38.

407' 6^' 12j;3' ^ + 1' 4j; + 4' ^-1'

ar— a' a—x"* ot^ — a^^ a^ — a^*

a b ab V^

1 a? 3 4 6

x-l' (jr-1)" ^+1' (^ + 1)2' ar«-l'

a a + ar a.r

39.

40.

x — a* c^-^ax-^d^"* a^-a^'

1 1 a^

x^-ax + a'^^ ar^ + ax + a-^ x^ + a^x^+ aF'

1 1

a^-{a + h)x + db^ x^-{a + c)x-\-ae*

1

a^-{b + c)x + bc'
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XVI. Addition or Subtraction of Fraction*.

140. Rule for the addition or subtraction of frac-

tions. Reduce the fractions to a common denominator^
then add or subtract the num,erators and retain the com'
mon denovninatoT,

,, , . , J a-\-e , a— c
Examples. Add -r— to —j- .

Here the fractions have already a common denominator,
and therefore do not require reducing;

a + c a — c _a + c + a—c _'2a

-, 4a-3b ^ , 3a— 4b
From take .

c c

4:a-3b _ 3a -4b _ 4a -3b -(3a -4b)CO c

_4a-3b-3a + 4b _ a + b~
c

~
c '

The student is recommended to put do'>ni the work at

fidl, as we have done in this example, in order to ensure
accuracy.

Add -^ to "^

a + b a—b'

Here the common denominator will be the product of

a + b and a—b, that is a^—b\

c _c(a-b)
^ _£_ _ c (rt + b)

a + b~ a^-b^ ' a-b~ a--b^'

Therefore ^^ + -1- =^'>--^,±#iA>
a + b a—b a-—b^

_ca — cb + ca + cb _ lea
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-, a^-h . . a—b
From 5 take ;.

a— o a + o

The common denominator is <z'— 6*.

a + b _ (a + by
^ a-b _ {a-b)^

a~b~a'-b^' a + b~a'-b^'

Therefore ^_±\_^JR±^i±::^
a — b a + b <v—o*

a^+2ab + b--(a^-2ab + b^) 4ab

a2_52 "a2-&2-

From -T—: r take

By Art. 123 the l.c.m. of the denominators is

^ + 1 (.r+l}(4.^^ + 3.r-6)

a;2-4^ + 3 ~ (;c- 1) (.c - 3; ^4.6- + 3^-6)

'

4ar2-3a; + 2 ^ (4a;2-3a;+2) > - 1)

-,, - a;+l 4;zr'-3.r + 2
Therefore

a;*-4^ + 3 4ar*-9x2-15a; + 18

^ (a;+l)(43;^ + 3a;-6)-(4^-3>r4-2)(>g-l)

(^ - 1) (:c - 3) (4:^^ + 3:c - 6)

{x-l){a;-S){4^'^ + 3x-6)

14^:2 -8.r-

4

(x- 1) (a: - 3) (4^- + SX-6)
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141. We have sometimes to reduce a mixed quantity
to a fraction; this is a simple case of addition or sub-
traciion of fractions.

_, , h a h ac h ac + h
Examples. a+-=- + - =—h-= -.^ c \ c c c c

2ab a lab a{a + b) 2ab a^ + 3ab

a+b 1 a+b a+b a+b a+o

x-9. x + 3 x-2
af-Zx + 4: 1 x^-'6x + ^

(a; + 3)(a^-3>r + 4) x-2
^ x^-3x + 4. xr^-S:c + 4

_ a^-5x+lZ-{x-2) _ xi^-5x+l2— x + 2 _x^ — 6x+l4
"" x'-Sx + 4 ~ at^-3x + 4 a^-3x + 4

'

142. Expressions may occur involving both addition

and subtraotion. Thus, for example, simphfy

a ah (C-

J+b'^^F^^~^^+¥'

Tlie L.G.M. of the denominators is {a^—b^{€t^-i-b^

that is a* - b\

a _a{a-b) {a- -f &'-) _ a^ — a^b + a-b"^— al^

a+b~ ^^-b"
~

a^-b* '

ab _ abjcc' + b'') _ c^b + ab^

¥^^~ a*-b'' ~ a^-b* '

a' + b'^' a^-b^ ~ a'^-b^
'

Therefore —? +a+b a'^—b^ a^ + b^

a*-a^b + a^b~-ab^ + a^b + ab^-{a*-a'^
a^-h*

a*-(^b + a^-a^^ + a^ + ab^-a* + arb^ ^ 2c^^

a*-b^ ~ a^^P



OF FRACTIONS. 7i>

^^"^^^'^
{a--b){a-c)

"^ {b-c){h-a) "^ {c-a){c-hy

The beginner should pay particular attention to this

example. He is very liable to take the product of the
denominators for the common denominator, and thus to
render the oftenitions extremely laborious.

The second fraction contains the factor h — a in its de-

nominator, and this factor differs from the factor a — b^

which occurs in the denominator of the first fraction, only
in the sign of each term; and by Art. 135,

b ^ h

{b-c){b-a) {b-c){a-b)'

Also the denominator of the third fraction can be put
in a form which is more convenient for our object ; for by
the Rule of Signs we have

{c- a){c— b) = {a— c) {b— c).

Hence the proposed expression may be put in the form

a b c
.

{a-b){a-c) ~ {b-c){a-b)
"*"

{a-c){b-c) '

and iu this form we see at once that the l.c.m. of the de-
nominators is {a— b){a — c) {b — c).

By reducing the fi-actions to the lowest common deno-
minator the proposed expression becomes

a{b— c) — b{a — c) + c{a — b)

{(X-b){a-c){b-G) '

., . . ab— ac — ab + bc + ac— bc ^, , .

that IS — ^yr—r— , that is a{a—o){a— c){o— c)
'

143. In this Chapter we have shewn how to combine
two or more fractions into a single fraction ; on the otlior

hand we may, if we please, break up a single fraction into

two or more fractions. For example,

3bc— 4ac-\-5ab _ 3bc 4ac 5ab _ 3 4 5

a6c ~ abc abc abc
~~ a L c'
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Examples. XVL

Find the value of

Za-bh 2a— b-c a+b-^e

2. -K^ '

a—h a+ b'

3. ^4- ^

4.

a—b a+b'

c €

a—b a+h'^111
be ac ojo

6 '
'

^^

7.

8.

9.

^ 4- y x^ — y^'

1 + 3.^' _ 1-3J?

r^3^ 1 + 3a?
•

a X
x{a—x) a{a—x)*

a b

2a-2b~ 2b-2a'

a 3a 2ax
10. + 2—15.

a-2b b-3c 4ab + She

Sc 2a e>ac
**

. ^ a—b 2a a^ + a%
b a—b a h—tr

2b -a b-2a Zx {a -b)

x— b x + b a?— b^

3 5 _ 2J-7
a 2x-\ 4^-1'
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24

25.

^Q.

27.

28.

29.

2x

x-2 x + 2 {x-\-2T

1 _1 a

a-h a + b a^-b*'

a + x a— x a}—x^

a— x a + x c^ + x^*

1
+

x+1 x+2 x+S'

X 2.r X
+

X—l X+l X-

4x x — y x + y
y x + y x^y'

a^ X
X—x-l x+t

X* X
X r +X+l X—l

1^12
x—a x + a X

a a 4a-6*

a— h a + b a^—b^'

a^ X X
+ r +

«*-l X-l X+l'

a 3a 2ax

a— x a + x c^ + a^'

3
1

x+lQ
2x-A x + 2 2.C3 + 8-

2 x-'S Q^
+

x + 4 ;c*-4;c+16 ^+64*
1 1 1

X- -a^ {x + df {x-af'
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a^ + oje + a^ x* — ax + a*
30.

31.
.xy xy + yr^ sfi-^xy'

32. 5

—

-— +

33.

JT^+l X'^-X-^I X+\'
1 2

(a?-3)(a:-4) (^-2)(^-4) (j:-2)(a;-3)'

1 2JF-3 1
34. —, r- .. , . ^v +

x{jc+\) jr(.r + l)(j:4-2) j;(j? + 2)*

\-2x x+\ 1

35. ^, „ -r + —-T TT +Z{af-x+l) 2{aP + \) Q{x + iy

X'—xy-\-y^ x + y ar + y^

1 a^—

y

xu — 2a^

jr-y x^ + xy + y^ a^-y^

x+1 a—1 2

j?^ + j:+1 x^-x+l x* + x^+l'

a + b a— b 2{a^x+ h^)

ax + by ax— by a^x^ + b*y^

.« 2j? 1 1

x*-x^ + l x^-x+l x' + x+l'

,, 1 2 3
41. , — r^ +

x^-ix+l'I a^-4jr + 3 a?^-5jr + 4'-

_1 ]_ 4(1 2a

x + a x— a ofi—a^ x* + a*'

,„ 1 1 2b 4Z)»

43. 113 3
44. T-rT +

x— 3a x + Za x-^a x—a
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^^ 1 4 6 4 1

a-26 a— b a a + b a + 2b

46. 7 r-, 7^ +
{x-a){a — b) {x—b)(b—ay

47. , TT 7-. +
{x-a){a-b) {a;-b){b-a)'

48. -,
— — +

49.

{x— a){a — b) {x — b){b — a)'

1 1

{a-b){a-c) {b-a){b-c)'

50. , 7T1 -N
+

{a-b)ia-c) ib-a){b-c)'

1 1 1

• {a-b)(a-c)'^ {b-a){b-c)'^ {c-a){c~by

52 I
,

1 1

a{a-b){fl-c) b{b-a){b-c) abc'

53. 7 7T^ ; + r. ^. ; +
{a—b){a-c) (b — a){b — c) {c — a){c--b)'

1 _ 1

/».2 __ |/^ _i. 7»^ />. _L /Tf 7i /1.3

1
4-

55. -n—;
7^: 5 4-

x^— (a + b)c + ab x'^— {a + c)x + ac

x + a
+
a^—{b + c)x + bc

56. ; ,,, , , r +
(a— 6)(a-c)(a;-a) {b — a){b-c)(x-b)

1

(c — a){c— b){x— c)'

6—

•
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XVII. Multiplication of Fractions.

144. Rule for the multiplication of fractions. Multi-

ply together the numerators for a neic numerator^ and
the denominatorsfor a new denominator.

145. The following is the usual demonstration of the

n c
Rule. Let r and -, be two fractions which are to be

a
a c

multiplied together; put^ =x, and -.^V ;
therefore

a= hx, and c — dy\

therefore ac = Idxy
;

divide by 6fl?, thus hd~^'

Bnt ^ =
i'^r^

,, . a c ac
therefore i x -? = 7^7.

h d hd

And ac is the product of the numemtors. and hd the
product of the denominators; this demonstrates the Rule.

Similarly the Rule may be demonstrated when more
than two fractions are multiplied together.

146. "We s'lall now give some examples. Before multi-

plying together the factoi-s of the new numerator and the
factors of the new denominator, it is advisable to examine
if any factor occurs in both the numerator and denomi-
nator, as it may be stmck out of both, and the result will

thus be simplified ; see Art. 137.

Multiply a by - .

c

a a h ah
a=- ; - X -= — .11 c c

Hence a- and — are equivalent; so, for example,
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Multii)Iy ' by -

X X _xy.x .r*

y y~ yxy "y^"

tlnis
fx\^ _ ^
\y)

~y^'

Multiply -1 by — .

3a 8c _ 3ax8c _ 2c x 1 2a _ 2c

Ah 9a ~ 46x9a ~ 3Fxl2a ~ 36
*

Multiply (^i,)2by-^.

Ja»_ 4(a''-62) ^ 4a(a- 6)x3a(a + 6) _ 4a (a -5)
{a + h)^

^
- 3a* ~

6 (o + 6) x 3a (a+ 6)
"'
~&(a + 6)

Multiply^ 4-^+1 by^ + --l.

6 a ~ ah ah ab ah '

a 6 , _<3s^ 6- ah _a'^ + b'^ — ab
^

b a ~ ah ah ah ab '

a' + l^A-ah a^+h--ah _ {a'' + h'- + ab) (a'' + b^ - ab)

ab ab ~ a-b'^

^{^+ b^f-a^ ^ a* + b* + a''b^

d-b'^
~

a^b'-

Or we may proceed thus:

(^^0(^^0^(^^'-'
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therefore

(
- + -+ 1 ) I X + - - 1 ) - , + 2 4- -- ] = r. + -2+ 1.

\h a J\o a J 0- a^ h^ cr

The two results agree, for ^, + — -+- 1 = ,y^ ,

0' a- a~lr

Multiply together ^^, -^^, and & + ^-3^.

We might multiply together the first two factors, and

then multiply the product separately by h and by , and

add the results ; but it is more convenient to reduce the

mixed quantity h -¥ to a single fi'action. Thus

, db _h{\-a) + db _ h

1 —

a

1 —a ~ l-a'
Then

l-a?- \-t^ b ^ {l-a^){l-¥)h ^ l_-5

b + b'^ a--va^ l-a~5(l + &)a(l + a)(l-a) ~ a

147. As we have already done in former Chapters, we
must here give some results which the student must as-

sume to be capable of explanation, and which he mu-^t use

as rules in working examples which may be proposed See
Arts. 63 and 135.

Multiply jby -^.
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Examples. XVIL

Find the value of the following:

, 2a Qhc „ a8 6« c«

36 5a2 oc ac ab

o^ 62^ c^z a;+l a; + 2 ;c~i

x + a \a xj \ bj\ a)

\ a-b) \ a-^bj'

^ x{a-x) ^ a{a^x)

a' -f lax -¥0^ a' - 2aa; 4- x^

'

a^ — ]/^ ^ x'^ + y^ x-\-y

x* + 2x^y' + y* x^ — xy+i/"^ x^—y^'

x^-(a + h)x + db a?— <?

a^—{a + c)x-\-ac oc^ — h^'

jj
x'^-^xy ^ r X y \

a^+y^ \x-y x + yj'

\pc ac ab aJ \ a + h-irc/

, , fa^ a' X a ,\ fx a\

\a* sr a X J \a x)

\a X b y) \a X b y)

. ^-2^ + 1 a;'-4a? + 4 a?-%x->t^

«*- 6x+6 ^ 4;"- 4« 4- 3 ^
a:"- 3x + 2*
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XVIII. Division of Fractions.

148. Rule for dividing one fi*action by another. Iwcert
the divisor and j)rocced as in Multiplication.

149. The following ia the usual demonstration of the

Rule. Suppose we haye to divide r by -3; put r = ^>

"and -5 = 2/; therefore

a = hx, and c— dy;

therefore ad= bdx, and 6c= hdy ;

^. , ad hdx X
therefor© ^- = tt' = ~ •

Ic hdy y

T> X ^ a e
But y=''-y=i--d-

., . a c ad a d
therefore i:-^3=x— = i:^~»d be DC

150. We shall now give some examples.

Di^'ide a by - .

a a h _a c _ac
""V I'^c-'l^'h-'h'

^^^^«
46 ^y 8^

•

3a 9a _ 3a 8c _ 2c x 12a _ 2c

46 * 8c ~ 46 ^ 9a ~ 36~xT2a ~ 36

'

Tk- -J rt6-6- . 6^
Divide 7 J-; by -^5—jr,.

(a + 6)- "^ a2-6-

a6-6^ ^ _ 62
_ _ rt6_-62 a' -6^

(a+ 6)=^ a^^' ~ {a + bf
"^

~ 6^

6,(a-6)(a + 6)(a-6) (a--6)2

62(a + 6)« '6(a + 6)'



DIVISION OF FRACTIONS. 89

151. Complex fractional expressions may be simplified

by the aid of some or all of the rules respecting fractions

which liave now been given. The following are examples.

a-b a + b~ {a-b){a + b) ~ a^-lf *

a+ b a-b _ (a + bY-{a-b"^ _ 4ab

a-b a + b~ {a-b){a + b) ~ d--W^

2a^252 ^ Aab _ Icfi^lb'' a'--W _ a'^ + b^

c^^-}f a}-b''~ a^-b'
"^

4ab ~ 2ab
'

In this example the factors a — b smd a + b are m^dti-
plied together, and the result a^ — b''- is used instead of
{a + b) {a—b); in general however the student will find it

ad\isable not to tnultipJi/ the factors together in the
course of the operation, because an opportunity may occur
of striking out a common factor from the numerator and
r .'nominator of his result.

Simplify

a +
, a+l
1 +

3 —

a

1 + ^^±i - ^~^ <?+l _ ^-a + a + \ _ __4_
3-a"'3-a 3-a 3-a ~ 3^*

^ _ 1 3--rt _ 3-g
3-a"l ""

4 ~^r~'

3 -a 4a '.i-a 3 + 3a

, 3 + 3a 1 ^ ^
l-i — = r X

1 3 + 3a 3 + 3a

'
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Find the value oii^ ^ ) — £ when x= r.
\2.r— bj b-x a + h

2a?-
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Examples. XYIII.

Divide

3.
1 _1_ 6(^-6^) ,

2&'

a»—4^ a'— 2^jr

a' + 4«a; ^ a^ + ^a^

8a^ ,
4^'

6. IT—3
by

^ a^ + Za^x + Zaar-->rai^ , {a-^xf
7- ~3-TV^ by

a^ + y^ ^ a^-Ky + 'i^'

x^ + {a-\-c)x + ac . x^-a^

a^ + V^ + lah-c^ . ^ + & + c
^' c»-a2-6' + 2a& ^ h + c-a'

x^ + y^ "^ x--xy + y^

x'^-2x^2 x^-6x + Q
^^' x''-Qx + d ^ x'-2x+\'

\ yj\ yi'x^ + y2

13. 5jr--!by^ + ^. 14. a'--, by a--.
a t»

,^ x^ a* . X a
15. -1 - -I by .

a* X* '' a X



92 EXAMPLES. XVIIL

16. %a A ^ bv X -.

a or ' X

17. 1 - - bv -j, + - + .

18. -5+1 + -5 by— 1+-.

19. i + f-iZiYbvl-firfV

«A -^^ ^^ o A^' ^^ •'^ a , a: a
20. -T + -1-3— --0+- + - by-+-.

Simplify the following expressions:

3.C .r-1 ,6
7r + ~^r- a:-l +

21. ^-.

(•«^ + l)-o--i .r-2 + '

6
'

' 3 - x-Q

23. -^ S£::J^ -n
-^-^^

;c + l „ .r r ..c-6)(a;-c)
.'»-' -I— — .)' — — LX^-¥ ^-

x + a

25. 1 i-. 26. 1+
'^

1 1
,

'Ix-
1 + -

1 + .1- +
X \ — x

27. —"^^r-. 28.
^

1—L- 1 +
1 2j?21+i l+.r +
:c l-«

\.c-y ^ + /// V-T' + jr a^-yj

30. ( + —^
:r n ) + ( + — i I.
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1

3) ^- ^

^^ 1 2/(^^-5 + ^ + ^)*

1

2^ + "

Find the values of the following expressioDs:

33. T Avhen x— r.

J4. —
j^ when x = .

a a — b

35. - + T r when x= ,-,-, r^.
a b-a a + b b{b + a)

-- a2;c+6V 1 2 -, 2
36. "^ when a = - and 6 = - .

x + y 3 3

37. 1 ^—s when y = -r.

_o ^ + 2(1^ ^-2« 4a5 , a&
38. ^rr—- + .^T-; , ^—^ when x = =

2b —X 2b + x 4¥—x^ a + b

„^ fx-ay x-2a + b . a + b
39. I —I

^, whcna.'=-——

.

\x-bj x + a-2b 2

.^ :r + ?/-l , a+\ , aft + oj
40. when:c= -r—r, andw= ^^—-,x-y + \ ab + V ^ od+l
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XIX. Simple Equations.

153. "When two algebraical expressions are connected
by the sign of equality the whole is called an equation.

The expressions thus connected are called sides of the

equation or memhers of the equation. The expression to

the left of the sign of equality is called the Jirst side, and
the expression to the right is called the second side.

154. An identical eqiiaiion is one in which the two
sides are equal whatever numbers the letters represent;

for example, the following are identical equations,

{a; + a){x'^— a;a + a^) = a:^ + a^
;

that is, these algebraical statements are true whatever
numbers x and a may represent. The student will see
that up to the present point he has been almost exclusively

occupied with results of this kind, that is, v»ith identical

equations.

An identical equation is called briefly an identity.

155. An equation of condition is one which is not true

whatever numbers the letters represent, but only when
the letters represent some i^articular number or numbers.
For example, .^ + 1 = 7 cannot be true unless x= Q. An
equation of condition is called briefly an equation.

156. A letter to which a particular value or values

must be given in order that the statement contained in an
equation may be true, is called an unknoicn quantity. Such
particular value of the unknown quantity is said to satisfy
the equation, and is called a root of the eqiuation. To
solve an equation is to find the root or roots.

157. An equation involving one unknown quantity is

said to be of as many dimensions as the index of the
liighest power of the unknown quantity. Thus, if x denote
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the unknown quantity, the equation is said to be of one
dimension when x occui-s only in tlie first power ; such an
equation is also called a simple equation, or an equation of
the first degree. If a? occurs, and no higher power of x,

the equation is said to be of two dimensions ; such an
equation is also called a quadratic equuHon, or an equation
of the second degree. If x^ occurs, and no higher power
of X, the equation is said to be of three dimensions ; such
an equation is also called a cubic equation, or an equation
of the third degree. And so on.

It must be observed that these definitions suppose both
members of the equation to be integral expressions so Jar
as relates to x,

158. In the present Chapter we shall shew how to solve
simple equations. We have first to indicate some opera-
tions which may be performed on an equation without
destroying the equahty which it expresses.

159. If every term on each side o/ an eqiiation he
multiplied by the same number the results are equal.

The truth of this statement follows from the obvious
principle, that if equals be multiplied by the same number
the results are equal ; and the use of this statement wiU be
seen immediately.

Likewise if every term on each side of an equation
he divided by the same number the results are equal.

160. The principal use of Art 159 is to clear an equa-
tion of fractions ; this is efi"ected by multiplying every
term by the product of all the denominators of the frac-
tions, or, if we please, by the least common multiple of those
denominators. Suppose, for example, that

•€/ •€» •€? _

3^4 + 6 =
*-

Multiply every term by 3 x 4 x 6 ; thus

4x6xa? + 3x6xa? + 3x4x^= 3x4x6x9,
that is, 24.r+18a; + 12.c= 648;

divide every term by 6 ; thus

4a; + 3a;-l-2u;=108.
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Instead of multiplying every term by 3 x 4 x 6, we mai
multiply every term Iby 12, which is the l.c.m. of the deno-

minators 3, 4, and 6 ; we should then obtain at once

that is, 9:c=108;

divide both sides by 9 ; therefore

Thus 12 is the ro(jt of the proposed equation. "We may
verify this by putting 12 for x in the original equation.

The fb'st side becomes

12 12 12— + -,- + — , that is 4 + 3 + 2, that is 9 :

o 4 6

which agrees with the second side.

16L J^Jiy term may he tra.ispcoed frcm on« side qf
an equation lo the oiher side hy cJmnging its sign.

Suppose, for example, that x— a = h — y.

Add a to each side ; then

x— a + a — h — y + Of

that is x = h—y + a.

Subtract b from each side ; thus

x— h — h +a—y —h^a — y.

Here we see that —a has been removed from one aide
of the equation, and appears as + a on the other side ; and
+ 6 has been removed from one side and appeais as —6 on
the other side.

162. If the sign of every term of an equation b^

changed the equality still holds.

This follows from Art. 161, by transposing every t^rm.

Thus suppose, for exampiei tiui x—a = b— y.
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By trangpoaition y — h = a—Xy

that is, a—x = y—h'y

and this result is what we shall obtain if we change tha
sign of every tei'm in the original equation.

163. We can liow give a Rule for the solution of any
simple equation with one unknown quantity. Clear the

equation of fractions^ if necessary ; transpose all the

terms which involve the unknown quantity to one side of
the equation, and the known quantities to the other side;
divide both sides by the coefficient, or the sum of the co-

tfficients, of the unknown quantity, and the root required
is obtained.

164. "We shall now give some examples.

Solve 7;c + 25 = 35 + 5x.

Here there are no fi-actions ; by transposing wt> have

7;r-5;c=35-25;

that la, 2;c = 10;

divide by 2 ; therefore a?=— = 6.

"We may verify this result by putting 5 for a? in Hie
original equation; then each side is equal to 60.

165. Solve 4(3;c-2)-2(4;c-3)-3(4-a?)= 0.

Perform the multiplications indicated; thus

12a?- 8 - (8aJ- 6) - (12 - 3:c)= 0.

Remove the brackets ; thu3

12;c-8-8;54-6-12 + 3;c= 0;

collect the terms, 7ir- 14= 0;

transpose, 7x= 14

;

14
divide by 7, «= -=-= 2.

The student will find it a useful exercise to verify the
correctness of his solutions. Thus in the above example^



98 SIMPLE EQUATIONS.

if we put 2 for x in the original equation we shall obtain
26-10-6, that ia 0, as it should be.

166. Solve a;-2-(2;c-3)=^^^.

RemoYe the brackets; thus

a:-2-2a; + 3=^^,

that is, 1 — a; =

2

Zx-\-\

2

multiply by 2, 2 - 2;c = 3^ +

1

transpose, 2 - 1 = 2.r + 3;r

;

that is, 1 = 5:c, or 5a;= 1

;

therefore «=r.
o

167. Solve — ^=5|--^.

28
6f = -^; the L.O.M. of the denominators ia 10; multiply

by 10;

thus 6(5;r + 4)-(7a; + 6) = 28x2-5(aJ-l);
that is, 25a; + 20-7«-5 = 56-6a; + 5;

transpose, 25a?— 7a; + 5a; = 56 + 5 — 20 + 6

;

that is, 23a; = 46;

46
therefore a;= -- = 2.

The be^nner is recommended to pr»fc down aD the work
at full, as in this example, in order to ensure accuracy.
Mistakes with respect to the signs are often made in clear-

ing an equation of fractions. In the above equation the
*lx -V 5

fraction —— has to be multiplied by 10, and it is ad-

visable to put the result first in the form — (7a? + 5), and
afterwards in the form —7^— 6, in order to secure atten-
&>n to th« Ngna.
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16a Solve ^(5;i; + 3)-^(16-5a;)=37-4«,

By Art 146 this is the same aa

6x-\-Z 16-50? „„ ,"3 7—=37-4;r.

Multiply by 21 ; thus 7(5:c + 3)-3(16-5;c) = 21(37-4;c),

that is, 35;i? + 21-48 + 15;c»777-84;c;

transpose, 352r + 15ar + 84:r = 777-21 + 48;

that is, 134^= 804;

therefore x= —— = 6.
134

M>r, G 1
6a?+15 8^-10 4aT-7

169. Solve -^^ f-=-^'
Multiply by the product of 11, 7, and 5; thus

35(6.c + 15)-55(8;c-10) = 77(4;c-7),

that is, 210a; + 525-440:^ + 550 = 308a;-539;

transpose, 210a;-440a;- 308a;= -639-525-550;

change the signs, 440a; + 308a;- 210a;= 639 + 526 + 650,

that is, 638a;=1614;

therefor© x=-— = 3.
Quo

Examples. XIX.

1. 5a?+60= 4a;+ 56. 2. 16a;-ll = 7a?+70.

3. 24aj-49 = 19a;-14. 4. 3a; + 23 = 78- 2a;.

6. 7(a;-18)= 3(a;-14). 6. 16a; = 38 -3 (4 -a;).

7. 7(a;-3) = 9(a;+l)-38. 8. 6(0;- 7) + 63 = 9a;.

9. 69(aj-7) = 61(9-a?)-2. 10. 72(a;-6) = 63(5-«).

IL 28^ + 8|J=27C46-«X 12; *-»'| + |"ll-

7—

a



100 EXAMPLES. XIX.

16.
f
+
f=*-7.

16. 36-'^=&

X:. f.4=|.. 18. ^.5=f ...

23. |-.=t-8. 2. f-8=
74-^i|.

25 ^^180-52^29. 26. | + £±l=x-2.
4 D 2 7

27. 4(^-3)-7(a;-4) = 6-^.

3~3~44~5~"5~66'

2

19-2:c 2;r-ll

23. l +,-_ = _-44.

30. 2a?-

^, a? + l 3^-1
31. =a;— 2.* * 3 5

3^-9 , 5ar-12
32. ^+-^-=4 ^.

6x— *J 2x + l
54. ^~- -^^=3;P-1^

, ^-2 a;-3 ^
S& Jf-1 ^ +—-=a
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^^ a;+ 3 a + 4 x + 5 _-

„ 7x+9 . 2«-l,
37. -^= 7 +x-^-.

3^-4 _ 6;g-5 _ 3^-1
2

~~8
16 •

38.

3 4^
,„ a? — 3 ;c-5 a?—

1

40.-^ =— +-^.

^'2 46 ^34^6
7^ + 5 ga?4-6 _8-5a?

^^- "6""" 4 ~"T2~*

45.
^l+?^7-£±i=9.

a?-l a;-2 iC-3_2
^^- "2 3~"^"4~-3-

,^ 2;r-5 6^+3 _ ,^,
47. —j- +—^= 5x-l7i,

X 5^ + 8 _2^-9
^®'

4 6"" 3 *

3£+5_2^+7 3^^
«». ^ 3 5

60. J(3x-4) + ^(5a;+ 3) = 43-5a?.
7 3

„ a; X X a? ^. « ^ ^-2 «4-3 9
»*• a-'s-i-'r'^- *=^ 2--3

—

v-i-
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,„ 5-3aJ 5a? 3 3-50}
^^- -I-^Y='2 3~-

65. 5a;-[Sx-3{lQ~6x-{4-5x)}]= 9,

^- l-2;z? 4-5;i; 13

o 4 b

68. _^ +2§+-^ =* +
2i-

^^ 5^-1 9^-5 9^-7
69. 1 =

.

7 11 5

^^ a; + 3 :c-2 3a;-5 1

61. l(8-«)+«-l? = ?(x+ 6)-|.

^^ 2;r-l 6x-4 7aT+12
^^' ~5~"^~7~="TT~-

^^'
8 ^"^^^ 4--"^ T2'

^^ 2-x 3 — x 4-.T 5-.r 3 ^
65. _ +—+_+_+^.«
_- '6x-3 9-x 5a? 19,
^^- ~7 3-^2 -^

6
^'^-•'^
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XX. Simple Equationi, continued.

170. We shall now give some examples, of the solution
of simple equations, which are a little more difficult than
those in the preceding Chapter, The student will see that
it is sometimes advantageous to clear of fractions par-
tialli/, and then to eflfect some reductions, before we re
move the remaining fractions.

i-Ti o 1
•'^ + 6 2;c-18 2;c + 3 ^, 3.^4-4

171. Solve -^^ __ + __=5j^^^.

Here we may conveniently multiply by 12; thus,

I2(x + G)
that is, —^—

—

i—Sx-\-':2-^f^J'-^-<)^CA^Sx^^^4,

By transposition and reduction we obtain

^±^ = 5^-13.

Multiply by 11; thus 12(;r+ 6) = ll(5;c- 13^

that is, 12j? + 72 = 55.1-- 143;

by transposition, 72 + 1 43= 55a?- 1 2;r,

that is, 43:r = 215;

therefore x= --^ = 5.
43

,„o CI 6j?-13*., 16a;-15 ^. 20|-8;p

Here we mav conveniently multiply by 24; thus

77
.4-48^+16u;-15 = 24x — -S

15-2a? 12 <T--)'
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that is,

144:?; -320
4- 48a; + 16a?- 15 = 154- 1 65 + 64a

15 -2a;

By transposition and reduction

144a;-320

15-2a; ~ *

multiply by 1 5- 2a; ; thus

144a;- 320= 4(15 -- 2a;) = 60 - 8a?

;

therefore 1 44a; + 8a; = 320+ 60,

that is, 152a;= 380;

380
therefor® ^=_=,2J^j = 2i

iM o ^ ^~5 a; + 3
173. Solve = = .x-^ a; + 9

Multiply by (a;- 7)(a; + 9) ; thus

(a;+9)(a;-5)= (a;-7)(a; + 3>,

that is, a;2 + 4a;— 45 = 4;*— 4a;— 21;

»ubU*act x^ frwn each side of the equation, thus

4a;-45=--4a?-21;

transpose, 4a; + 4a;= 45- 2 1

,

that is, 8a;= 24;

24 „*=g=3.

It will be seen that in this example cr' is found on hoth

sides of the equation, after we have cleared of fractions ;

accordingly it can be removed by subtraction, and so tho
equation remains a simple equation.
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174. Solve ^^ = j^^ + 3j^j.

Here it is convenient to multiply by 4;c-»-4, that is bj
4(a; + l);

thus 4(2aj + 3)= 4;i; + 5 + -^^

—

^^-^ ^;

12 (a? +1)^
therefor© 8a;-H2-4:g-5= J^ ^/ ;

^u ^- ^ . n 12(a; + l)2
that IS, 4;j? + 7=—^^

r^ .^ 3;c+l

Multiply by S^c + l; thus (3a;+l)(4;p+7)=12(:r+l)*;

that is, 12^ + 25:2; + 7 = 12j;2+ 24;c+12.

Subtract 12x^ from each side, and transpose ; tbna

25;c-24;c=12-7,

that 18, x = 5.

x-l x-2 a!-4 x-o
175. Solve

We have

x—2 x — 3 x—5 x—6'

x-2 a!-3~ {x-2){x-S)

And

_x^-4x + 3-{a^-4x + 4) 1

~ '(a;-2)(^-3) (a:-2)(ar-3)

x-4 x-5 _ {a!-4)(a;-e)-{x-5f

a?-5 x-6~ {x-5){x-6)

a^-lOx + 24-{a^-10x + 25) 1

Thus the proposed oquation becomes

1 1

{x-2){x-3)~ {x-5){x-Qy
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1 1
Change the signs; thus

(-^_2)(^_3) -(^-6)(;.-6)-

Clear of fractions ; thus {x—5){x-6} = (x- 2) (a?- 3)

;

that is, a:--llx + 30 = a^-5a! + 6i

therefore -nx + 5a;= 6-Z0

;

that is, —6x=—24;

therefore 6a?=24;

therefore a:= 4.

176. Solve '5x+ = — —

.

o Z it

To ensure accuracy it is advisable to express al '"»«

decimals as common fractions ; thus

5x 10 Mo:^ _ ^5 \ _ 10 12_10/3^_6\
lO'^'^VlOO 100/2^10 9 VlO 10/'

Simphfymg, ^ + ^ (^_
-
^j

= 6-(^-
-3J

;

.. , . X oX o X ^
that is» - + = 6 1--.^ 24 433
Multiply by 12, 6^ + 9;c- 15 = 72-4^ + 8 ;

transpose, 19.^ = 72 + 8 + 15 = 95;

95
therefore ^ = TR — ^'

177. Equations may be proposed in which letters are
used to represent kno\vn quantities ; we shall continue to

represent the unkno^vn quantity by x, and any other letter

vvill be supposed to represent a known quantity. We will

solve three such equations.
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17a Solve - + 5=a
a

Multiply by ab ; thus bx+ ax = dbe ;

that is, {a + 'b)x= a'bc\

oibc
divide by o + ft : thus x=—=-.

cfia
179. Solve {a-¥x){h + x)=a{b + c) + -r-+{A

b

b"
CL C

Here ab-\-ax-\-bx-^3i^-=-cib-\- ac-\- -zf^-k-a?\

therefore ax+ bx= ac + -r-

;

., . . / ,x f a\ ac(a+ b)
that IS, (a + b)x = ac(l +

,J
= —^—-

;

divide by o + ft; thus x=^-.

,^^ o 1
^-« C2x-af

180. Solve Jirj = 'p:?r6j-r

Clear of fractions , thus

{x- a) {2x- 6)2={x-b) (2.r - a)*;

that is, {x-a){4x^-4xb + b^) = {x-b){^-4xa +c^

Multiplying out we obtain

4:xi^ -4x'^{a + b) + x{4:ab + b'^)-ab»

= 4:X'^-4x-{a + b)+x(4ab + a*)-a^;

therefore xt^- at^= xa^- a^b
;

therefore x {a^-¥)= a^b -ab^ = ab{a-b);

., „ db{a-b) ab
thereforo x =—^

—

^^ =—-r

.
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181. Although the following equation doe- t ot siricily

belong to the present Chapter we give it as there wiU be

no difficulty in following the steps of the solution, and it

will serve as a model for similar examples. The equation

resembles those already solved, in the circumstance that

we obtain only a single value of the unknown quantity.

Solve Jx + J{x- 1 6) = 8.

By transposition, kJ{x—\Q>) = S— ^Jx ;

square both sides ; thus ;r- IG = (8— ^Jxf = 64-16 yjx 4- x
;

therefore -16 = 64-16^2?;

transpose, l& Jx-Q^-^\Q^hQ\

therefore \/^=5;

therefore a:=25.

Examples. XX

1.
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lo 7^-4 _ 7^-26 ^_3?. 11^8^11. 11

2^-6 _ 2a;-5

15. a;-3-(3-;c)(^+l)=«<:iJ-3) + 8.

16. 3-x-2{x-l){x + 2)^{x-S)i5-2a:).

17. ^^-1 +^= 7^. 18. (a; + 7)(a; + l)= (;r + 3)«

19. ^(2a?-10)--^(3a?-40) = 15-i(57-a?X
o i. 1

6^+ 8_2£+38
24?4-l a;+12~

d?-l a?-5 15-2:c _ 9-a? 7

4 32 "^ 40 ~ 2 "&•

22.
l£±n^3^o^^^
«+ 3 a;-4

23. ~^+ x{a}-2) = {x-iy,

24. ^^ + (:2;-l)(a?-2) = a?2-2;c-4i,

3;c'-2.g-8 ^ (7a: -2) (3a;-6)
5 35

3 5^ '
6 15

27 3a;~l __ 4a?~2 _ 1

'• 2a?-l 3a?-2~6'

2 1 ^ 6
*^ 2«-3"^«-2 3«-k2*
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46. {x-a){x-l)^{x-a-bY,

a b a—b
47.

x— a x—b x — c'

.„ « ft « + &
4a —— + r = .x+a x+b x+c

1 1 a-b
49.

60.

51.

«-a x-b a^-ab'

_1 1 ^ 1 1

a; — a a;-a + c a;— 6 — c «—

6

mx—a—h mx—a—c
nx—c-d nx — h-d'

62. (a-&)(a;-c)-(6-c)(a?-a)-(c-a)(a;-ft)=.a

X - g a? -f a _ 2aa?

a— 6 a+b~ a^—l^'

__ a? — a a?—a-1 x— b x — b— l
65. — = ,

—
.x-a-1 x-a-2 x-b-l x-b-2'

66. {x + a) (2x + b + cY = {x + b) {2x + a + c)'.

67. {x + 2a) {x- af = {x + 2b){x- b)\

68. {x-af{x-¥a-2:b)= {x-bf{x-2a + b\

69. N/(4a;)+V(4^-7) = 7.

60. V(a;+14) + J(a;-14)= 14.

61. ^/(a?+ll)4-<^(a?-9)=10.

G2. V(9'a' + 4)4-V(9a;-l)= 3.

63. V(a; + 4a6) = 2a - V«.

64. V(*-a)-»-VC»-&)=V(«-fi).
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XXI. PrMems,

182. We shall now apply the methods explained in the
preceding two Chapters to the solution of some problems,

ajid thus exhibit to the student specimens of the use of

Algebra. In these problems certain quantities are given

and another, which has some assigned relations to these,

has to be found; the quantity which has to be found is

called the unknoicn quantity. The relations are usually

expressed in ordinary language in the enunciation of the

problem, and the method of solving the problem may be

thus described in general terms : denote the unknovm.

quantity by tJie letter x, and express in algebraicat

language the relations ichich hold heticeen the unknoicn
quantity and the given quantities ; an equation wiU thus

he obtainedfrom which the value of the U7iknx)ion quantity

may befound.

183. The sum of two numbers is 85, and their diflfer-

ence is 27 : find the numbers.

Let a; denote the less number ; then, since the differ-

ence of the numbers is 27, the greater number will be
denoted hj a; + 27 ; and since the sum of the numbers is 85

we have

a; + a; + 27 = 85;

that is, 2.^ + 27 = 85;

therefore 2a;= 85 - 27 = 58 ;

therefore ;c=— = 29.

Thus the less number is 29 ; and the greater number is

29 + 27, that is 56.

184. Divide £2. lOs. among A, B, and C, so that B
may have bs. more than A^ and C may have as much as A
and B together.

Let X denote the number of shillings in -^'s share^

then x + 6 will denote the number of shillings in ^'s share,

and 2df 4- 6 will denote the number of shillings in (7's share.
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Tlie whole number of shilling-3 is 50 ; therefore

a; + ^ 4- 5 + 2j; + 5 = 50 ;

that is, 4;c + 10 = 50;

therefore 4^= 50-10 = 40;

therefore a; = 10.

Thus ^'s share is 10 shillings, ^'s share is 15 shillingi,

and C"s share is 25 shillings.

1S5. A certain sum of money was divided between
A, B, and C; A and B together received £17. 15^. ; A
and C together received £15. lbs. ; B and (J together
received £12. 10*. : find the sum received by each.

Let X denote the number of pounds which A received^
then B received 17| — j: pounds, because A and B
together received lyf pounds; and C received \b\ — x
pounds, because A and C together received 15| pounds.
Also -S and C together received 12^ pounds \ therefore

12^ = i:|-a;+15|-;5;

that is, 12^ = 33|-2;c;

therefore 2.» = 33^-12^= 21:

21
therefor© ar = — = 1 C^.

Thus A received £10. 10*., B received £7. 5*., and C
received £5. bs.

1S6. A grocer has some tea worth 2*. a lb., and some
worth 3*. 6df. a lb. : how many lbs. must he take of each
sort to produce 100 lbs. of a mixture worth 2#. 6</. a lb. ?

Let X denote the number of lbs. of the first sort ; then
100 — jr will denote the number of lbs. of the second sort
The value of the x lbs, is 2jr shillings ; and the value of the
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7
100— a? lbs. is -(100—^) shillings. And the whole value

5
is to bo

rt
'^ 1^ shillings ; therefore

^xl00 = 2ar +^(100-0?);

multiply by 2, thus 600 = 4;r + 700- 7^??

;

therefore 1x-Ax= 700 - 500 ;

that is, 3.r = 200;

therefore x

—

-r-= 66§.

Thus there must be 66|lbs. of the first sort, and
33^ lbs. of the second sort.

187. A line is 2 feet 4 inches long; it is required to

divide it into two parts, suoh that one part may be three-

fourths of the other part.

Let X denote the number of inches in the larger part

;

then — will denote the number of inches in the other part.
4

The number of inches in tiie whole line is 28 ; therefore
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Let X denote the number of pounds lent at 4 per cent.

;

then 1000 — a; will denote the number of pounds lent at

5 per cent. The annual interest obtained from the former

. 4x , „ ,1
, +. 5:1000-^)

IS r-r^ > ^n<i froi^ t"^ latter r-_ r

—

- ',

^, - .. ^.c 5(1000-ar)
therefore

^^-Ioo+ lOQ
''

therefore 4400 = 4^ + 5(1000- :c)
j

that is, 4400 = 4;c + 5000 -5;c;

therefore x= 5000 - 4400 = 600.

Thus ^600 was lent at 4 per cent.

189. The student will find that the only difBculty In

solving a problem consists in translating statements ex-

pressed in ordinary langtiage into Algebraical lai:^!i-:ige;

and he should not be discouraged, if he is someLiuies a
little perplexed, since nothing but practice can give him
readiness and certainty in this process. One remark may
be made, which is very important for beginners ; what is

called the unknown quantity is really an miknown nnmbeVy
and this should be distinctly noticed in forming the equa-
tion. Thus, for example, in the second problem wliich we
have solved, we begin by saying, let x denote the number
of shillings in u4's share; beginners often say, let x^A's
money, which is not definite, because ^'s monev nay be
expressed in vaiious ways, in pounds, or in shillmgs. or as

a fraction of the whole sum. Again, in the fifth problem
which we have solved, we begin by sajing, let x denote
the number of inches in the longer part ; beginners often

Kiy, let x= the longer part, or, let :c= a part, and to these
phrases the same objection applies as to that already
noticed.

190. Beginners often find a difficulty in translating a
problem from ordinary language into Algebraical huguage,
because they do not understand what is meant by the
ordinary language. If no consistent meaning can le as-

signed to the words, it is of course impossible to trunslate

them; but it often happens that the words are not ab-

8—2



116 EXAMPLES. XXL

golutely unintelligible, but appear to be susceptible of more
than one meaning. The student should then select one
meaning, express that meaning in Algebraical symbols, and
deduce from it the result to which it will lead. If the

result be inadmissible, or absurd, the student should try

another meaning of the words. But if the result is satis-

factory he may infer that he has probably understood the

words*coiTectly ; though it may still be interesting to try

the other possible meanings, in order to see if the enun-
ciation reaUy is susceptible of more than one meaning.

191. A student in solving the problems which are

given for exercise, may find some which he can readily solve

by Arithmetic, or by a process af guess and trial ; and he
may be thus inclined to undervalue the power of Algebra,

and look on its aid as unnecessary. But we may remark
that by Algebra the student is enabled to solve all these

problems, without any uncertainty ; and moreover, he will

find as he proceeds, that by Algebra he can solve pro-

blems which would be extremely difficult or altogether

impracticable, if he relied on Arithmetic alone.

Examples. XXI.

1. Find the number which exceeds its fifth part by 24.

A father is 30 yeai-s old, and his son is 2 years old

:

in how many years will the father be eight times as old va

the son ?

3. The difi"ercnce of two numbers is 7, and their sum
is 33 : find the numbers.

4. The sum of ^155 was raised hj A, B, and C toge-

ther; B contributed £15 more than A, and C £20 more
than B : how muck did each contribute ?

5. The difierence of two numbers is 14, and their sum
is 48 : find the nimibers.

6. A is twice as old as B, and &even years ago their

united ages amomited to as m;iny years as now represent

the age of A i fipid \he ages of A und B
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7. If 56 be added to a certain number, the result is

treble tliat number : find the number.

8. A child is bom in November, and on the tenth day

of December he is as many days old as the month was on

the day of his birth : when was he bom ?

9. Find that number the double of which increased by

24 exceeds SO as much as the number itself is below 100.

10. There is a certain fish, the head of which is 9

inches long ; the tail is as long as the head and half the

back ; and the l)ack is as long as the head and tail toge-

ther : what is the length of the back and of the tail ?

11. Divide the number 84 into two parts such that

three times one part may be equal to four times the other.

12. The sum of £1Q was raised by A, B, and C toge-

ther; B contributed as much as A and ^£10 more, and G
as much as A and B together : how much did each con-

tribute ?

1 3. Divide the number 60 into two parts such that a

seventh of one part may be equal to an eighth of the other

part.

14. After 34 gallons had been drawn out of one of

two equal casks, and 80 gallons out of the other, there

remained just three times as much in one cask as in the

other : what did each cask contain when full ?

15. Divide the number 75 into two parts such that

3 times the greater may exceed 7 times the less by 15.

16. A person distributes 20 shilUngs among 20 per-

sons, giving sixpence each to some, and sixteen pence each

to the rest : bow many persons received sixpence each ?

17. Divide the number 20 into two parts such that

the sum of tliree times one part, and five times the other

part, may be 84.

18. The price of a work which comes out in parts is

£2. I6s. 8d. ; but if the price of each part were 13 pence
more than it is, tlie price of the work would be .£3. 7*. 6<i.

:

how many parts were there ?

19. Divide 45 into two parts such that the first divided

by 2 shall be equal to the second multiplied hf 2.
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20. A father is tlirce times as old as his son ; four

years ago the father was four times as old as his son then
was : what is the age of each ?

21. Divide 188 into two parts such that the fourth of

one part may exceed the eighth of the other by 14.

22. A person meeting a company of beggars gave four

pence to each, and had sixteen pence left ; he found that

he should have required a shilling more to enable him to

givo the beggars sixpence each : how many beggars were
there ?

23. Divide 100 into two parts such that if & third of

one part be subtracted from a fourth of the other the re-

mainder may be 11.

24. Two persons, A and B, engage at pfey; A has

£72 and B has £52 when they begin, and after a certain

number of games hare been won and lost between them,
A has three times as much money as B : how much did A
win?

25. Divide 60 into two parts such that the difference

between the greater and 64 may be equal to twice the
difference between the less and 3o.

26. The sum of £276 was raised by A, B, and (7 toge-

ther; B contributed twice as much as A and £12 more,
and C three times as much aa B and £12 more: how much
did each contribute ?

27. Find a number such that the sum of its fifth and
its seventh sliall exceed the sum of its eighth and its

twelfth by 113.

28. An army in a defeat loses one-sixth of its number
in V^]od and wounded, and 4000 prisoners ; it is reinforced

by 3'vM;0 men, but retreats, losing one-fourth of its number
in d '!ng so ; there remain 18000 men : what was the ori-

ginal force ?

29. Find a number such that the sum of its fifth and
its seventh shall exceed the difference of its fourth and its

seventh by 99,

30. One-half of a certain number of persons received

eighteen-pence each, one-third received two shillings each,

and the rest received half a cro^^•n each ; the whole sum
distributed was £2. 4s. : how many persons were there ?
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31. A person had ^900 ;
part of it he lent at the rate

of 4 per cent., and part at the rate of 5 per cent., and he
received equal sums as interest from the two parts : how
much did he lend at 4 per cent. ?

32. A father has six sons, each of whom is four years
older than his next younger brother ; and the eldest is

three times as old as the youngest: find their respective
ages.

33. Divide the number 92 into four such parts that
the first may exceed the second by 10, the tiiird by 18, and
the fourth by 24

84. A gentleman left ^550 to be divided among four
servants A, B^ C i> ; of whom B was to have twice as
much as yl, (7 as much as A and B together, and D as
much as C and B together : how much had each i

35. rind two consecutive numbers such that the half

and the fifth of the first taken together shall be equal to

the third and the fourth of the second taken together.

36. A sum of money is to be distributed among three
persons A, B, and C; the shares of A and B together
amount to £Q0 ; those of A and C to ^80 ; and those of B
and C to ^'92 : find the share of each person.

37. Two persons A and B are travelling together ; A
has .£100. and B has ^4S; they are met by robbers who
take twee as much from A as from B, and leave to A
three times as much as to B : how much was taken from
each?

38. The sum of ;£500 was divided among four persons,

80 that the first and second together received £280, the
first and third together £260, and the first and fourth

together £220 : find the share of each.

39. After A has received £lO from B he has as much
money as B and £6 more ; and between them they have
£40 : what money had each at first ?

40. A ^rine merchant has two sorts of wines, one sort

worth 2 shillings a quart, and the other worth 3^. 4c?. a

quart ; from these he wants to make a mixture of 100

quarts worth 2s. 4d. a quart: how many quarts must he
take from each sort ?
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41. In a mixture of \nne and water the wine composed
25 gallons more than half of the mixture, and the water
5 gallons less than a third of the mixture : how many gal-

lons were there of each ?

42. In a lottery consisting of 10000 tickets, half the
number of prizes added to one-third the number of blanks
was 3500 : how many prizes were there in tlie lottery ?

43. In a certain weight of gunpowder the saltpetre

composed 6 lbs. more than a half of the weight, the sulphur
6 lbs. less than a third, and the charcoal 3 lbs. less than a
fourth : how many lbs. were there of each of the three
ingredients ?

44. A general, after having lost a battle, found that
he had left fit for action 3600 men more than half of his

army ; 600 men more than one-eigiith of his army were
wounded ; and the remainder, forming one-fifth of the
army, were slain, taken prisoners, or missing : what was
the number of the army ?

45. How many sheep must a person buy at £1 each
that after paying one shilling a score for folding them at

night he may gain £1% 16s. by selling them at X8 each ?

46. A certain sum of money was shared among five

persons ^, -S, C, Z>, and E; B received £10 less than A
;

(7 received £16 more than B ; D received £b less than C;
and E received £15 more than D ; and it was found that

E received as much as A and B together : how much did

each receive ?

47. A tradesman starts with a certain sum of money
;

at the end of the first year he had doubled his original

stock, all but £100 ; also at the end of the second year he
had doubled the stock at the beginning of the second year,

all but £100; also in like manner at the end of the third

year ; and at the end of the third year he was three times

as rich as at first : find his original stock.

48. A person went to a tavern ^vith a certain sum of

money; there he borrowed as much as he had about him,

and spent a shilling out of the whole : with the remaindei
he went to a second tavern, where he borrowed as much as

he had left, and also spent a shilling ; and he then went to

a third tavern, borrowing and spending as before, after

which he had nothing left: how much had he at firot ?



PROBLEMS. 121

XXII. Problems^ continued.

192. "We shall now give some examples in which the
process of translation from ordinary language to algebi-ai-

c&l language is rather more difficult than in the examples
of the preceding Chapter.

193. It is required to divide the number SO into lour

such parts, that the first iiicrensed by 3, the second dimi-

nished by 3, the third multiplied by 3, and the fourth

divided by 3 muy all be equal

Let the number x denote the first part ; then if it be
increased by 3 we obtain x + 3, and this is to be equal to

the second part diminished by 3, so that the second part

must be ^ + 6 ; again, a; + 3 is to be equal to the third pair
X + ^

multiplied by 3, so that the third part must be —r— ; and

a; 4- 3 is to be equal to the fourth part divided by 3, so that

the fourth part musjt bo 3(a; + 3). And the sum of the part^

is to be equal to SO.

Therefore a^ + ar + 6 +^^ + 3(j7+ 3)= 80,

that is, 2a; + 6+-|- + 3a; + 9 = 80,

that is, 5^4.
^'* = 80- 15 = 65;

multiply by 3 ; thus 1 5^ + a: + 3 = 1 95,

that is, 16a; =192;

iy2
therefore a; =— = 12.

Thua the parts are 12, IS, 5, 45.
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194. A alone can perform a piece of work in 9 days,

and B alone can perform it in 12 days : in what time will

they perform it if they work together ?

Let X denote the required number of days. In one day

A can perform - th of the work ; therefore in x days he can

X
perform - ths of the work. In one day B can perform

z-^-th of the work; therefore in x days he can perform

X
r— ths of the work. And since in x days A and B to-

gether perform the whole work, the sum of the fractions
of the work must be equal to unity ; that is,

X X

Multiply by 36 ; thus 4j: + 2,x= 36,

that is, 7:c = 36 ;

33
therefore x=— = 5i.

i '

1 9-5. A cistern could be filled with water by means of
one pipe alone in 6 hours, and by means of another pipe
alone in S hours ; and it could be emptied by a tap in 12
hours if the two pipes were closed : in what time Avill the
cistern be fiUed if the pipes and the tap are all open ?

Let X denote the required number of hours. In oxie

hour the first pipe fills - th of the cistern ; therefore m x
D

X
hours it fills - ths of the cistern. In one hour the second

D

pipe fills - th of the cistern ; therefore is x hours it fills
b

X 1
- ths of the cistern. In one hour the tap empties -- th
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SB

of the cistern ; therefore in x hours it empties -- ths of

the cistern. And since in x hours the whole cistern is

filled, we have
X X ^ _,
6

"^ 8""l2~

Multiply by 24 ; thus 4.c + 3^ - 2j- = 24,

that is, 5^ = 24

;

24
therefore a?=— = 44.

5

196. It is sometimes convenient to denote by a>, not
the unknown quantity which is explicitly required, but
some other quantity from which that can be easily deduced;
this will be ilkistrated in the next two problen:3.

197. A colonel on attempting to draw up his regiment
in the form of a solid square finds that he has 31 men
over, and that he would require 24 men more in his regi-

ment in order to increase the side of the square by one
man : how many men were there in the regiment ?

Let X denote the number of men in the side of the first

square ; then tlie number of men in the square is ^- and
the number of men in the regiment is a:^ + 3\. If there

were x+\ men in a side of the square, the number of men
in the square would be (x+ 1)- ; thus the number of men
in the regiment is {x-h 1)2 — 24.

Therefore (;r + 1)2-24 = ^2 + 31^

that is, x^ + 2x+l-^4-=x"^3l.

From these two equal expressions we can remoTe a^ which
occurs in both ] thus

2.r+ 1-24 = 31
;

therefore 2j; = 3 1 - 1 + 24 = 54
;

54
therefore a?=— = 27.

Hence the number of men in the regiment is (27)' + 31;

that is, 729 + 31, tiiat is, 760.
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198. A starts from a certain place, and travels at the
rate of 7 miles in 5 hours ; B starts from the same place
8 hours after A, and travels in the same direction at the
rate of 5 miles in 3 hours: how far will A travel before he
is overtaken by B ?

Let X represent the number of hours which A travels

before he is overtaken; therefore B travels x—S hours.

r^^ow since A travels 7 miles in 5 hours, he travels - of a
5

Ix
mile in one hour ; and therefore in x hours he travels --

5

5
miles. Similarly B travels ^r of a mile in one hour, and

o

5
therefore in ;i;— 8 hours he travels - (^— 8) miles. And

o
when B overtakes A tliey have travelled the same num-
ber of miles. Therefore

multiply by 15; thus 25 (or — 8) = 21.2?,

that is, 2.').r - 200 = 2Lc

;

therefore 2^x— -2\x — 2^Q,

that is, 4.r = 200

;

,, . 200
therefore ^ = —--50.

4

Ix 7
Therefore — = ^

x 50 = 70 ; so that A travelled 70 miles

before he was overtaken.

199. Problems are sometimes given which suppose the
student to have obtained from Arithmetic a knowledge of
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the meaning of proportion ; this will be illustrated in the
next two problems. After them wc shall conclude the
Chapter with three problems of a more difficult character
than those hitherto given.

200. It is required to divide the number 56 into two
parts such that one may be to the other as 3 to 4.

Let the number x denote the first part ; then the other
part must be 56 -.r; and since ;r is to be to 56 — a; as 3 to 4
we have

X 3

56-^ 4'

Clear of fractions; thus

4a;= 3(56- 2r);

that is, . 4a? = 168 — 3;r;

therefore 7^=168;

therefore x= ~-=- = 24.

Thus the first part is 24 and the other part is 56 — 24,
that is 32.

The preceding method of solution is the most natural
for a beginner ; the follo^ving however is much shorter.

Let the number 3x denote the first part ; then the
second part must be 4x, because the first part is to the
second as 3 to 4. Then the sum of the two pails is equal
to 66; thus
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201. A cask, A, contains 12 gallons of wine and 18

gallons of water ; and another cask, B, contains 9 gallons

of wine and 3 gallons of water ; how many gallons nmst be
d^wn from each ca^k so as to produce by their mixture

7 gallons of wine and 7 gallons of water ?

Let X denote the number of gallons to be drawn from
A; then since the mixture is to consist of 14 gallons,

14 — X will denote the number of gallons to be drawn from
B. Now the number of gallons in A is 30, of which 12 are~

12
wine; that is, the wine is — of the whole. Therefore the

12.C
X gallons drawn from A contain —^ gallons of wina

8(14— 4r)

Similariy the 14 -:r gallons drawn from B contain — -r^j

—

gallons of wine. And the mixture is to contain 7 gallons

of wine; therefore

12.2? 9(14-;r) ^

30 12
*

, . 2^ 3(U-;r) ^
that IS, '"5" 4 ~ ' *

therefore
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short hand is 10 divisions in advance of the long hand; so

that in the x minutes the long hand must pass over 10

«|nre divisions than the short hand; therefore

l^her

;r=^ + 10;

therefore 12.c= ^ + 120

;

therefore 1hr = 12 ;

120
therefore ;c =— = 1 0^^.

203. A hare takes four leaps to a greyhound's three,

but two of the greyhound's leaps are equivalent to tliree of

the hare's ; the hare has a start of fifty leaps : how many
leaps must the greyhound take to catch the hare ?

Suppose that 3.c denote the number of leaps taken by
the greyhound ; then 4^x will denote the number of leaps
taken by the hare in the same time. Let a denote the num-
ber of inches in one leap of the hare ; then 3a denotes the
number of inches in three leaps of the hare, and thei'efore

also the number of inches in two leaps of the greyhound;

therefore ^- denotes the number of inches in one leap of

the greyhound. Then Zx leaps of the greyhound will con-

tain 3j; X — inches. And 50 + ix leaps of the hare will

contain (50 + 4;c)a inches; therefore

— = (50 + 4;»)a.

9x
Divide by a; thus — = 50 + 4;^;

therefore 9;c= 100^8dr;

therefore a? = 100.

Thus the greyhound must take 300 leaps.

The student will see that we have introduced an auxi-

liary symbol a, to enable us to form the equation easily

;

and that we can remove it by division when the equation is

formed.
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204. Four gamesters, A, B, C, D, each with a different
stock of money, sit down to play ; A wius half of ^'s first

stock, B wins a third part of Cs, C wins a fourth part of
Z>'s, and D wins a fifth part of ^'s ; and then each of the
gamesters has ^£23. Find the stock of each at first.

Let X denote the number of pounds which D won from
A; then bx will denote the number in ^'s first stock.
Thus 4:Xy together with what A won from B, make up 23

;

therefore 23 — 4.r denotes the number of pounds which A
won from B. And, since A won half of ^'s stock, 23 — 4.C

also denotes what was left ^vith B after his loss to A.

Again, 23 — 4^, together with what B won from C,

make up 23 ; therefore 4.x denotes the number of pounds
which B won from C. And, since B won a third of 6"s
first stock, 12.r denotes Cs first stock; and therefore bx
denotes what was left with C after his loss to B.

Again, 8x, together with what C won from i), m^ake up
23 ; therefore 23 — 8aj denotes the number of pounds which
C won from D. And, since C won a fourth of D's first

stock, 4(23 — 8x) denotes D's first stock; and therefore

3 (23 - 8x) denotes what was left with D after his loss to C.

Finally, 3 (23 - 8x), together with x, wliichD won from
A, make up 23 ; thus

23= 3 (23 -8.0) + x;

therefore 23x=46;

therefore 05=2,

Thus the stocks at first were 10, 30, 24, 2a

ExA^srPLES. XXIL

1. A prlvatefer running at the rate of 10 milea an hour

discovers a ship 18 miles off, running at the rate of 8 miles

an hour : how many miles can the ship run before it is

overtaken ?

2. Divide the number 50 into two parts such that if

three-fourths of one part be added to five-sixths of the

other part the sum may be 40.
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3. Suppose the distance between London and Edin-

burgh is 360 miles, and that one traveller starts from
Edinburgh and travels at the rate of 10 miles an hour,

while another starts at the same time from London and
travels at the rate of 8 miles an hour : it is required to

know where they will meet.

4. Find two numbers whose difference is 4, and the
difference of their squares 112.

5. A sum of 24 shillings is received from 24 people

;

some contribute 9(f. each, and some \2>\d. each : how many
contributors were there of each kind ]

6. Divide the number 48 into two parts such that the

excess of one part over 20 may be three times the excess

of 20 over the other part.

7. A person has £98
;
part of it he lent at the rate of

5 per cent, simple interest, and the rest at the rate of

6 per cent, simple interest ; and the interest of the w^holo

in 15 years amounted to j£81 : how much was lent at 5
per cent.?

8. A person lent a certain sum of money at 6 per cent,

simple interest ; in 10 years the interest amounted to £\'i
less than the sum lent : what was the sum lent ?

9. A person rents 25 acres of land for £7. 125. ; the
land consists of two sorts, the better sort he rents at 8*.

per acre, and the worse at 5^. per acre : how many acres are
there of each sort ?

10. A cistern could be filled in 12 minutes by two

Eipes which run into it ; and it would be filled in 20 minutes

y one alone : in what time could it be filled by the other
alone?

11. Divide the number 90 into four parts such that

the first increased by 2, the second diminished by 2, the
third multiplied by 2, and the fourth divided by 2 may all

be equal

12. A persoh bought 30 lbs. of sugar of two different

sorts, and paid for the whole 195. ; the better sort cost

lOfl?. per lb., and the worse Id. per lb. : how many lbs.

were there of each sort ?

T. A. 9
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13. Divide the number 88 into four parts such that

the first increased by 2, the second diminished by 3, the
third multiplied by 4, and the fourth divided by 5, may all

be equal.

14. If 20 men, 40 women, and 50 children receive £50
among them for a week's work, and 2 men receive -as much
as 3 women or 5 children, wliat does each woman receive

for a week's work 1

15. Divide 100 into two parts such that the difference

of their squares may be 1000.

16. Tliere are two places 154 miles apart, from which
two persons start at the same time with a design to meet

;

one travels at the rate of 3 miles in two hours, and the

other at the rate of 5 miles in foui* hours : when will they

meet?

17. Divide 44 into two parts such that the greater in-

creased by 5 may be to the less increased by 7, as 4 is

to 3.

18. A can do half as much work as B, B can do half

as much as C, and together they can complete a piece of

work in 24 days : in what time could each alone complete

the work ?

19. Divide the number 90 into four parts such that if

the first be increased by 5, the second diminished by 4, the

third multiphed by 3, and the fourth di\'ided by 2, the

results shall all be equal.

20. Three persons can together complete a piece of

work in 60 days ; and it is found that the first does three-

fourths of what the second does, and the second four-fifths

of what the third does : in what time could each one alone

complete the work ?

21. Divide the number 36 into two parts such that one
part may be five-sevenths of the other.

22. A general on attempting to draw up his army in

the form of a solid square finds that he has 60 men over,

and that he would require 41 men more in his army in

order to increase the side of the square by one man : now
many men were there in the army /
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23. Divide the number 90 into two parts such that one

part may be two-thirds of the other.

24. A person bought a certain number of eggs, half of

them at 2 a penny, and half of them at 3 a penny ; he sold

them again at the rate of 5 for two pence, and lost a penny
by the bargain : what was the number of eggs ?

25. A and B are at present of the same age; if A's

age be increased by 36 years, and -S's by 52 years, their

ages will be as 3 to 4 : what is the present age of each ]

26. For 1 lb. of tea and 9 lbs. of sugar the charge is

85. 6(i. ; for 1 lb. of tea and 15 lbs. of sugar the charge is

12*. Qd. : what is the price of 1 lb. of sugar ?

27. A prize of X2000 was divided between A and B,
so that their shares were in the proportion of 7 to 9 : what
was the share of each ?

28. A workman was hired for 40 days at 3s. 4d. per
day, for every day he worked ; but with this condition that
for every day he did not work he was to forfeit Is. 'id. ; and
on the whole he had .£3. 3*. Ad. to receive : how many days
out of the 40 did he work ?

29. A at play first won £o from B, and had then as
much money as B ; but B, on winning back his o>vn money
and £b more, had five times as much money as A : what
money had each at first ?

80. Divide 100 into two parts, such that the square of
their difi'erence may exceed the square of twice the less
part by 2000.

31. A cistern has two supply pipes, which will singly
fill it in 4^ hours and 6 hours respectively; and it has also
a leak by which it would be emptied in 5 hours: in how
many hours will it be filled when all are working together?

'32. A farmer would mix wheat at 4«. a bushel with
rye at 2s. 6d. a bushel, so that the whole mixture may con-
sist of 90 bushels, and be worth Ss. 2d. a bushel: how
many bushels must be taken of each ?

9—2
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33. A bill of £Z. \s. 6d. was paid in half-crowns, and
florins, and the whole number of coins was 28 : how many
coins were there of each kind ?

34. A grocer with 56 lbs. of fine tea at 55. a lb. would
mix a coarser sort at 3.9. 6d. a lb., so as to sell the whole
together at 4^. 6d. a lb. : what quantity of the latter sort

must he take ]

35. A person hired a labourer to do a certain work
on the agreement that for everj' day he worked he should
receive '2s., but that for every day he was absent he should
lose 9d. ; he worked twice as many days as he was absent,
and on the whole received £1. 19s. : find how many days
he worked.

36. A regiment was dravrn up in a solid square ; when
some time after it was again drawn up in a sohd square
it was found that there were 5 men fewer in a side ; in the
interval 295 men had been removed from the field: what
was the original number of men in the regiment ?

37. A sum of money was divided between A and B,
so that the share of A was to that of ^ as 5 to 3 ; also the
share of A exceeded five-ninths of the whole sum by X50 :

what was the share of each person ?

38. A gentleman left his whole estate among his four

sons. The share of the eldest was ^800 less than half of

the estate; the share of the second was £120 more than
oue-fourth of the estate; the third had half as much as

the eldest ; and the youngest had two-thirds of what the
second had. How much did each son receive 1

39. A and B began to play together with equal sums
of money ; A first won £20, but afterwards lost half of all

he then had, and then his money was half as much as that
of B : what money had each at tii'st ?

40. A lady gave a guinea in charity among a number
of poor, consisting of men, women, and children ; each man
had I2d., each woman 6d., and each child Sd. The number
of women was two less than twice the number of men; and
the number of children four less than three times the
number of women. How many persons were there re-

lieved i
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41. A draper bought a piece of cloth at 3^. 2d. per
yard. He sold one-third of it at 45. per yard, one-fourth of

it at 3*. Sd. ptjr yard, and tlie remainder at 3*. Ad. per
yard; and his gain on the whole was 145. 2d. How many
yards did the piece contain 1

42. A grazier spent £?>2. Is-. 6d. in buying sheep of

different sorts. For the first sort, which formed one-third

of the whole, he paid 9s. Gd. each. For the second sort,

which formed one-fourth of the whole, he paid 11^. eacli.

For the rest he paid 125. (id. each. What number of sheep
did he buy 1

43. A market woman bought a certaiii number of eggs,

at the rate of 5 for twopence ; she sold half of them at

2 a penny, and half of them at 3 a penny, and gained 4d.

by so doing : what was the number of eggs ?

44. A pudding consists of 2 parts of flour, 3 parts of

raisins, and 4 parts of suet ; flour costs Sd. a lb., raisins, 6d.,

and suet 8d. Find the cost of the several ingredients of

the pudding, when the whole cost is 2*. 4d

45. Two persons, A and B, were employed together

for 50 days, at 55. per day each. During this time A, by
spending 6d. per day less than B, saved twice as much as

B, besides the expenses of two days over. How much did

A spend per day?

46. Two persons, A and B, have the same income. A
lays by one-fifth of his ; but B by spending £60 per annum
more than A, at the end of three years finds himself £100
in debt. What is the income of each ?

47. A and B shoot by turns at a target. A puts 7

bullets out of 12 into the bull's eye, and B puts in 9 out of

12; between them they put in 32 bullets. How many
shots did each fire 1

48. Two cnsks, A and B, contain mixtures of wine
and water; in A the quantity of wine is to the quantity of

water as 4 to 3 ; in ^ the like proportion is that of 2 to 3.

If A contain 84 gallons, what must B contam, so that when
the two are put together, the new mixture may be half

wine and half water!
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49. The squire of a parish bequeaths a sum equal to
one-hundredth i)art of his estate towards the restoration
of the church; ^200 less than this towards the endow-
ment of the school ; and ^200 less than this latter sum
towards the County Hospital After deducting these lega-

39
cies, — of the estate remain to the heir. What was the

40
value of the estate ?

50. How many minutes does it want to 4 o'clock, if

three-quarters of an hour ag^o it was twice as many minutes
past two o'clock?

51. Two casks, A and B, are filled with two kinds of

sherry, mixed in the cask A in the proportion of 2 to 7,

and in the cask B in the proportion of 2 to 5 : what quan-
tity must be taken from each to form a mixture which
shall consist of 2 gallons of the first kind and 6 of the
second kind ?

52. An oflficer can form the men of his regiment into

a hollow square 12 deep. The number of men in the
regiment is 1296. Find the number of men in the front of

the hollow square.

53. A person buys a piece of land at £30 an acre, and
by selling it in allotments finds the value increased three-

fold, so that he clears .£150, and retains 25 acres for him-
self: how many acres were there?

54. The national debt of a country was increased by
one-fourth in a time of war. During a long peace which
followed £25000000 was paid ofi*, and at the end of that

time the rate of interest was reduced from 4^ to 4 per
cent. It was then found that the amount of annual in-

terest was the same as before the war. What was the
amount of the debt before the war ?

55. A and B play at a game, agi'eeing that the loser

shall always pay to the winner one shilling less than half

the money the loser has ; they commence with equal quan-
tities of money, and after B has lost the first game and
won the second, he has two shillings more than A : how
much had each at the commencement?



EXAMPLES. XXII. 135

56. A clock has two hands turning on the same centre

;

the swifter makes a revolution every twelve houi-s, and the

slower every sixteen hours : in what time will the swifter

gain just one complete revolution on the slower?

57. At what time between 3 o'clock and 4 o'clock is

one hand of a watch exactly in the dii'ection of the other

hand produced %

58. The hands of a watch are at right angles to each
other at 3 o'clock : when are they next at right angles 1

59. A certain sum of money lent at simple interest

amounted to ^297. 12^. in eight months; and in seven more
months it amounted to £306 : what was the sum 1

60. A watch gains as much as a clock loses; and 1799
hours by the clock are equivalent to 1801 hours by the
watch : find how much the watch gains and the clock loses

per hour.

61. It is between 11 and 12 o'clock, and it is observed
that the number of minute spaces between the hands is

two-thirds of what it was ten minutes previously: find the
time.

62. A and B made a joint stock of X500 by which
they gained £160, of which A had for his share £32 more
than B : what did each contribute to the stock ?

63. A distiller has 51 gallons of French brandy, which
cost him 8 shillings a gallon; he wishes to buy some En-
glish brandy at 3 shillings a gallon to mix witli the French,
and sell the whole at 9 shillings a gallon. How many gal-
lons of the English must he take, so that he may gain
30 per cent, on what he gave for the brandy of both
kinds?

64. An oflBcer can form his men into a hollow square
4 deep, and also into a hollow square 8 deep; the front in

the latter formation contains 16 men fewer than in the
former foimation : find the mimber of men.
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XXIII. Simultaneous equations of the first degree with

two unknown quantities.

205. Suppose we have an equation containing two un-
known quantities a; and y, for example 'Sx — lfj — S. For
every value which v/e please to assign to one of the
unknown quantities we can determine the coiTcsponding
value of the other ; and thus we can find as many pairs

of values as we please which satisfy the given equation.

Thus, for example, if y—l we find 3.r=15, and therefore

:g = 5; if y= 2 we find 3a: = 22, and therefore 0^ = 7^; and
BO on.

Also, suppose that tliere is another equation of the
same kind, as for example 2.c + 5?/ = 44; then we can also

find as many pairs of values as we please which satisfy this

equation.

But suppose wo ask for values of x and y which satisfy

both equations; we shall find that there is only one value
of 0? and one value of y. For multiply the first equation
by 5; thus

15.^-35?/ = 40;

and multiply the second equation by 7 ; thus

14:5 4-35^ = 308.

Therefore, by addition,

15ar- 35y + 14.r 4- 35y = 40 4- 308

;

thatia, 29^ = 348;

*u A. 348 ,„
therefore ar= —- =12.

Thus a both equations are to be satisfied a; must equal 12.

Put this value of x in either of the two given equations^

for example in the second; thus we obtain

24 4- 5y = 44

;

therefore 6y= 20;

therefore y=4.
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206. Two or more equations which are to be satisfied

by the same values of the unknoTMi quantities are called

simultaneous equations. In the present Chapter we treat

of simultaneous equations involving two unknown quanti-

ties, where each unknown quantity occurs only in the first

degree, and the product of the unkno^vn quantities does
not occur.

207. There are three methods which are usually given
for solving these equations. There is one principle com-
mon to all the methods; namely, from two given equations
containing tico unkno^vn quantities a single equation is de-
duced containing only one of the unknown quantities. By
this process we are said to eliminate the unknown quan-
tity which does not appear in the single equation. Tho
single equation containing only one unknown quantity can bo
solved by the method of Chapter XIX ; and when the value
of one of the unknown quantities has thus been determined,
we can substitute this value in eitlier of the given equations,

and then determine the value of the other unknown quantity.

208. First method. 3tuUiphj the equations by such
numbers as will make the coefficient of one of the un-
knoicn quantities the same in the resulting equations

;

then by addition or sid)traction we can form an equation
eontaijiing only the other unknown quantity.

This method we used in Art. 205 ; for another example,
suppose

8^ -f- 72/= 100,

12:c-5t/= 88.

If we wish to eliminate y we multiply the first equation
by 5, which is the coefficient of y in the second equation,

and we multiply the second equation by 7, which is the
coefficient of y in the first equation. Thus we obtain

40.P + 35?/ = 500,

84;c-35?/ = 616;

therefore, by addition,

40ar-f-84;z;=500 + 616;

that is, 124ar=1116;

therefore a; = 9,
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Then put this value of x in either of the given equations,

for example in the second ; thus

108- 52/= 88;

therefore 20 = 5y

;

therefore y=^

Suppose, however, that in solving these equations we wish
to begin by eliminating x. If we multiply the first equa-
tion by 12, and the second by 8, we obtain

96a; + 84?/ =^1200,

96:r- 40?/ = 704.

Therefore, by siibtraction,

84?/ + 40?/ =1200 -704,

•

that is, 1242/= 496;

therefore 2/= 4.

Or we may render the process more simple ; for we may
multiply the first equation by 3, and the second by 2;
thus

24^ + 21?/ = 300,

24^- 102/= 176.

Therefore, by subtraction,

21?/ + 102/ = 300 -176;

that is, 31s^ = l24;

therefore ^"=4.

209. Second method. Express one of the unknown
quantities in terms of the otherfrom. eitJier equation, onid

substitute this value in the other eqwitvm.

Thus, taking the example given in the preceding Arti-

cle, we have from the first equation

8^ = 100-7^;

therefore x= ^-^ • *
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Substitute this value of a? in the second equation, and wo
obtain

that is,
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_, - 100 -7y 88 + 5?/
Therefore —- =—-~ .

o 1^

Clear of fractions, by multiplying by 24 ; thus

3(100-72/) = 2(8S + 52/);

that is, 300-21^=176+102/;

therefore 300-176 = 2l2/+10i/;

that is, 31?/ = 124;

tliereforo y = 4.

Then, as before, we can deduce a; =9.

Or thus : from the first equation y = ^^—^ , and

from the second equation y = -^^—
; therefore

o

100-8^ _ 12^-88
7 ~ 5 •

From this equation we shall obtain .v = d ; and then, as

before, we can deduce y = -ii.

211. Solve 19^-21?/= 100, 21.c-l9y= 140.

These equations may be solved by the methods alre;uly

ex]>lained ; we sluiU use them however to shew that these
methods may be sometimes abbreviated.

Here, by addition, we obtain

19j;--21?/ + 2U'-19?/=100+140;

that is, 40.^-402/ = 240;

therefore x-y=^6.

Again, from the original equations, by subtraction, we
obtain

21;c-19y-19a;4-21y=140-100;

that is, 2;i; + 2y = 40;

therefore «+y = 20,
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Then since x — y = 6 and x + y = 20, we obtain by addi-
tion 2^ = 26, and by subtraction 2i/ = 14;

therefore ;c = 13, and y = 7.

212, The student will find as he proceeds that in all

parts of Algebra, particular examples may be treated by
methods which arc shorter than the general rules ; but such
abbreviations can only be suggested by experience and
practice, and the beginner should not waste his time in

seeking for them.

213. Solve ^- + ^ = 8, ?^-- = 3.
X y ' X y

If we cleared tliese equations of fi'actions they would
involve the product xy of the unknown quantities ; and
thus strictly they do not belong to the present Chapter.
But they may be solved by the methods already given, aa

we shall now shew. For multiply the first equation by 3
and the second by 2, and add ; thus

36 24 54 24 „, ^— + — + = 24 + 6:
X y X y

that is,
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214. Solve a^x-vV'y = (?^ ax-\-hy=e.

Here x and y are supposed to denote unknown quanti-

ties, while the other letters are supposed to denote known
quantities.

ISIultiply the second equation by h, and subtract it from
the first; thus

a^x+hhf—abx—li^y^c^-hc;

that is, a{a—'b)x=c{fi-''b)'i

therefore x= —, rx

.

a{a— b)

Substitute this value of ic in the second equation; thus

ac{c— 'b)

a{a—h)
^hy^Cy

therefore
j^^,_oJ^^ c{a-h)-c{c-h) ^c(^
^ a—o a—o a—o

therefore v

-

^^^"^^ - ^^^"^^
meretore V- ^^^_j^^-j^pz^y

Or the value of y might be found in the same way a*

that of X was found.

Examples. XXIII.

1. Sx-4y= 2, 7x-9y = 7.

2. 7iC-5y= 24, 4x-Zy= ll.

3. Zx + 2y = 32, 20x-3y^l.

4. 11^ -72/ = 37, Sx + 9y = 'il.

5. 1x + 5y = 60, I3x-Uy=l0.
6. 6x-1y = 42, 1x-6y = 75.

7. 10a; + 9y = 290, 12;c-ll2/ = 13a

a Sx-4y=l8y Zx + 2y= 0.

9. 4a!-| = ll, 2a;-3y = 0.
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jj AiX— 1
10. |4-3y=-7, ^= 3y-4.

11. 6^-5?/= 1, 7a;-4y= 8^.

12. 2^ +^^ = 21, 42/ +^^=a9.
O D

13. ^ + 5y= 13, 2;r+i:^=33.

14.
f
+ ^ = 10i, 2a;-2/ = 7.

^^-
3

"^"2""^' 2"^ 9 ~^-

3^ 2y_ 7^.S2/_fi

17. ^+^=15, ^ + 2/ = 6.

^^•'t4'=34, f.f=f.i..

• -5- + -^=i6^> ir""^ = i^«-20,

21. £ZI + I^.2, 2^ +2^= 21.

23. '^ + f= 20, '^ + ^f
= 2^.-7.

4 o 5 4

2a; + 3y y 4y-3:g _3;g ^,
23. —g—=10-^, —g— --4+i-

„, l-3ir 3y-l „ 30:4-2/

25. 2(2o; + 3y) = 3(2a;-3y) + 10,

4r- 3y = 4 (6y- 2j:) + 3.
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26. 3;» + 92/ = 2-4, '21^:- •06s^= -03.

27. •3;p + '125y= ;c-6, 34?-'5y-=28--25y.

28. -08^7- -2 12/ =33, •12;c + 7y= 3*54.

29. «_i=l, !§ + ?«= 16.
X y ' X y

30. x-4y = T, — + — = -,
^ ''

32/ 10 5y

„, ^+1 a?-l 6

32. 4;. + 2/ = ll,
J'^T^^,??

^
' 5^ 3^ 15

y

33.
X — o b 4

34. -+f= 2, hx-ay= Q.
a

35. ;c + 2/ = a + ?>, 5a; + a2'=2ad.

36. 2+1=1, i^y=i.a a

37. {a-\-c)x-'by = 'bc, x + y = a + b.

38. £ + 1 = ., f-?^= 0.
a b a

39. x-it-y = c, ax — by-c{a— h).

40. a(aJ + 2/) + &(.2?-2/) = l, a(;2;-2/)4-6(a;+2/)= l.

42. {a + b)x-{a-b)y = 4ab,

ia-b)x + la + b)y = 2a^-2b\

a-^b a-b 2ab a^ + b-

44. (a + h)x + (b-h)y = e, (fi + k)x+ia~k)y^e
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XXIV. Simultaneous equations of the first degree tcith

more than two unknown quantities.

215. If there be three simple equations containing
three unkno^vn quantities, we can deduce from two of the
equations an equation which contains only two of the un-
known quantities, br the methods of the preceding Chap-
ter; then from the third given equation, and either of the
former two, we can deduce another equation which con-
tains the same two nnkno^vn quantities. "We have thus
two equations containing two unknown quantities, and
therefore the values of these unknown quantities may be
found by the methods of the preceding Chapter. By sub-
stituting these values in one of the given equations, the
value of the remaining unknown quantity may be found.

216. Solve 1x + Zy-2z^-lQ (1),

2x-{-5y + ^z= Zd (2),

6x- y-\-5z = Zl (3).

For convenience of reference the equations are num-
bered (1), (2\ (3) ; and this numbering is continued as we
proceed with the solution.

Multiply (1) by 3, and multiply (2) by 2 i thus

2\x+ 9y-6z=4:8j

4:c+10y 4-6^= 78;

therefore, by addition,

25.r+19y=126 (4).

Multiply (1) by 5, and multiply (3) by 2 ; thua

3o.c + 15y- 10^=80,

lOx- 2y+ 105^= 62;

therefore, by addition,

45a>-l-13y=142 (5).

10
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We have now to find the values of x and y from (4)

and (5).

Multiply (4) by 9, and multiply (5) by 5 ; thua

225;c+ 171^ = 11-34,

225;c+ 652/= 710;

therefore, by subtraction,

1062/ = 424;

therefore 2/ = 4.

Substitute the value of y in (4) ; thus

25a; + 76 = 126;

therefore 25^=126-76 = 50;

therefore x = 2.

Substitute the values of x and ?/ in (1) ; thus

14 + 12-2^=16;

therefore 10 = 22r

;

therefore z= b.

217. Solve \ + l--= 1 (1),X y ^

'^+- + - = 24 (2),X y z

7_8+9^14
(3).

X y z

Multiply (1) by 2, and add the result to (2); thua

246 546„^,-+ +- + - + -=2 + 24;
oc y z X y z

that is. -+- = 26 (4).ay
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Multiply (1) by 3, and add the result to (3) ; thus

X y z X y z

that is, 12_? = 17 (5).
X y

Multiply (5) by 4, and add the result to (4) ; thus

X y X y

that is,
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218. Solve

M=^ (^^

l-h' (^^

Subtract (1) from (2) ; thus

V z oc y ^ ^

c . a

that is, 7-^ = 2 (4).

By subtracting (4) from (3) we obtain

2x ^ "^— = 2;
a

therefore - = 1; therefore :p= a.
a

By adding (4) to (3) we obtain

therefore =3; therefore z= ^c.
c

By substituting the value of j; in(l) we find that y-2&

219. • In a similar manner we may proceed if the num-
ber of equations and unknown quantities should exceed
three.
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Examples. XXIV.

1. a? + 3y + 2^=ll, 2a; + y + dz=l4, 3:c + 2y + «=li

2. 5x-ey + 4js = l5j 7a; + 4y-Zz=19, 2x + y + 6z = 4:6.

3. 4x-5y + z = 6, '7x-lly+2z=9, x + y + 3z=12.

4. '7x-Sy= 30, 9y-5z = 34:, a;+ y + z= 33.

5. 3x-y + z=l1, 5x+ 3y-2z=l0, '7x + 4y-5z = Z.

6. x + y + z = 5, Sx-5y + 7z = 75, 9^- ll2r+10 = 0.

7. x + 2y + 3z = 6, 2x + 4y + 2z = 8, 3a; + 2^ + 8-2? =101.

6y-4x^ 5z-x ^ y-2z
3z-7 ' 2y-Sz ' 3y~2a;

„ a;+ 22/ 3W4-42? 5x+ez ,^_
9. —7-^=-=^^^— =~^~~' ^^^-^=126.

10. = -, - + - = 3|, - + -=-.
a y 6 y z '^ x y z

11. 2^ + ^=^* z + x= b, x + y = c.

12. a?+y+ ;^= a + ?> + c, iC + a= 2/ + & = 5;4-c.

13. y + z— x = a, z4-x-y= b, x + y — z = c.

, . X V z , X y z , X y z ^

a h c act) a c

^^ a b c ^ a b c . 2a b c ^
15. - + - + - = 3, - + = 1, = 0.

X y z ^ X y z ^ m y z

16. 'c-vx-\-yA-z-\4,

2v + x= 2y-tz— 2,

3v-x + 2y + 2z=19,

V X y z ^
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XXV. Problems which lead to gimultaneous equatiofu

of thefirst degree vnth more than one unknown quantity,

220. TVe shall now solve some problems which lead to

simultaneous equations of the first degi'ee with more than
one unknown quantity.

2
Find the fraction which becomes equal to - when the

o
4

numerator is increased by 2, and equal to - when the de-

nominator is increased by 4.

Let X denote the numerator, and y the denominator of

the required fraction ; then, by supposition,

w-\-2 _2 X _4
~2r~3' y + l~1'

Clear the equations of fractions ; thus we obtain

Zx-2y=-Q (1),

*Jx-Ay= 16 (2).

Multiply (1) by 2, and subtract it from (2) ; thus

7;c- 4y - 6.2? + 41/ = 1 6 + 12 ;

that is, x=2S.

Substitute the value of a; in (1) ; thus .

84-2?/= -6;
therefore 2?/ = 90 ; therefore 2/= 45.

Hence the required fraction is —z .

45

221. A sura of money was divided equally among a
certain number of persons ; if there had been six more,
each would have received two shillings less than he did

;

and if there had been three fewer, each would have re-

ceived two shillings more than he did : find the number of

persons, and what each received.
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Let X denote the number of persons, and y the number
of shillings which each received. Then xy is the number of

shillings in the sum of money which is divided j and, by
supposition,

{x^Q)iy-2) = xy (1),

(a;-3)(y+ 2)= ;r2/ (2).

From (1) we obtain

xy + Qy-'2x-\2 = xy;
therefore Qy-2x=\2 (3).

From (2) We obtain

xy->r2x— Zy~Q = xy',

therefore 2x-^y = Q (4).

From (3) and (4), by addition, 3y = 18 ; therefore y= 6.

Substitute the value of y in (4) ; thus

2^-18 = 6;

therefore 2;c=24 ; therefore iC= 12.

Thus there were 12 persons, and each received S
shillings.

222. A certain number of two digits is equal to five

times the sum of its digits ; and if nine be added to the

number the digits are reversed : find the number.

Let X denote the digit in the tens' place, and y the digit

in the units' place. Then the number is lux + y ; and, by
supposition, the number is equal to five times the sum of

its digits; therefore

l0x + y= 5{x-\-y) (1).

If nine be added to the number its digits are reversed.

tliat is, we obtain the number lOy + x ;
therefore

\Qx + y + ^-\Oy-\-x (2).

From (1) we obtain

5x= 4y (3).

From (2) we obtain 9.r + 9 = 9y ; therefore j? + 1 = y,
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Substitute for y in (3) ; thus

therefore x=^.

Then from (3) we obtain y = 5.

Hence the required number is 45.

223. A railway train after travelling an hour is detained
24 minutes, after which it proceeds at six-fifths of its

former rate, and arrives 15 minutes late. If the detention

had taken place 5 miles further on, the train would have
arrived 2 minutes later than it did. Find the original iiite

of the train, and the distance travelled.

Let 5x denote the number of miles per hour at which
the train originally travelled, and let y denote the numl)er

of miles in the whole distance travelled. Then y — 5x vnW
denote the number of miles which remain to be travelled

after the detention. At the original rate of the train this

distance would be travelled in ^— hours: at the in-
bx

creased rate it will be travelled in ^—— hours. Since

the train is detained 24 minutes, and yet is only 15 minutes
late at its arrival, it follows that the remainder of the

journey is performed in 9 minutes less than it would have

been if the rate had not been increased. And 9 minutes

9
is --of an hour : therefore

60

y-bx ^ y-5x 9

Qx ox eo ^
^'

If the detention had taken place 5 miles further on,

there would have been y — 5x— 5 miles left to be travelled

fhus we shall find that

y-5x-5 ^ y-5x-5 T_

Qie bx ~60 ^
''•
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Subtract (2) from (1); thus

Qx " 5x 60
*

therefore 50 = 60-2a?;

therefore 2a; =10; therefore x = 5.

Substitute this value of ;r in (1), and it will be found by
solving the equation that y = A'l\.

224. A, Bj and C can together perform a piece of

work in 30 days ; A and B can together perform it in 32
days; and B and C can together perform it in 120 days:
find the time in which each alone could perform the work.

Let X denote the number of days in wluch A alone
could perform it, y the number of days in which B alone
could perform it, z the number of days in which G alone
could perform it. Then we have

-+- + - = — (1),
a? 2/ ;2 3u ^ ''

111
x^y =

^2
(2),

111 /ns

-y^l-Wo <«>

Subtract (2) from (1); thus

11 11
« ~ 30 32 ~ 480

'

Subtract (3) from (1) ; thus

i--L_ J_- 1
a;~'30 120 ~ 40'

Therefore ;c= 40, and z-ASQ-, and by substitution in

any of the given equations we shall find that ?/= 160.

225, We may observe that a problem may often be
solved in various ways, and with the aid of more or fewer
letters to represent the unknown quantities. Thus, to

take a very simple example, suppose we have to find two
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numbers such that one is two-thirds of the other, and th«r
sum is 100.

We may proceed thus. Let x denote the greater
number, and y the less number; then "we have

2x
y= y, ^ + y = 100.

Or we may proceed thus. Let x denote the greater

number, then 100 — ^ will denote the less number; there-

fore

2x
100-:r = ^.

Or we may proceed thus. Let 3^ denote the greater

number, then 2x \f\\\ denote the less number; therefore

2.f + 3j;=:100.

By completing any of these processes we shall find that

the required numbers are 60 and 40.

The student may accordingly find that he can solve

some of the examples at the end of the present Chapter,
with the aid of only one letter to denote an unknown quan-
tity ; and, on the other hand, some of the examples at the
end of Chapter xxii. may appear to him most naturally

solved with the aid of two letters. As a general rule it

may be stated that the employment of a larger number of
unknown quantities renders the work longer, but at the
same time allows the successive steps to be more readily
followed; and thus is more suitable for beginners.

The beginner will find it a good exercise to solve the
example given in Art. 204 with the aid of four letters to

represent the four unknown quantities which are required.

Examples. XXY.
1. If ^'s money were increased by 36 shillings he would

have three times as much as B\ and if B's> money wei'e
diminished by 5 shillings he would have half as much as
A : find the sum possessed by each.

2. Find two numbers such that the first with half the
second may make 20, and also that the second with a third
of the first may make 20.
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3. If B were to give £25 to A tliey would have equal
sums of money; if A were to give £-22 to B the money
of B would be double that of A : find the money which
each actually has.

4. Find two numbers such that half the first with a
third of the second may make 32, and that a fourth of the
first with a fifth of the second may make IS.

5. A person buys 8 lbs. of tea and 3 lbs. of sugar for

£1. 2s. ; and at another time he buys 5 lbs. of tea and 4 lbs.

of sugar for 15^. 2d. : find the price of tea and sugar per lb.

6. Seven years ago A was three times as old as B
was ; and seven years hence A will be twice as old as B
wUl be : find their present ages.

7. Find the fraction which becomes equal to ^ when
the numerator is increased by 1, and equal to j when the
denominator is increased by 1.

8. A certain fishing rod consists of two parts; the
length of the upper part is to the length of the lower as

6 to 7 ; and 9 times the upper part together with 13 times
the lower part exceed 1 1 times the whole rod by 36 inches

:

find the lengths of the two parts.

9. A person spends half-a-crown in apples and pears,

buying the apples at 4 a penny, and the pears at 5 a
penny; he sells half his apples and one-third of his pears
for 13 pence, which was the price at which he bought them:
find how many apples and how many pears he bought.

10. A wine merchant has two sorts of wine, abetter
and a worse; if he mixes them in the proportion of two
quarts of the better sort with three of the worse, the
mixture will be worth Is. del. a quart ; but if he mixes them
in the proportion of seven quarts of the better sort with
eight of the worse, tlie mixture will be worth 1^. lOd. a
quart : find the price of a quart of each sort.

11. A farmer sold to one person 30 bushels of wheat,
and 40 bushels of barley for £13. 105. ; to another person
he sold 50 bushels of wheat and 30 biLshels of bai'ley

for .£17 : find the price of wheat and barley per bushel.
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12. A farmer has 23 bushels of barley at 2s. 4c?. a
bushel: with these he wishes to mix rye at 3s. a bushel,

and wheat at 4j?. a bushel, so that the mixture may consist

of 100 bushels, and be worth 3^. 4^?. a bushel: find how
many bushels of rye and wheat he must take.

13. A and B lay a wager of 10 shillings; if A loses

lie will have as much as B will then have ; if B loses he
will have half of what A will then have : find the money
of each.

14. If the numerator of a certain fraction be increased
by 1, and the denominator be diminished by 1, the value
will be 1 ; if tlie numerator be increased by the denomi-
nator, and the denominator diminished by the numerator,
the value will be 4 : find the fraction.

15. A number of posts are placed at equal distances

in a straight line. If to twice the nmnber of them we add
the distance between two consecutive posts, expresseQ m
feet, the sum is 68. If from four times the distance be-
tween two consecutive posts, expressed in feet, v.e subtract

half the number of posts, the remainder is 6S. Find the
distance between the extreme posts.

16. A gentleman distributing money among some poor
men found that he wanted 10 shillings, in order to be
able to give 5 shillings to each man ; therefore he gives

to each man 4 shillings only, and finds that he has 5

shillings left : find the number of poor men and of

shillings.

17. A certain company in a taveni found, when they
came to pay their bill, that if there had been three more
persons to pay the same bill, they would have paid one
shilling each loss than they did ; and if there had been
two fewer persons they would have paid one shilling each
more than they did : find the number of persons and the
number of shillings each paid.

IS. There is a certain rectangular floor, such tiiaf

if it had been two feet broader, and three feet longer, it

would have been sixty-four S(juare feet larger; but if it

had be£n three feet broader, and two feet longer, it would
have been sixty-eight square feet larger : find the length

and breadth of the floor.

10. A certain number of two digits is equal to four
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times the sum of its digits; and if 18 be added to the
number the digits are reversed : find the number.

20. Two digits which form a number change places
on the addition of 9; and the sum of the two numbers is

33 : find the digits.

21. "When a certain number of two digits is doubled,
and increased by 36, the result is the same as if the number
had been reversed, and doubled, and then diminished by
3G ; also the number itself exceeds four times the sum of

its digits by 3 : find the number

22. Two passengers have together 5 cwt. of luggage,
and are charged for tlie excess above the weight allowed
bs. 2d. and 95. 10^. respectively ; if the luggage had all

belonged to one of them he would have been charged
Ids. id. : find how much luggage each passenger is allowed
without charge.

23. A and B ran a race which lasted 5 minutes; B
had a start of 20 yards ; but A ran 3 yards vr.hile B was
running 2, and won by 30 yards: find the length of the
course and the speed of each.

24. A and B have each a certain number of counters

;

A gives to ^ as many as B has already, and B returns
back again to A as many as A has left ; A gives to B as

many as B has left, and B returns to A as many as A has
left ; each of them has now sixteen counters : find how
many each had at first.

25. A and B can together perform a certain work in

30 days; at the end of 18 days however B is called oflf

and A finishes it alone in 20 nwre days : find the time
in which each could perform the work alone.

26. A., B, and Ccan drink a cask of beer in 15 days;
A and B together drink four-thirds of what C does ; and
C drinks twice as much as A : find the time in which each
alone could drink the cask of beer.

27. A cistern holding 1200 gallons is filled by three
pipes A, B, C together in 24 minutes. The pipe A requires

30 minutes more than C to fill the cistern; and 10 gallons

less run through C per minute than through A and B
together. Find the time in which each pipe alone would
fill the cistern.
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28. A and B run a mile. At the first heat A gives B
a start of 20 yards, and beats him by 30 seconds. At the
second heat A gives B a start of 32 seconds, and beats him
by 9^^ yards. Find the rate per hour at which A nm&

29. A and B are two towns situated 24 miles apart,

on the same bank of a river. A man goes from A to B
in 7 hours, by rowing the first half of the distance, and
walking the second half. In returning he walks the first

half at three-fourths of his former rate, but the stream
being with him he rows at double his rate in going ; and
he accomplishes the whole distance in 6 hours. Find his

rates of walking and rowing.

30. A railway train after travelling an hour is detained
15 minutes, after which it proceeds at three-fourths of its

former rate, and arrives 24 minutes late. If the detention
had taken place 5 miles further on, the train would have
arrived 3 minutes sooner than it did. Find the original

rate of the train and the distance travelled.

31. The time which an express train takes to travel

a journey of 120 miles is to that taken by an ordinary train

as 9 is to 14. The ordinary train loses as much time in

stoppages as it would take to travel 20 miles without stop-
ping. The express train only loses half as much time in

stoppages as the ordinary train, and it also travels 15 miles
an hour quicker. Find the rate of each train.

32. Two trains, 92 feet long and 84 feet long respec-
tively, are moving with uniform velocities on parallel rails

;

when they move in opposite directions they are observed
to pass each other in one second and a half; but when they
move in the same direction the faster train is observed to

pass the other in six seconds : find the rate at which each
train moves.

33. A railroad runs from A io C. A goods' train

starts from -4 at 12 o'clock, and a passenger train at 1

o'clock. After going two-thirds of the distance the goods*

train breaks down, and can only travel at three-fourths of

its former rate. At 40 minutes past 2 o'clock a collision

occurs, 10 miles from C. The rate of the passenger train

is double the diminished rate of the goods' train. Find the
distance from A to C, and the rates of the trains.
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34. A certain sum of money was divided between A,
B, and C, so that ^'s share exceeded four-sevenths of the
shares of B and C by X30 ; also 5's share exceeded three-

eighths of the shares of A and C by £30; and C's share

exceeded two-ninths of the shares of A and B by X30.
Find the share of each person.

35. A and B working together can earn 40 shillings

in 6 days; A and C together can earn 54 shilhngs in 9
days; and B and C together can earn SO shillings in 15

days: find what each man can earn alone per day.

36. A certain number of sovereigns, shillings, and six-

pences amount to £S. 6s. 6d. The amount of the shillings

is a guinea less than that of the sovereigns, and a guinea

and a half more than that of the sixpences. Find the

number of each coin.

37. A and B can perform a piece of work together in

48 days ; A and C in 30 days ; and B and C in 26§ days ;

find the time in which each could perform the work alone.

38. There is a certain number of three digits which is

equal to 48 times the sum of its digits, and if 198 be sub-

tracted from the number the digits will be reversed; also

the sum of the extreme digits is equal to twice the middle
digit : find the number.

39. A man bought 10 bullocks, 120 sheep, and 46
lambs. The price of 3 sheep is equal to that of 5 lambs.

A bullock, a sheep, and a lamb together cost a number of

shilhngs greater by 300 than the whole number of animals

bought ; and the whole sum spent was £468. 6s. Find the

price of a bullock, a sheep, and a lamb respectively.

40. A farmer sold at a market 100 head of stock con-

sisting of horses, oxen, and sheep, so that the whole realised

£2. Is. per head ; while a horse, an ox, and a sheep were
sold for £22, £12. 105., and £1. lOs. respectively. Had he
sold one-fourth the number of oxen, aad 25 more sheep
than he did, the amount received would have been still the

same. Find the number of horses, oxen, and sheep, respec-

tively which were sold.
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XXVI. Quadratic Equations.

226. A quadratic equation is an equation which con-

tains the square of the unknown quantity, but no higher

power.

227. A pure quadratic equation is one which contains

only the square of the unknown quantity. An adfected

quadratic equation is one which contains the first power
of the unknown quantity as well as its square. Thus, for

example, 2.^^ = 50 is a />Mr£? quadratic equation; and
2a;2 - 7;?; + 3 = is an adfected quadratic equation.

228. The following is the Rule for solving a pure

quadratic equation. Find the value of the square of the

unknown quantity by the Rule for sohing a simple equa-

tion; then, by extracting the square rooty the values qfthe
unknown quantity are found.

For example, solve —r— H—r-r- = 6.

Clear of fi-actions by multiplying by 30 ; thua

10 (^2- 13) + 3 (.^2- 5) = 180;

therefore 13.c2 = 180 + 130 + 15 = 325;

therefore ^c^=^ = 25 ;

exti'act the square root, thus ;»= ±5.

In this example, we find by the Rule for solving a

simple equation, that .r- is equal to 25 ; therefore x must
be such a number, that if multiplied into itself the pro-

duct is 25. That is to say, .v must be a square root of

25. In Arithmetic 5 is the square root of 25 ; in Algebra

we may consider either 5 or —5 as a square root of 25,

since, by the Rule of Signs —5x— 5 = 5x5. Hence x
may have either of the values 5 or — 5, and the equation

will be satisfied. This we denote thus, or = ± 5.
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229. We proceed to the solution of adfected quadra-

tics.

If we multiply « + x by itself we obtain

2 , a«

4

thns«2+aa;+— is a perfect sq.uare, for it is the square
4

of a: + ^. Hence a;2+ a.c is rendered a perfect square

by the addition of — , that is, "by the addUion of the square

of half the coefficient of x. This fact is the essential part

of the solution of an adfected quadratic equation, and we
shall now give some examples of it.

x^-¥Qx\ here half the coefficient of ;c is 3; add 3'-, and
we obtain aP'^-^x-\- 3^, that is {x + 3)^.

5
a?—^x\ here half the coefficient ai x is — -; add

that is f-j, and we obtain a;2-5a; + f^j, that
(-I)'

IS (-f)-

4^ 2 /'2\*
«2 +_ ; here half the coefficient of a; is - ; add ( -

J

,

^3j
and we obtain a;^ + — +

5
0J,thatis(a:-h?y.

3»c 3
aP' ; here half the coefficient of x S& —-\ add

4 o

, and we obtain aP—— + I

^ J
, that

The process hei-e exemplified is called completing t/u

square.

T.A. 11



162 QUADRA TIC EQUA TIONS.

230. The following is the Rule for solving an adfected

quadratic equation. By transposition and reduction

arrange the equation so that the terms which involve the

unknotcn quantity are alone on one side, and the coefficient

of x^ is +1; add to each side of the equation the square

of half the coefficient of x, and then extract the square

root of each side.

It will be seen from the examples which we shall now
solve that the above rule leads us to a point from which

we can immediately obtain the values of the unknown
quantity.

231. Solve a^-10a; + 24 = 0.

By transposition, a^—lOx^—IA;

add (yY, a^-10.c + 52= -24 + 25= 1;

extract the square root, a:— 6 = * 1

;

transpose, ;c= 5*l = 5 + l or 5— 1;

hence z = Q or 4.

It is easy to verify that either of these values satisfies

the proposed equation ; and it will be useful for the stu-

dent thus to verify his results.

232. Solve 3a?*-4a?-55=0,

By transposition, 3a;*- 4aj= 55

;

divide by 3, «*- y = y

»

jj /2V . 4a; /2V 55^4 169

2 13
extract the square ro#t> '^ "" o = =*=^ 5

x_ 2 13 ^ 11
transpose, a;= - ± — =5 or ——

.
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233. Solve 2;c» + 3;p-35 = 0.

By transposition, 2a^+ 3a?= 35

;

divide by 2, a?2+ — = —

;

AA C^y - 3« /SV 35 . 9 289

3 17
extract the square root, ;»+ -= =t — :

4 4 .

3 17 7
transpose, a?=—-i— =-or — 5.

4 4 2

234. Solve «'-4^-l = 0.

By transposition, a:^- 4;i?= 1

;

add2», «=-4a?+ 22=l + 4=5;

extract the square root, a?— 2 = ± »y6 ;

transpose, a;=2± ^5.

Here the square root of 5 cannot be found exactly;

but we can find by Arithmetic an approximate vame of it

to any assigned degree of accuracy, and thus obtain the

values of a; to any assigned degree of accuracy.

235. In the examples hitherto solved we have found

two different roots of a quadratic equation ; in some cases

however we shall find really only one root. Take, for ex-

wnple, the equation a:^- 14:^4-49 = 0; by extracting the

Bquare root we have a:— 7 = 0, therefore a; = 7. It is how-

ever found convenient in such a case to say that the quad-

ratic equation has two equal roots,

11—2
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236. Solve x^-Qx-^-l^^O,
'*

By transposition, a;^ — 6^ = — 1 3

;

\

add 32, ^2_g^^.32^_13^9^_4

If we try to extract the square root we have

^-3=± ^-4.

But —4 can have no square root, exact or approximate,
because any number, whether positive or negative, if mul-
tiplied by itself, gives a positive result. In this case the
quadratic equation has no real root ; and this is sometimes
expressed by saying that the roots are imaginary or

intpossible.

237. Solve ^ +^ = 1.

Here we first clear of fractions by multiplying by
4(j;2— i)j which is the least common multiple of the de-

nominators.

Thus 2{x + l) + 12=0^-1,

By transposition, a;'— 2^— 15

;

add 12, ;c2_2;|. + 1 = 15+ 1 = 16;

extract the square root, ;c— 1= ±4;

therefore a?= l±4= 5or — 3.

noo o 1
2a; 3a;- 50 12;c + 70

238. Solve - + ^-^^^--^
= -^^ .

Multiply by 570, which is the least common multiple of

15 and 190; thus ^

10 + a;

IX. e 190(3^7-50) „,^ ,^therefore —-^- ^ = 210-40;»;:
10 + a;

'

therefore 190(3;i;-50) = (210-40a;)(10 + ir);
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that is, 570;u-9500 = 2100- 190a;- 40^:';

therefore 40;^^ +760;2; = 11600;

therefore a^'+19a; = 290;

add (L^y, a^ + lQx-^- (^^\= 290 + ?|

19 39
extract the square root, x-\— = ± —

;

19 ^9
therefor© a;= - - ± ^= 10 or - 29.

239. Solve ^ + ^^2^Z3,
a; + 2 x-1 x— \

Clear of fractions ; thus

(^+3)(^-2)(a;-l) + (;r-3)(a; + 2)(a;-l)

= (2:r-3')(.'C + 2)(;c-2);

that is, s^-*lx-¥^-\-a?-'lx^-Zx-^% = 1oi?-Za^-%x->f\li\

that is, 1s^-2x^-\2x->r\2 = l3t?-Zoc^-%x-\-Vl\

therefore x^— Ax= Q\

add 22, a;2-4a;+ 22=4;

extract the square root, a?- 2= ± 2,

therefore a:= 2±2 = 4or0.

"We have given the last three lines in order to com-
plete the solution of the equation in the same manner as
in the former examples ; but the results may be obtained
more simply. For the equation ^-— 4a;= may be >vritten

(;c— 4)^= 0; and in this form it is sufficiently obvious
that we must have either a- — 4 = 0, or .^ = 0, that is,

x = '^L or 0.

The student will observe that in this example 2:0^ is

found on borth sides of the equation, after we have cleared
of fractions ; accordingly it can be removed by subtraction,
and so the equation remains a quadratic equation.
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240. Every qibadratic eqtuition can be put in (he

form x2 + px + q = 0, where p and q represent some knoicn
numbers, whole or fractional, positive or 7iegative.

For a quadratic equation, by definition, contains no

Eower of the unknown quantity higher than the second
et all the terms be brought to one side, and, if necessary,

change the signs of all the terms so that the coefficient of

the square of the unkno^vn quantity may be a positive

number; then divide every term by this coefficient, and
the equation takes the assigned form.

For example, suppose 7£c— 4x^=5. Here we have

therefore 4;c2_ 7^ + 5 ^ ;

therefore ^-^ + 7 = 0- i>^

*7 f>

Thus in this example we have »= — - and g=-»
4 4

241. Solve a^ -i-px + q^0.

By transposition, x^+px= -q\

add
(I)' ^.p..(ff=-,.^^=^:

extract the square root, x+^=^ —
J

therefore x= -| =. Nfc^)= -?'^V(P'-^)
.

242. We have thus obtained a general formula for

the roots of the quadratic equation a? +px + ^ = 0, namely,
that X must be equal to

-p+s/{p^-4q) ^^ -p-^(p-^-iq)
2 2

We shall now deduce from this general formula some
very important inferences, which will hold for any quad-
ratic equation, by Art. 240.
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243. A quadratic equation cannot have more than
two roots.

For we have seen that the root miut he one or the

other of two assigned expressions.

244. In a quadratic equation where the terms are
aU 071 one side, and the coefficient of the square of the

unknoicn quantity is unity, the sum of the roots is equal

to the coefficient of the second term with its sign changed,

and the product of the roots is equal to the last term.

For let the equation be x^ +px + g = ;

the sum of the roots is

-p+s/ip—^) ^ -p-sfip'-^q)
2

'

the product of the roots is

, that is —p;

-P ^^ •JJP'^-^) ., -P - sfJP''-^)
2

^
2

that is
^~(^-^g)

^ that is q.

245. The preceding Article deserves special attention,

fOT it furnishes a very good example both of the nature of

the general results of Algebra, and of the methods by
which these general results are obtained. The student
should verify these results in the case of the quadratic
equations already solved. Take, for example, that in

Art. 232; the equation may be put in the form

, 4a; 65 ^

and the roots are 5 and ——
; thus the sum of the roots it

4 55
-

, and the product of the roots is ——

.

3 o
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246. Solve ax^ + hx + C'-^O.

By transposition, ax^ + hx= —c\

4a2 *

'divide by «, x^-\ =— :

a a

extract the square root, x+ — = =»= ^

;

therefore a= ^^^ '^ "" ' •
t 2a

247. The general formulae given in Arts, 241 and 246
may be employed in solving any quadratic equation. Take
for' example the equation 3a^—4x—55= 0; divide by 3,

tiius we have

Take the formula in Art. 241, which gives the roots of
4 55

x^+px + q= 0; and put p=—^f and^=—— ; we shall
o o

thus obtain the roots of the proposed equation.

I. But it is more convenient to use the formula in Art. 246,
as we thus avoid fractions. The proposed equation being
'Sx'^— 4x — 55 — 0, we must put a= 3, b=—4, and c=— 55,

in the formula which gives the roots of ax^ + bx + c = 0,

that is, in ^ .

Th„, we have *.^^A^±^ , that is,*±^,
., . . 4±26 xu X • r 11
that IS, —r—

,

that is, 5 or -—

.



EXAMPLES. XXVI. 169

Examples. XXVI.

1. ^{a?-1) + Z{x^-\l) = 'iZ. 2. {x-\5){x + lb)=A00,

- a^-24 . x'-Zl . . S{aP-n) 2(.g2.6o)
d. z 1 z

= o. 4. = = oo.
5 4 5 7

• ;r-3 ^+3~3* ^l x~9'^x'

7. ip2_3^ + 2= o. 8. a^-5x+ e=0,

9. ic2+ioa;= 24, 10. 2a;2_ 1 = 5^ + 2.

11. 3a:f^-4x= 39. 12. aJ»+10a; + 3 = 2a?2-5a?+53.

13. (;c+l)(2d?+ 3) = 4:B«-22. 14. (;r- 1) (ar- 2)= 2a
15. 4(;2^-l) = 4;»-l. 16. (2x-3)2 = 8a;.

17. 3;c=-17:c+10 = 0. 18. --^ = 2.
X 3

4a?'
19. ;c = 2 +—

.-^H^
20. 0^-3 =

21. — ~ = l-x^^. 22. * + ^^= 5.

23. 4^-15^5= 22. 24. ?i±il =5-2^,
a;-3 X 3

25. i?^+ 2;.= 12. 26.
f
+ ^5 = 6f.

a; 7 a;-2 a? + 2 6

29. _^^^^10^ ^^ 3(^-1) 2(.g4-l
)^g^

a;»-3 2 3 a:+l a;-l

31. ^+^ = 2. 3Z ^+i±i = L3.
a?+2 2a; x + l X 6

33. ^+-^=1. 34. ^i2^.5±i = ii.

*+ l « + 4 «+ l a + 2 6
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x—l x+2 5 «— 4 x—2

'• ;c-3 ;c-l~15' fl;-2 a;-4~ 5*

„^ a;-l ar-3 11 .^123
x-4: x-2 12* * iP-2 a; + 2 5'

., 3 ^_^1 42 ^ _ 15-7;g

2(a?2-l) 4(a; + l) 8' a;2_i 8(l-a;)

2:g+l 3:g-2 ^11 2;c-l 2j?-3 1^
;c-l '*'3;c + 2~ 2

•

;c-l ;c-2'^6

3a;+l 2^-7 5^ 2^-3 3;g-5 ^5
3(a;-5) 2;c-8 2~ 3;b-5 2a;-3"'2'

2x-5'^3x-2^ 3
'

x-l 2j; ~Z'

49. ix-2Y=2{a^-9). 50. (:c+10)2=144(100-;c*).

61. -^^^^^-il,. 52. -^4- ^ ^2
a;+ 2 X a; + 4' ' x+1 x+ 2 x + S

Ko a; + l
.
x-1 2;c-l ;c-2

,
a?+ 2 ^;r+ 3

53. :z + =
. 04. f- =2

x + 2 x~2 x—l x + 2 x— 2 x-Z

55 £zi_^ = __i_ 56 ^ , 5 _ 12^
iC + l 6 7(a;-l)* *

a; + 2 ;c + 4 x + Q'

^^ x-1 X-2 2;c+13 ^„ X+1 X + 2 2;c4-13
67. 1- =

. 58. + =
.x+1 x+2 ;r+16 x—l x-2 x+1

,^ 2;c-l Sx-1 5;c-ll ^^ 14;r-9 x^-3
69. -I

=
. 60. X =

.

x + 1 x + 2 x—l Sx — Z x + 1

61. a2^-2a»;» + a<-l = 0. 62. 4a'^x= {a^- b^ + xy

^n X a X b -.1 1 1.1
63, -+ - = ^ + -. 64.- + r = - +

a a b x' X x + b a a+b
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XXYII. Equations which may he solved liks

Quadratics.

248. There are many equations which are not strictly

quadratics, but which may be solved by the method of com-
pleting the square; we will give two examples.

249. ^ohQafi-'W = S.

7 9
extract the square root, a?—-=^-\

7 9
therefore a^^-^g qj. _j.

extract the cube root, thus a:=2 or —1.

250. Solve a72+ 3a; + 3V(a:2 4.3^_2)=6,

Subtract 2 from both sides, thus

Thus on the left-hand side we have two expressions,
namely, tj{x'^-¥2>x— 'i) and j;^ + 3;c — 2, and the latter is the
square of the former; we can now complete the square.

Add (^Y, thus

fl;2+ 3J?-2 + 3V(«2+ 3;c-2) +QY=4 + | = ^;

exfract the square root', thus

3 5
therefore i^(a;2+ 3;r- 2) = - - ±- = 1 or -4.
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First suppose J{a? + 3a;- 2) = 1.

Square both sides, thus x^ + Zx-2 = \.

This is an ordinary quadratic equation; by solving it

we shall obtain x= -^—

.

Next suppose ^(^+ 3;c— 2) = - 4.

Square both sides, thus x^ + Zx—2 = \Q.

This is an ordinary quadratic equation; by solving it

we shall obtain ^ = 3 or — 6.

Thus on the whole we have four values for x, namely,

3 or -6 or
-^"^^^

An important observation must be made with respect

to these values. Suppose we proceed to verify them.
If we put ;B= 3 we find that x- + ^x— 2 = \Q^ and thus

J{x'^ 4- 3a; - 2) = ± 4. If we take the value + 4 the original

equation will not be satisfied ; if we take the value — 4 it

will be satisfied. If we put a* = — 6 we arrive at the same
result. And the result might have been anticipated,

because the values ^ = 3 or — 6 were obtained from
^J{x'^ + Zx— '2)= -4, which was deduced from the original

equation. If we put x= we find that

x^-\-Zx—2= \, and the original equation will be satisfied

if we take sj\x''- + Zx— 2)=-if\; and, as before, the result

might have been anticipated.

In fact we shall find that we arrive at the same four

values of x^ by solving either of the following equations,

ar2+3iC-3V(^+ 3a;-2) = 6,

a;2 + 3a; + 3^/(^2 + 3^_2) = 6;

but the values 3 or —6 belong strictly only to the first

equation, and the values — ct''-— belong strictly only to

the second equation.
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251. Equations may be proposed which will require
the operations of transposing and squaring to be per-
formed, once or oftener, before they are reduced to quad-
ratics ; we will give two examples.

252. Solve 2a;- J{a^- 3ic - 3)= 9.

Transpose, 2x-Q = Jix^-'^x-2>)\

square, ^a^—^Qx+ Sl^a^—Zx—^',

transpose, 3a:2-33;2? + 84= 0;

divide by 3, x^-\lx+'2S= 0.

By solving this quadratic we shall obtain ;r=7 or 4.

The value 7 satisfies the original equation; the v^up^ ^
belongs strictly to the equation '2x + lj{a^-'ix-'?^~h.

253. Solve ^/(^^-4)+ ^(2a? + 6) = ^/(Sa; + 9).

Square, a; + 4 + 2a; + 6 + 2^(a? + 4;^(2:c + 6)«:8a;+ 9;

transpose, 2j{x + 4) ^J{2x + 6) = 5a? - 1

;

square, 4(a;+ 4)(2a7 + 6) = 25:^2_ j qo?+ 1

;

that is, Qa?-¥mx + dQ = 25x^-lQx + \\

transpose, llx'^ - QQx- 95 = 0.

19By solving this quadratic we shall obtain a;=5 or .

The value 5 satisfies the original equation; the value
19—
Y=

belongs strictly to the equation

J{1x + 6) - ^{x + 4) = J{Sx + 9).

254. The student will BOe from the preceding examples
that in cases in which we have to square in order to re-

duce an equation to the ordinary form, we cannot be
certain without trial that the values finally obtained for

the unknown quantity belong strictly to the original

equation.
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255. Equations are sometimes proposed which are
intended to be solved, partly by inspection, and partly by
ordinary methods ; we mil give two examples.

„ , ^ + 4 x-4i 9 + a; 9 — a?

256. SolTe^_^-^:j^ = ^^-j:;^.

Bring the fractions on each side of the equation to a
common denominator ; thus

{x4-Af-{x-Af ^ (9 + a;)'-(9 -a;)'

^, ^ . \Qx ZQx
that IS,

«2-i6 Sl-x^'

Here it is obvious that a?=0 is a root. To find the
other roots we begin by dividing both sides of the ec[ua-

tion by 4c; thus

4 ^ 9
,

x^-\Q ^l-x^*

therefore 4 (81 -x^) = Q{a^- 16) j

therefore 13*2=324 + 144=468;

therefore «'=36;

therefore «=±6.

Thus there are three roots of the proposed equation,

namely, 0, 6, - 6.

257. Solve a^-7:ca' + 6a' = 0.

Here it is obvious that x— a is a root. "We may
write the equation x^— a^= '7a\x—a); and to find the
other roots we b^in by dividing by ;c — a. Thus

x^+ax+ a^=7aK

By solving this quadratic we shall obtain a?= 3a or — 3a.
Thus there are three roots of the proposed equation,
naiuely, a, 2a, -3a.
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Examples. XXVII.

1. «*-13a?2 + 36 = 0. 2. a:-5V^-14 = 0.

3. «r+ ^/(a; + 5)= 7. 4, ;c2+ V(^ + 9) = 21.

5. 2^(a;'-2a; + l) + a;= = 23-f2a?.

6. ai^-'2a^ + a^=ZQ, 7. /v/(a?2-6:c + 16) + (;c-3)'= ia

8. ^ J{a?-^x + 2^) + dx= a^-^^Q.

9. 2;c2 4.6^= 226-^/(a;2+ 3a?-8).

10. ar*-4;r2_2^(a;4_4^^4)^31^

11. ;r + 2V(^+ 5;» + 2) = 10.

12. 3;c+>v/(a^»+ 7a;+ 5)=19. 13. a; = 7V(2-a?2).

14. ^/(a; + 9)= 2x/a?-3. 15. V(^ + 8)- V(«+ 3)=VdJ:

16. 6sl{l-a^ + 5x= 1.

17. V(3^-3) + s/(5a;-19) = V(2a? + 8).

18. s/(2aJ + l) + ;^(7a?-27)=^^(3.r + 4).

19. V(^ + a;c)-V(a- + &^)=a+ &.

20. 2a?V(« + ^) + 2;«?^=«'^-«.

3; + ^(12a'-a;) ^a+ l _1 1_ ^ 3^_
«-;y(12a2-d;) a-1* l-;r 1+j; l+j^S'

23. 4_ + _L + _l_ + -l- = o.
a? + 7 ar-l a; + l x-1

1 1

a; + ^(2-a?2)"*"a;-V(2-ic2)~^-

^ + >y(^-l) ^-v/(^'^-l ) ,. ._ .

26
fl? + a a?— a h + x b—x
x—a x+a b—x b+x'

27. j:' + 3a.r2 = 4a>. 28. 6u,'-(a-u;) = (a'-a;^(a; + 3«>
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XXVIII. Problems which lead to Quadratic
Eqiuitions.

258. Find two numbers such that their sum is 15,

and their product is 54.

Let X denote one of the numbers, then 15— a? will

denote the other number; and by supposition

;c(15— ;c) = 54.

By transposition, «2— 15;c=— 54;

, . , .. /15V .. 225 9
therefore «*-15;c + ( — j

=-54+ -p= -;

therefore ^ "" "2 ~ ''^ 2

'

15 3
therefore a?=—-=fc- = 9or6.

If we take a:= 9 we have 15-;c = 6, and if we take

a;= 6 we have 15 — a;= 9. Thus the two numbers are 6 and 9.

Here although the quadratic equation gives two values of

a, yet there is really only one solution of the problem.

259. A person laid out a certain sum of money in

goods, which he sold again for ^£24, and lost as much per
cent, as he laid out : find how much he laid out.

Let X denote the number of pounds which he laid out

,

then a;— 24 will denote the number of pounds which he
lost. Now by supposition he lost at the rate of x per cent.,

X
that is the loss was the fraction —- of the cost ; therefore

^^ifo=^-2^'

therefore a^-\OQx=- 2400.

From this quadi-atic equation we shall obtain ;c= 40
or GO. Thus all we can infer is tliat the sum of money laid

out was either £40 or £0,0 ; for each of these numbers
(satisfies all the conditions of the problem
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260. The sum of £1. 4s. was divided cqaally among
ft certain number of persons ; if there had been two fewer
persons, each would have received one shiUing more : find

the number of persons.

Let a; denote the number of persons; then each person
144

received — shillings. If there had been a; — 2 persons

144
each would have received —- shillings. Therefore, by

supposition,

144 144 ,= + 1.«-2 X

Therefore l44jt;=14:4:{a;—2) + x(x-2);

therefore ;c^- 2;i;= 288.

From this quadratic equation we shall obtain a; = 18
or —16. Thus the number of persons must be 18, for that
is the only number which satisfies the conditions of the
problem. The student vnll natm-ally ask whether any
meaning can be given to the other result, namely —16,
and in order to answer this question we shall take another
problem closely connected with that which we have h^re
Bolvcd.

261. The sum of £1. 4$. was divided equally among a
eertain number of persons ; if there had been two more
persons, each would have received one shilUng less : find

the number of persons.

Let X denote the number of persons. Then proceeding
as before we shall obtain the equation

144 144

x+ 2 X

therefore x^->t2x = 288

;

therefore x-\^ or —18.

Thus in the former problem we obtained an applicable
result, namely 18, and an inapplicable result, namely - 16 ;

and in the present problem we obtain an applicable result,

namely 16, and an inapplicable result, muucly —18.

i.L, 12
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262. In solving problems it is often found, as in Art. 2G0,

that results are obtained which do not apply to the problem
actually proposed. The reason appears to be, that the

algebraical mode of expression is more general than ordi-

nary language, and thus the equation which is a proper
representation of the conditions of the problem will also

apply to other conditions. Experience will convince the

student that he will always be able to select the result

which belongs to the problem be is solvhig. And it will be
often possible, by suitable changes in the enunciation of the

original problem, to form a new problem corresponding to

any result which was inapplicable to the original problem

;

this is illustrated in Article 261, and we will now give ano-

ther example

263, Find the price of eggs per score, wlien ten more
in half a crown's worth lowers the price threepence per

score.

Let X denote the number of pence in the price of a

score of eggs, then each o^^ costs ^ pence ; and therefore

the number jof eggs which can be bought for half a crown
X 600

fe 30 -i— » that is . If the price were threepence
20* 0?

per score less, each %^ wwild cost —~- pence, and the

number of eggs which could be bought for half a crowi^

would be . Therefore, by supposition,
x-2>

600^600
x-Z X

therefore 60a?=60(a;-3) + a?(j?-3)^

therefore ^2^3^= ISO,

From this quadratic equation we shall obtain :r=15

or —12. Hence the price required is lorf. per score. It

will be found that \1d. is the result of the following pro-

blem; find the price of eggs per score when ten fewer
in half a crown's worth raises the price threepence per

score.
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Examples. XXVIII.

1. Divide the number 60 into two parts such that
their product may bo 864.

2. The sum of two nimibers is CO, and the sum of
their squares is 1872: find the numbers.

3. The difference of two numbers is 6, and their pro-
duct is 720 : find the numbers.

4. Find three numbers such that the second shall be
two-tliirds of the first, and the third half of the first ; and
that the sum of the squares of the numbers shall be 549.

5. The difference of two numbers is 2, and the sum of
their squares is 244 : find the numbers.

6. Divide the number 10 into two parts such that
their product added to the sum of their squares may mako
76.

7. Find the number which added to its square root

will make 210.

8. One number is 16 times another; and the product
of the numbers is 144: find the numbers.

9. One hundred and ten bushels of coals were divided
among a certain number of poor persons ; if each person
had received one bushel more he would have received as

many bushels as there were persons: find the number
of persons.

10. A company dining together at an inn find their

bill amounts to £8. 155. ; two of them were not allowed to

pay, and the rest found that their shares amounted to 10
shillings a man more than if all had paid : find the number
of men in the company.

11. A cistern can be supplied with water by two
pipes; by one of them it would be filled 6 hours sooner
than by the other, and by both together in 4 hours : find
the time in which each pi^^e alone would fill it,

12—2
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12. A person bought n certain number of pieces of

cloth for £33. 15^., which he sold again at £2. Ss. per piece,

and he gained as much in the whole as a single piece cost

:

find the number of pieces of cloth.

13. A and B together can perform a piece of work in

14f days; and A alone can perform it in 12 days less

than B alone : find the time in which A alone can per-

form it.

14. A man bought a certain quantity of meat for

18 shillings. If meat were to rise in price one penny
per lb., he would get 3 lbs. less for the same sum. Find
how much meat he bought.

15. The price of one kind of sugar per stone of 14 Iba,

is Is. 9d. more than that of another kind; and 8 lbs. less of

the first kind can be got for £1 than of the second: find

the price of each kind per stone.

16. A person spent a certain sum of money in goods,

which he sold again for £24, and gained as much per cent,

as the goods cost him : find what the goods cost.

17. The side of a square is 110 inches long: find the

length and breadth of a rectangle which shall have its

perimeter 4 inches longer than that of the square, and its

area 4 square inches less than that of the square.

18. Find the price of eggs per dozen, when two less in

a shilling's worth raises the price one penny per dozen.

19. Two messengers A and B were despatched at the

same time to a place at the distance of 90 miles; the

former by riding one mile per hour more than the latter

aiTived at the end of his journey one hour before him: find

a* what rate per hour each travelled.

20. A person rents a certain number of acres of pas-

ture land for £70; he keeps 8 acres in his own possession,

and sublets the remainder at 5 shillings per acre more than
he gave, and thus he covers Ijis rent and has £2 over:

find the number of acres.
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21. From two places at a distance of 320 miles, two
persons A and B set out in order to meet each other.

A travelled 8 miles a day more than B\ and the number ct

days in which they met was equal to half the number of

miles B went in a day. Find how far each travelled before
they met.

22. A person drew a quantity of wine from a full vessel

which held 81 gallons, and then filled up the vessel with
water. He then drew from the mixture as much as he
before drew of pure wine; and it was found that 64 gallons

of pui'e wine remained. Find how much he drew each time.

23. A certain company of soldiers can be formed into

a solid square ; a battalion consisting of seven such equal
companies can be foi-med into a hollow square, the men
being four deep. The hollow square formed by the bat-

talion is sixteen times as large as the solid square formed
by one company. Find the number of men in the company.

24. There are three equal vessels A, B, and C', the

first contains water, the second brandy, and the third

brandy and water. If the contents of B and C be put

together, it is ijuud that tiie fraction obtained by dividing

the quantity of brandy by the quantity of water is nine

times as great as if the contents of A and C had been
treated in like manner. Find the proportion of brandy to

water in the vessel C.

25. A person lends ^£5000 at a certain rate of interest

;

\t the end of a year he receives his interest, spends i>25 of

it, and adds the remainder to his capital; he then lends

Lis capital at the same rate of interest as before, and at

ihe end of another year finds that he has altogether

£5382: determine the rate of interest.
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XXIX Simultaneous Equations involving Quadratics.

264. We shall now solve some examples of simultane-

ous equations involving quadratics. There are two cases

of frequent occurrence for which rules can be given ; in

both these cases there are two unknown quantities and two
eqiiationSj The unknown quantities u-ill always be denoted
by the letters x and y.

265. First Case. Suppose that one of the equations
is of the first -degree, and the other of the second degree.

Rule. From the equation of the first degree find the
value of either of the unknown quantities in terms of
the other, and substitute this value in the equation of
the second degree^

Example. Solve 3j: + 42/^18, bx^-Zxy^l.

18— 3j?
From the first equation y=—-— substitute this

value in the second equation ; therefore

^^,_
3.r(18-3.-) ^^.

therefore 10x^-ZAx + ^x^=^^;

therefore 29.i'2 _ 54^, ^ g_

4
From this quadratic equation we find j:= 2 or — oq«

267
then by substituting in the value of y we find y = 3 or -^

266. Solve 3^ 4- 5a;- By = 36, 2.r- - 3x - 4y= 3.

Here although neither of the given equations is of the
first degree, yet we can immediately deduce from thcn\ an
equation of the first degree.
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For multiply the first equation by 2, and the second
by 3 ; thus

therefore, by subtraction, 10:c- 16^ + 9^ + 122^= 72- 9 ;

that is, 19*i--4s^= 63. \

From this equation we obtain y =—-— ; substitute

this value in the first of the given equations ; thus

S^i-^ + 5;j._ 2 (1 9;c- 63)= 36

;

therefore 3;c2-33;c+ 90 = 0;

therefore x^-\\x->rZO= 0,

From this quadratic equation we shall find that:r = r
or 6; and then by substituting in the value of y we find

that 2^ = 8 or 123.

267. Second Case. "When the terms involving the un-
known quantities in each equation constitute an expression
which is homogeneous and of the second degree; see
Art. 23.

Rule. Assume y = vx, and siibstitnte in both equa-
tions; then by division the value of\ can befound.

Example. Solve x^ + xy^-^y'^^AA, 2x'^'-xy-i-y^=lS,

Assume y= vx, and substitute for j^; thus

ic2(i+r + 2»2) = 44, ;52(2-?j + tJ') = ia-

Therefore, bv division.
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From this quadratic equation we shall obtain t? = 2 or 3.

In the equation x^{\-\-v + '2v-) = 4.4i put 2 for v
', thus

a;=±2; and since ?/ = «^:r, we have y = ± 4, Again, in the
same equation put 3 for ?> ; thus x=± J2) and since

y = vx, we have 2/ = =t 3 ^2.

Or we might proceed thus : multiply the first of the
given equations by 2 ; thus

2^ + 2.^2/ +42/2= 88;

the second equation is ^x"^- -x7/ + y- = 16.

By subtraction 3^y + 3?/2= 72, therefore y^ = 2i— xt/.

Again, miiltiply the second equation by 2 and subtract
tba first equation ; thus

3x-— 3x7/ =-12; therefore x'^=xy—4.

Hence, by multiplication

x^Y --= {24^ -xy){xy- 4),

or 2;cV- 28^2/= - 96.

By solving this quadratic we obtain xy = S or 6. Sub-
stitute the former in the given equations ; thus

ic2 + 22/2= 36, 2x^ + y^' = 24.

Hence we can find x"^ and y\ Similarly we may take the

other value of xy, and then find x"^ and y'^.

268. Solve 2x'^ + 3xy + y^^70, ex"^ + xy - 7/^ = 50.

Assume y = vx, and substitute for y; thus

ipa(2 + 3z? + »2)= 70, a?2(6 + ?J-ij2) = 50.

Therefore by di\ision

2 + 3g + p^ _70_7.
6 + r-2?2 ~50~5'

therefore 6 (2 + 3» 4- 2>2) = 7 (6 + ?? - p'-^

;

therefore 12»2 + 8!5-32 = 0;

therefore 32?2 + 2i?-S-0.
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4
From this quadratic equation we shall find » = - or - 2,

4
In the equation a;- (2 + 3^ + 2?')= 70 put - for v; thus

;c=±3; and since 7j= vx -we have 2/=±4. The value
r= — 2 we shall find to be inapplicable ; for it leads to the
inadmissible result a;- x = 70. In fact the equations from
wliicli tlte value of v was obtained may be written thus,

x\2 + v){\+v) = 70, x-{2 + ??) (3 - 2?) = 50

;

and hence Ave see that tlie value of v found from 2 + 1? =
is inapplicable, and that we can only have

3^ =
50
= 5' and therefore 2. = -.

269. Equations may be proposed which do not fall

under either of the two cases which we have discussed,

but which may be solved by artifices which can only be
suggested by trial and experience, ^^'e will give some
examples.

270. Solve x + y = 5, x^ + if = Q5.

By division, — = —

,

^ ' x + y 5
*

that is, x^- .ry 4- 2/2= 1 3 ;

then from this equation combined with x + i/ = 5 we can
find X and y by the first case. Or we may complete the

solution thus,

x+y=5;
square x- + 2xy + y^ = 2o (1).

Also x--xy + i/-=U (2).

Therefore, by subtraction, 3xy = 12
;

therefore xy= 4;

therefore 4:xy=16 (3).

Subtract (3) from (1) ; thus

x-~2:vy + if = 9;

extract the square root, ^ - ?/ = ± 3.
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"We have now to find x and y from the simple equations

x + y = 5, x-y~^Z)
these lead to ar=l or 4, 7/ = 4 or 1.

271. Solve ;i;2 + 2/2= 41, xy = 20.

These equations can be solved by the second case; or

they may be solved in the manner just exemplified. For
we can deduce from them

^2 + 2,'2 + 2a'y = 41 + 40 = 81,

^.2 + 2/2-2^-^ = 41-40=1;

then by extracting the square roots,

,r4-2/=±9, x—y=^l.
And thus finally we shall obtain

ar = ± 5 or ±4, ?/ = ± 4 or ±5.

272 Solve :c" + a:y + y^ = 10, a'^ ^x-}f-\-y* = l33.

^ ,. . . x^ + xhj'^ + y* 133
Bv division, —s = TTT ;

tliat is, x^-xy-vy"^^ 7.

"We have now to solve the equations

x^-^xy-vy^-^lO, x^-xy-^y"'-"].

By addition and subtraction we obtain sncceccivoly

:c2 + 2/2=13^ ;r?/ = 6.

Then proceeding as in Art. 271, we shall find

j?=rt3 or ±2, 2/=±2 or ±3.

273. Solve x-y= 1, x^- if = 242.

a^-y^ 242
By division, o

that is, x* + x^y + x"y^ + x7/ + y*=l21,

that is, x* + y* + xy(x^ + y-) + x^-y'^ = l'2l (1).

Now x-y=2;
square x^ - 2.ry + ?/2 = 4

;

therefore x- + y-^2xy + A (2)
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Bquare X^ 4- 2^V + 2/* = ^xh/^ + 1Qxy + 16;

therefore a;* + y^ = 2a;22/^4-16a:?/4- 16 (3).

Substitute from (2) and (3) in (1); thus

2;rV + 16;r?/ 4- 16 + xy{2xy 4- 4) + ;cV = ^21 ;

that is, 5.CV + 20.r?/ = 1 05

;

therefore aPy"- + 4^y = 21.

From this quadratic equation we shall obtain xy — ^
or — 7. Take xy = 3, and from this combined with x — y-2,
we shall obtain ;r = 3 or —1, y=l or —3. If we take
xy= —1, we shall find that the values of x and y are im-
possible ; see Art. 236.

Examples. XXIX.

1. x-y=l, x^ — xy + y'^ = 2\.

2. 2a;-5y = 3, x'^+xy = 20.

3. x-\-y = 1{x-y), x'^ + y'' = \QO.

4. 5{x^-y'') = 4:{x''- + y^), x + y = S,

5. ;c - y = 3, x^ + y'^ = 65.

6. Ax-by = \, ^X'-xy + ^y'^+2x-Ay= A^.

7. 4.c + 9?/ = 12, 2;i;2 + ^2/ = 62/2.

8. (.P-6)2 + (y-5)2 + 2:r.2^=60, 5?/-4;r=l.

4^2 + 2.r?/ +^+— (4;c + i/) = 41, 4.c-2^=4.9
4 12

r. X y *lx%i 2x ^

11. ^x + 2y = 5xy, 15x — 4y = 4xy.

12. xy-^'2 = 9y, xy + 2 = x.

13. 8(.ry->-l) = 33y, 4(ar2/+ l) = 33;r.

14. xy~x-\-yf ax = hy.
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15. - + i = 2, xy = ah.

16. —1--=2, — + -^=a-\-0o
a a

17. - + ? = 2, a^ + y''-= ax + 'by.ah
IS. ?+f=i, 5^+i:=i.a & ' a^ h-

19. ^24.^^^ = 28, xy-y- = ^.

20. ^2 + ^y^45^ 2/" + ^y= 36.

21. 2;c2-^?/ = y6, 2.r?/-2/2.= 4S.

22. ^2_2^2/=15, xy-ly^-^l

23. ;r^ + 3.r?/ = 28, a;?/ + 4?/' = 8.

24. x''-^xy-^y' = 1\^ xy-ly^-4:.

25. a;2 + 3;r?/ = 54, .ry + 4?/2= 1 1 5.

26. ^^^^ry^^, ;,3 + y,= 9o.
a;-j/ a + j/ 2

-^

„, x= + w2 25

28. ^_±y.+ ^iri'=IO, ^,_y2= 3.
:r — 2/ .r + y 3

^

29. x{x + y) + y{x-y) = \b% 7x{x + i/)--:2y{x-y).

30. :r2y (^ + 7/) = 80, :?;V (2^- 3y) = SO.

31. 2x--xy + y^ = 2y, 2x- + 4.r?/ = 5//.

a?-2/ x + y a

33. .'r2 + ^y^^(^ + 2,)^ ;r2+y2 = a2 + 2,2^

34. .T- + 2.r?/-2/2 = rt2 + 2a-l,
(a- l)ar(.r + ?/*= a(a+ l)y(^-2/X

35. x-y-% .r^- 2^^ = 152.
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36. x + y = 9, a:^+ y^= l89.

37. x^ + y^= 20, xy-x-y = 2.

38. x-y=\, x^-y^ = 1S\.

39. x + y = ^, ^^^ + 2/5 = 33.

41. ^=1, 2 + Zxy= 'Zx.x-y x + y ' ^

42. ^2 + ^2= 34^ ;^;2_y2^.^(^2_^2)^20.

43. ^2+ ^2_i = 2;r?/, xy{xy + \) = Q.

44. 4;c2+ 2/2+ 2(2a; + y) = 6, 4;cz/(.r^ + l) = 3.

45. x'^+ xy = Qx + Z, y^ + xy= 8y + 6.

46. a;2— a?y=2a?+ 5, xy — y^=2y + 2.

47. 2;i;+ jr+G Vi2.c + 2/ + 4) = 23, 4:c2_g^^y2 4.3y^

48. 18+ 9(^+ 2^) = 2(:iJ + 2/)2, e-{x-y) = {x-yy,

49. ;r2-;ry= a(a? + l) + 5+l, xy-y^=ay + b.

aP' ip" ah
50. -o + f2 = 18, — = 1.

x^ 0^ xy

51. 5;_|!= i2, ?6=2.

62. x^= ax + byj y^= ay + bx.

63. xh/z=ay xy^z=bf xyz^=c.

64. (a; + 2/)(a; + z) = a^, {y + ;2r)(?/ + x) = b"^, {z+ x){z + y)= c\

55. Zyz + 2zx— 4:Xy =16, 2y^ — 3zx + xy = 5,

4yz—zx— 3xy=l5.

481
66. 6(a;'4-2/2+ ;2;2) = i3(.r + 2/ + ;2;) = -^ , xy = z\
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XXX Problems which lead to Quadratic Equatiot2S
Kith more thafi one unhnoicn quayitity.

274. There is a certain number of two digits; the sum
of the squares of the digits is equal to the number in-

creased by the product of its digits; and if thirty-six be
added to the number the digits are reversed: find the

number.

Let X denote the digit in the tens' place, and y the

digit in the units' place. Then the number is \Qx-\-y; and
if the digits be reversed we obtain \^y + x. Therefore, by

supposition, we have

x^-\-y'^=xy+lOx + y (1).

10j;+ y + 36 = 10y+a? (2).

From (2) we obtain 92/= 9.r+ 36; therefore 2/= :c + 4.

Substitute in (1), thus

x- + {x + ^f=x{x + ^) + lQx + x + 4:)

therefore x'^-*lx+\2= Q.

Fi'om this quadratic equation we obtain :r = 3 or 4;
and therefore y = l or 8. Hence the required number
must be either 37 or 4S ; each of these numbers satisfies

all the conditions of the problem.

275. A man starts from the foot of a mountain to

walk to its summit. His rate of walking during the
second half of the distance is half a mile per hour less than
his rate during the first half, and he reaches the summit in

5^ hour^. lie descends in 3| hours by walking at a uni-

form rate, which is one mile per hour more than his i*at6

during the first half of the ascent. Find the distance to

the summit, and his rates of walking.

Let 2x denote the nuniber of miles to the summit, and
suppose that during the first half ot the ascent the man
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walked y miles per hour. Then he took - hours for tlie

y
X

firs! half of the ascent, and hours for the second.

Iherefore - + r = o^ (1).

Sonilarly, ^ = 3| (2).

TTom(2), 20?= J (2/4-1);

15
therefore a; = — (y + 1 ).

o

Therefore, by substitution.

15

8
(2/ + l)(22/-^) = ^^2/(y-^);

therefore 15(1/ 4- 1X42/- l) = 442/(2y - 1);

therefore 2S?/2-89«/+15=-0.

5
Jl^sjom this quadratic equation we obtain y= Z or — .

5
The value — is inapplicable, because by supposition y is

1 15
grea.ier than -. Therefore y= 3; and then ^=— . so

thai *he whole distance to the summit is 15 miles.
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Examples. XXX.

1. The sum of the squares of two numbers is 170, and
the difference of their squares is 72 : find the numbers.

2. The product of two numbers is 108, and their sum
is twice their difi'erence : find the numbers.

3. The product of two numbers is 192, and the sum of

their squares is 640 : find the numbers.

4. The product of two numbers is 128, and the differ-

ence of their squares is 192 : find the numbers.

5. The product of two numbers is 6 times their sum,
and the sum of their squares is 325 : find the numbers.

6. The product of two numbers is 60 times their differ-

ence, and the sum of their squares is 244 : find the numbers.

7. The sum of two numbers is 6 times their difference,

and their product exceeds their sum by 23 : find the num-
bers.

8. Find two numbers such that twice the first vdih.

three times the second may make 60, and twice the square
of the first with three times the square of the second may
make 840.

9. Find two numbers such that their difference multi-
plied into the difference of their squares shall make 32,
and their sum multiplied into the sum of their squares
shall make 272.

10. Find two numbers such that their difference added
to the difference of their squares may make 14, and their
sum added to the sum of their squares may make 26.

11. Find two numbers such that their product is equal
to their sum, and their sum added to the sum of their
squares equal to 12.
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12. Find two numbers such that their sum increased

by their product is equal to 34, and the sum of their

squares diminished by their sum equal to 42.

13. The difference of two numbers is 3, and the dif-

ference of their cubes is 279 : find the numbers.

14. The sum of two numbers is 20, and the sum of

their cubes is 2240 : find the numbers.

15. A certain rectangle contains 300 square feet ; a
second rectangle is 8 feet shorter, and 10 feet broader,

and also contains 300 square feet: find the length and
breadth of the first rectangle.

16. A person bought two pieces of cloth of different

sorts ; the finer cost 4 shillings a yard more than the
coarser, and he bought 10 yards more of the coarser than
of the finer. For the finer piece he paid £\B>, and for the
coarser piece .£16. Find the nimiber of yards in each piece.

17. A man has to travel a certain distance ; and when
he has travelled 40 miles he increases his speed 2 miles
per hour. If lie had travelled with his increased speed
during the whole of his journey he wouid have arrived 40
minutes earUei-; but if he had contmued at his original

speed he would have arrived 20 minutes later. Find the
whole distance he had totraTel,and his origuial speed.

18. A number consisting of two digits has one decimal
place ; the difference of the squares of^the digits is 20, and
if the digits be reversed, the sum of the two numbers is 11

;

find the number.

19. A person buys a quantity of wheat which he sells

so as to gain 5 per cent, on his outlay, and thus clears £16.
If he had sold it at a gain of 5 shillings per quarter, ho
would have cleared as many pounds as each quarter cost

him shillings : find how many quarters he bought, and
what each quarter cost.

20. Two workmen, A and B, were employed by the

day at different rates; A at the end of a certain number
of days received £A. 16*., but B, who was absent six <A

T. . 13
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those days, receiyed only £2, 14«. If B had worked thf
whole time, and A had been absent six days, they would
have received exactly alike. Find the number of days,

and what each was paid per day.

21. Two trains start at the same time from two towns,
and each proceeds at a uniform rate towards the other
town. When they meet it is found that one train has run
108 miles more than the other, and that if they continue
to run at the same rate they will finish the journey in 9 and
16 hours respectively. Find the distance between the
towns and the rates of the trains.

22. A and B are two towns situated 18 miles apart on
the same bank of a river. A man goes from -4 to jB in

4 hours, by rowing the first half of the distance and walking
the second half. In returning he walks the first half at

the same rate as before, but the stream being with him, he
rows 1^ miles per hour more than in going, and accom-
plishes the whole distance in So- hours. Find his rates of
walking and rowing.

23. A and B run a race round a two mile course. In

the first heat B reaches the winning post 2 minutes before

A. In the second heat A increases his speed 2 miles per
hour, and B diminishes his as much ; and A then arrives

at the winning post two minutes before B. Find at what
rate each man ran in the first heat.

24. Two travellers, A and B, set out from two places,

P and Q, at the same time; A starts from P with the
design to pass through Q, and B starts from Q and travels

in the same direction as A. "When A overtook B it was
found that they had together travelled thirty miles, that

\A had passed through Q four hours before, and that B, at

his rate of travelling, was nine hours' journey distant from
P. Find the distance between P and Q.
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XXXI. Involution,

276. We have already defined a power to be the pro-

duct of two or more equal factors^ and we have explained
the notation for denoting powers; see Arts. 1.5, 16, 17. The
process of obtaining powers is called Involution; so that
Involution is only a particular case of Multiplication, but
it is a particular case which occurs so often that it is

convenient to devote a Chapter to it. The student will find

that he is already familiar with some of the results which
we shall have to notice, and that the whole of the present
Chapter follows immediately from the elementary laws of

Algebra.

277. Any even power of a negative quantity is posi-

tive^ and any oddpower is negative.

This is a simple consequence of the Rule ofSigns. Thus,

for example, —ax —a= d^, —ax —ax—a — a~x —a=—a^i
—ax—ax—ax—a=—a^x—a = a*; and so on. In the

following Articles, when we use the words give the proper
sign, we mean that the sign is to be determined by the
rule of the present Article. (See Art. 38.)

278. Rule for obtaining a power of a power. Multiply
the numbers denoting the poicers for the new exponent,

and give the proper sign to the result.

Thus, for example, (a^y^^a'; {-a^f=-a'>; {a*^ = a";

(— a*)^ = — a^'. This is a simple consequence of the law of

powers which is demonstrated in Art. 59. For example,

(a2)3 = ^2 X a2 X a2 = ^2+2+2 = ^2x3=, a^

The Rule of the present Article leads immediately to

that which wo shall now give.

279. Rule for obtaining any power of a simple integral

expression. Multiply the index of every factor in the ex-

pressioti by the number denoting the power, and give the

proper sign to the result.

13—2
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Thus, for example,

( - arWc^f= - a"&iV j (2a&2c3)6= ^^a%^^c'^= 64a«&i'c".

280. Rule for obtaining any power of a fraction. Raise
both the numerator and denominator to tliat power, and
give the proper sign to the result.

This follows from Art. 145. For example,

/aV ^ (_^-^^ /2aY_ 2V ^ 16a«

\6V
" 6« ^ \ 6V

- 59
J

V 3& ;
~ 3^6^ " 81&*

•

281. Some examples of Involution in the case of

binomial expressions have already been given. See
Arts. 82 and 88. Thus

{a + bf =a^ + Za^b + Zab'^ + 5*.

The student may for exercise obtain the fourth, fiftk

and sixth powers of a + 6. It wiU be found that

(a + by = a* + 4a36 + Qa-b"^ + 4.ab^ + b\

{a + 6)''= a= + 5a'*6+ 1 Oa^^^ + j oa^js+ 5^54^ ^^

(a + &)« = a6 + 6a5& + 15a^&= + IQa^b^ + 15a»&^ + 6^5= + b\

In like manner the following results may be obtained

:

{a- bf = a^- 3a'-b + ZalP- - b",

(o - by= a^- 4.a^b + Ga'^b^-4ab^ + b\

{a- bf = a^- da^'b + lOaW- lOa^b^ + 5db*- 6».

{a-by = a^-6a'b + 15a^b^-20aW + 15a-b*-6ab^ + I/^.

Thus in the results obtained for the powers of a—

&

where any odd power of b occurs, tlie negative sign is pre-

fixed ; and thus any power of « — & can be immediately
deduced from the same power of <7 + 6, by changing the
(igus of the terms which involve the odd powers of, b.
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282. The student will see hereafter that, by the aid
of a theorem called the Binomial Theorem^ any power
of a binomial expression can be obtained without the
laboui' of actual multiplication.

283. The formulae given in Article 281 may be used
in the way we have already explained in Art. 84. Sup-

fose, for example, we require the fourth power of ^x — 7>y.

n the formula for {a — ISf put ^x for a, and Zy for h ; thus,

{^x- Zyf= {2xY - 4 (2x)\Zy) + 6 {1xYi2,yf- 4 {2x){3yf+ {SyY

= iex*-9exi^y + 2l6x'^^-216xy^ + 8ly*.

284. It will be easily seen that we can obtain required
results in Involution by different processes. Suppose, for

example, that we require the sixth power of a-^b. "We
may obtain this by repeated multiplication by a + b. Or
we may first find the cube of a + b, and then the square of

this result ; since the square of {a + b)^ is {a + b)^. Or we
may first find the square of a + b, and then the cube of this

result ; since the cube of {a + b)^ is (a + bf. In like manner
the eighth power of a+b may be found by taking the
square of {a + b)*, or by taking the fourth power of {a + by.

285. Some examples of Involution in the case of

trinomial expressions have already been given. See
Arts. 85 and 88. Thus

{a + b + cy = a'^ + b'^ + c^ + 2ab + 2bc + 2ac,

(a + b + ey=
a' + 6^ + c3 + 3a2 (6 + c) 4- 3&2 (a + c) + 3c2 (a 4- ?>) + 6a&c.

These formulae may be used in the manner explained in

Art. 84. Suppose, for example, we require (1 — 2.t'4-3.c-)2.

In the formula for {a + b + cf put 1 for a, — 2x for 6, and
Sa^ for c ; thus we obtain

(l-2:»4-3a;2)2=

(l)»4-(-2;r)2+ (3ar74- 2(1)( -2a?) 4- 2(-2.rX3»2)4- 2(1)(3«*)

= 1 + 4x'^ + 9x*-4x-12j^ + 6j^

= l-4a+l0x^-l2x* + 9x*.
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Similarly, we have

13 +(-2;c)3 + (3^2)3

+ 3 (1 )"( - 2^ + 3a;2) + 3 (- 2x)\l + S^c^) + 3 {ZaFf{\ - ^x)

+ 6(l).(-2ar)(3^)

= \-^x^ + 21x^

+ 3 (- 2:2? + 3a;2) + 12:r2(l + Zx"^ + 27a:*(l - 2;c)- 36a^

= 1- 6:c+ 21;p»-44^ + 63;i^- 54^;^ + 27^^

286. It is found by observation that the square of any
multinomial expression may be obtained by either of two
rules. Take, for example, (a + & + c + df. It will be found

that this

= a2+ J2+ g2+ ^2 + 2a5 + 2ac+ 2ac?+ 2&C + 2&^ + 2cc?;

and this may be obtained by the following rule ; the square

of any multinomial expression consists of the square of
each term, together with twice the product of every pair

of terms.

Again, we may put the result in this form

{a-^h + c-ffdf

= a^+2a{h + c + d)-¥h'^ + %{c+ d) + c^j^2cd + d\

and this may be obtained by the following rule ; the square

of any m,ultinomial expression consists of the square of
each term, together with twice the product of each term
by the sum of all the termjs whichfollow it.

Examples. XXXI.

Find

1. {2xYz^)\ 2. (-2;r22/2^».

3. (-Sod^c^A 4. (3-p)'.
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a + hj. 8. (a -6/.

a + 6)'(<i -?>)». 10. {\-xf.

2 + ;»)*. 12. (3-2a?A

1 + ^)*. 14. (;r-2)*.

;2;c+3)*. 16. {ax + hyf^-iax-byf.

ax-hbt/Y+iaa-byy. 18. (l+;»)»-(l-a?)».

l+;c)^(l-;c)<. 20. {l+x-^-x^.

l-x+ x^f. 22. (l + ;c-a^)».

l+2x + 2x^. 24. (l-3a; + 3«2)«.

2 + 3^ + 4.^2)2 + (2 -Zx+4x^y.

1+x+ x^f. 27. {l-x + x^y.

1 +x-x^\ 29. (l + 34J + 2««)"

l-3a; + 3:c2)3.

2 + 3x+ 4x^f-{2-3x+^\
l-x + x^+ a^y. 33. (l + 2;c+ 32^+4^l

a + & + c+^^-(a-6 +<;-</)*.

+ 6 + c + flO^ + (a-&+c-i)*.

1 + 3JJ+3a;»+;r")'. 37. (l-6;r + 12a:«-8«V.

1 + 4;c + ear' + 4;c'+ a;*)*.

l-x)\l+x + x^. 40. (l-d?+««)*(l + d?+a?«)l
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XXXIL Evolution.

S87. Evolution is the inverse of Involution; so that

Evolution is the method of finding any proposed root of

a g:iven number or expression. It is usual to employ the

word extract and its derivatives in connexion with the

word root; thus, for example, to extract the square root

means the same thing as to find the square root.

In the present Chapter we shall begin by stating three

simple consequences of the Rule of Signs, we shall then
consider in succession the extraction of the roots of simple
expressions, the extraction of the square root of compound
expressions and numbers, and the extraction of the cube
root of compound expressions and numbers.

288. Any even root of a positive quantity may he

either positive or negative.

Thus, for example, axa= a^, and —ax —a= a^; there-

fore the square root of a^ is either a or —a, that is, either

+ a or —a.

289. Any odd root of a quantity has the same sign
as the quantity.

Thus, for example, the cube root of^ is a, and the cube
root of —a^ is — a.

290. There can he no even root ofa negative quantity.

Thus, for example, there can be no square root of — a^;

for if any quantity be multiphed by itself the result is

a positive quantity.

The fact that there can be no even root of a negative
quantity is sometimes expressed by calling such a root an
impossible quantity or an imaginary qnantily.

291. Rule for obtaining any root of a simple integral

expression. Divide the index of every factor in the

expression by the number denoting the root, and give
the proper sign to the result.
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Thus, for example, J{\Qet^h'') = sl{^^aV}')= ±4ai^.

^(256^/) = ^/(4^2/8) = ±^y\

292. Rule for obtaining any root of a fraction. Find
the root of the numerator and denominator, and give tJie

proper sign to the result.

^p^^' ^0^^(I3^For example, ^ { :^J = /k/ [ ^J= =*=3p

•

^ \ 646V
" ^ \ 4363^ - 4*

•

293. Suppose we require the cube root of a*. In this

case the index 2 is not divisible by the number 3 which
denotes the required root ; and we have, at present, no
other mode of expressing the result than 1,/a^. Similarly,

J a, A^a', ^aP, cannot, at present, be otherwise expressed.

Such quantities are called sui^ds or irrational quantities ;

and we shall consider them in the next two Chapters.

294. We now proceed to the method of extracting the
square root of a compound expression.

The square root of a' + 2ab + b- ha + b: and we shall be
led to a general rule for the extraction of the square root

of any cor.^pound expression by observing the manner in

which a-¥b may be derived from a^+ 2ab 4- b\

Arrange the terms accord- a^ + 2ah + l^[^a + b
ing to the dimensions of one a^

letter a ; then the first term is
——

—

-—r-

a% and its square root is a, 2a + bJ2ab + b

which is the first term of the 2ab + o

required root. Subtract its

square, that is a^, from the whole expression, and bring

down the remainder 2ab + b\ Divide 2ab by 2a, and the
quotient is b, which is the other term of the required root.

Take t'svire the first terra and add the second tenn, that is,

take 2a + b; multiply this by the second term, that is by 6,

and subtisact the product, that is 2ab + b^,from the remain-
der. This finishes the operation in the present case.
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If there were more terms we should proceed with fl 4- 5

as we did formerly with a ; its square, that is, a2+ 2ai + &2,

has already been subtracted from the proposed expression,

BO we should divide the remainder by 2 (a + h) for a new
term in the root. Then for a new subtrahend we multiply

the sum of 2 (a-^h^ and the new term, by the new term.
The process must be continued until the required root

is found.

295. Examples.

4^

12^y+ 9?/'

4a^

4x^-5x) -20a:^-^-37x^-30x + 9

a^-4^y +10^V-12;r2^ + 92/*(iB2_acy^+3yj

2aj2- 2x1/) - 4:0^y + 1 Ox^y^- - 12^2^ + 9y*

ac«-4»y + 3y2;6u^i/2- 12x2^ + 9^
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2^ + 4^-4a:-lJ - 2^-4a;» + 4^+l
- 2a;3_ 4^2^.42. + !

296. It has been already observed that all even roots
admit of a double si^n ; see Art. 288. Thus the square
root of a-4-2a& + &2 is either a + & or —a — b. In fact, in

the process of extracting the square root of a' + 2ab 4- b^,

we begin by extracting the square root of a-; and this

may be either at or —a. If we take the latter, and con-
tinue the operation as before, we shall arrive at the result
— a — b. A similar remark holds in every other case.

Take, for example, the last of those worked out in Art. 295.
Here we begin by extracting the square root of a^; this
may be either o:^ or —a^. If we take the latter, and con-
tinue the operation as before, we shall arrive at the result

297. The/ourth root of an expression may be found
by extracting the square root of the square root ; similarly

the eighth root may be found, by extracting the square
root of the fourth root ; and so on.

298. In Arithmetic we know that we cannot find the
square root of every number exactly; for example, we
cannot find the square root of 2 exactly. In Algebra w©
cannot find the square root of every proposed expression
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exactly. "We sometimes find such an example as the follow-
ing proposed; find four terms of the square root of 1 -2a;.

\-2x I Y—x——
\ 2 2

1

1-x) -2x

—2x + a^

2-2.-1^;-^

— x^ + xi^-^—
4

:-2x-x'-j)-a?-^

5x* x^ afi

"IT" 2"~'i'

Thus we have a remainder —-— -7: — -n ^^^
4 2 4

finding four terms of the square root of I — 2a? ; and so we

know that ( \-x-— - — J =l-2;c + '— + o + x •

\ 2 2/ 4 2 4

299. The preceding investigation of the square root of
an Algebraical expression will enable us to demonstrate
the rale which is given in Arithmetic for the extraction of
the square root of a number.

.

The square root of 100 is 10, the square root of 10000
is 100, the square root of 1000000 is 1000, and so on ; hence
it follows that, the square root of a number less than 100
must consist of only one figure, the square root of a
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number between 100 and 10000 of two places of fignres, of
a number between 10000 and 1000000 of three places of
figures, and so on. If then a point be placed over every
second figure in any number, beginning with the figure in

the units' place, the number of points will shew the number
of figures in the square root. Thus, for example, the
square root of 43o6 consists of two figures, and the square
root of 6ilB24 consists of three figures.

300. Suppose the square root of 3249 required.

Point tne number according to the 324§i^60 + 7
rule ; thus it appears that the root 2500
must consist of two places of figures.

Let a + 6 denote the root, where a is 100 + 7J749
the value of the figure in the tens' 749
place, and h of that in the units' place.

Then a must be the greatest multiple
of ten, which has its square less than 3200 ; this is found
to be 50. Subtract «-, that is, the square of 50, from the
given number, and the remainder is 749. Divide this re-

mainder by 2<7, that is, by 100, and the quotient is 7,

which is the value of 6. Then {2a + b)b, that is, 107 x 7 or

749, is the number to be subtracted ; and as there is now
no remainder, we conclude that 50 + 7 or 57 is the required
square root

It is stated above that a is the greatest multiple of ten
which has its square less than 3200. For a evidently can-
Dot be a greater multiple of ten. If possible, suppose it

to be some multiple of ten less than this, say x; then since

X is in the tens' place, and b in the units' place, x + b is less

than a ; therefore the square of ^ 4- ?> is less than a-, and
consequently x + b is less ilv^rt the true square root.

If the root consist of three places of figures, let a re-

present the hundreds, and b the tens; then having ob-
tained a and b as before, let the hundreds and tens

together bo considered as a new value of a, and find a now
value of b for the units.
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301. The cyphers may be omitted for the sake of
brevity, and the following rule may be obtained from the
process.

Point every second figure, heginning 3^4$ (57
with that in the units' place, and thus 25
divide the whole nuniber into periods.
Find the greatest number whose square 107 ) 749
is contained in the first period ; this y^n
t* the first figure in the root; subtract its

square from the first period, and to the

remainder bring down the next period. Divide thi»

quantity, omitting the lastfigure, by twice the part of the

root already found, and annex the result to the root and
also to the divisor ; then multiply the divisor as it now
stands by the part ofthe root last obtainedfor the subtra-
hend. If there be more periods to be brought down, the

operation must be repeated.

302. Examples.

Extract the square root of 132496, and of 5322249.

13249S (^364 532224§ i^2307

QQ) 424 43J 132

396 129

724J 2896 4607J 32249

2896 32249

In the first example, after the first figure of the root is

found and we have brought down the remainder, we have
424 ; according to the rule we divide 42 by 6 to give the
next figure in the root : thus apparently 7 is the next
figure. But on multiplying 67 by 7 we obtain the product
469, which is greater than 424. This shews that 7 is too
large for the second figure of the root, and we accordingly
try 6, which succeeds. We are liable occasionally in this

manner, to try too large a figure^ especially at the early
stages of the extrgtction of a square root
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Tn the second example, the student should notice the
occurrence of the cypher in the root.

303. The rule for extracting the square root of a
decimal follows from the preceding rule. We must ob-

serve, however, that if any decimal be squared there will

be an even number of decimal places in the result, and
therefore there cannot be an exact square root of any
decimal which in its simplest state has an odd number of
decimal places.

The square root of 32*49 is one-tenth of tlie square
root of 100 X 32*49 ; that is of 3249. So also the square
root of "003249, is one-thousandth of the square root of
1000000 X -003249, that is of 3249. Thus we may deduce
this rule for extracting the squai-e root of a decimal. Put
a point over every second figure, beginning with that m
the units* place and continuing both to the right and to

the l^t of it; then proceed as in the extraction of the
square root of integers, and mark off as many decimal
places in the result as the number of periods in the deci-

mal part of the proposed nuniber. In this rule tlie stu-

dent should pay particular attention to the woi tls beginning
with that in the units' place.

304. In the extraction of the square root of an integer,

if there is still a remainder after wc have arrived at the
figure in the units' place of the root, it indicates that the
proposed number has not an exact square root. We may
if we please proceed with the approximatiou to any desired
extent, by supposing a decimal point at the end of the
proposed number, and annexing any even number of cy-

phers, and continuing the operation. We tlius obtain a
decimal part to be added to the integral part already
found.

Similarly, if a decimal number has no exact square
root, we may annex cyphers, and proceed with the approxi-

m'itJon to any desired extent.
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305. The following is the extraction of the square root

of "4 to seven decimal places

:

0-4606... (^-6324555

36

123j 400

369

1262J3100
2524

12644^57600

50576

126485; 702400

632425

1264905; 6997500

6324525

12649105; G7297500

63245525

4051975

306. "We now proceed to the method of extracting the
cube root of a compound expression.

The cube root of a^ + 3«-& + 3(75^ + 53 ig a + h] and we
shall be led to a general rule for the extraction of the cube
root of any compound expression by observing the manner
in which a + 6 may be derived from a^ + 3a-b + 3ab- + b^.

AiTange the terms ac- a^ + 3a-b + 3ab- + b^ {^a + b

cording to the dimensions ^s

of one letter a; then the
first term is a^, and its cube Sa^J Sa-b + 3ab^ + 6*

root is a, which is the first 3^2^ ^ 3^3 ^ j*
term of the required root.

Subtract its cube, that is

a", from the whole expression, and Iw^ng down the re-
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mainder 3a'& 4- 3a6' + 6*. Divide Za^h by Za^, and the quo-

tient is 6, which is the other terra of the required root

;

then subtract 3rt-6 + 3«&^ + 5^ from tlie remainder, and the
whole cube of a + & has been subtracted. This finishes the

operation in the present case.

If there were more terms we should proceed with a + & as

we did formerly with a; its cube, that is «^ + Za^h + Zab^ -\- b*,

has already been subtracted from the proposed expression,

so we should divide the remainder by 3 (a + b)^ for a new
term in the root ; and so on.

307. It will be convenient in extracting the cube root
of more complex expressions, and of numbers, to arrange
the process of the preceding Article in three columns,
as follows:

iSa + b)b a?

3a- + 3a5+ 6» 3a2& + 3a5» + 6»

3^25 +3^ + 6«

Find the first term of the root, that is a\ put a^ under
the given expression in the third column and subtract it

Put Za in the first column, and 3a- in the second column;
divide Za-b by 3a-, and thus obtain the quotient b. Add
b to the expression in the first column ; multiply the ex-

pression now in the first column by &, and place the pro-

duct in tlie second column, and add it to the expression
already there; thus we obtain Za'-¥Zab-\-b'. Multiply
this by b, and we obtain Za% + 3ai- + &^, which is to bo
placed in the third column and subtracted. "We have thus
completed the process of subtracting {a-^Vf from the
original expression. If there were more terms the opera-
tion would have to be continued.

T. il. U
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808. In continning the operation we must add such a
term to the first column, as to obtain there three times the

part of the root already found. This is conveniently
efifected thus; we have already in tlie first

column 3a 4- 6; place 26 below h and add; 3a + 6
|^

thus we obtain 3a + 3&, which is three times 26
j

a + h, that is, three times the part of the root

already found. Moreover, we must add such a 3a + 36
term to the second column, as to obtain there

three times the square of the part of the root already
found. This is conveniently effected thus; we have already

in the second column (3a + 6)6, and below
that 3a2 + 3a6 + 6"^; place IP- below, and (3a + 6)6

^
add the expressions in the three lines ; 3^2 ^ 3^^ + 6^ >
thus we obtain 3a^ + 6a6 + 36^, which is toi

three times (a + 6)-, tliat is three times .

the square of the part of the root already 3^2 + g^ 4. 3^
found,

309. Example. Extract the cube root of

8.r«- 36.r^ + 102a;*- 1710:^ + 204;c2- 144j; + 64,

6ar^-3;») 12a;*

6;»'-9«+4 12;r*-18;c3+9.2^

4 '6.?*^ - 9jr + 4)

12.r*-36;c' + 51:f'-36a;4- 16

8^-36.^"+ 1 02j;*- I7la:' + 204a;2- 144;?; + 64 (,2jr2-3j.+

1

~ sear' + 102a;*- 171ar3 + 204^ - 144:c + 64

-36a;*+ 54af*- 27a;*

48a;*- 144a:" + 204ar2- 144a; + 64

48j?*- 144a;' + 204a;3 _ 1 44;P ^. 64
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The cube root of S^ is 1x^^ which will be the first term
of the required root

;
put 8.^® under the given expression

in the third column and subtract it. Put three times Ix-

in the first column, and tliree times the square of Ix"^ in

the second column; that is, put QoiP- in the first column,
and Ylx^ in the second column. Divide — 36jr^ by 12.r^,

and thus obtain tlie quotient — 3^r, which will be the second
term of the root; place this term in the first column, and
multiply the expression now in the first column, that is

^x^ — 2,x, by —3^; place the product under the expression
in the second column, and add it to that expression ; thus
we obtain \1x^ — 18^ + 9a;- ; multiply this by — 3^-, and place

the product in the third column and subtract. Thus we
have a remainder in the third column, and the part of

the root already fomid is 2x-— 2^x. We must now adjust
the first and second columns in the manner explained in

Art. 308. "We put twice — 3.?', that is — G^, in the first column,
and add the two lines; thus we obtain G./;*— 9.r, which is

three times the part of the root ah-eady found. We put
the square of — 3.2^, that is 9.c^ in the second column, and
add the last three hues in this column ; thus we obtain
12ar*— 36.^•^+ 27^, which is three times the square of the
part of the root already found.

Now divide the remainder in the third colmnn by the
expression just obtained, and we arrive at 4 for the last

term of the root, and with this we proceed as before.

Place this term in the first column, and multiply the
expression now in the first column, that is 6^:-— 9.?;+ 4,

by 4
;
place the product under the expression in the

second column, and add it to that expression ; thus we
obtain \1xf'-2>^x^^-b\x^-^Qx+\^\ multiply this by 4

and place the product in the third column and subtract.

As there is now no remainder we conclude that 2*c-—3x+ 4

is the required cui)e root.

310. The preceding investigation of the cube root of

an Algebraical expression will suggest a method for the
extraction of the cube root of any number.

The cube root of 1000 is 10, the cube root of 1000000 is

100, and so on; hence it follows thatfj" the cube root of

14—-2
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a number less than 1000 must consist of only one flgtire,

the cube root of a number between 1000 and lOOOOUO of
two places of figures, and so on. If then a point be placed
over every third figure in any number, beginning with the
figure in the units' place, the number of points will shew
the number of figures in the cube root. Thus, for example,
the cube root of 40.5-2*24 consists of two figures, and the
cube root of 12812904 consists of three figures.

Suppose the cube root of 274625 required.

180 + 5 10800 274625 (,60 + 5
925 216000

11725 58626
58625'

Point the number according to the rule ; thus it appears
that the root must consist of two places of figures. Let
(2 + & denote the root, where a is the value of the figure in

the tens' place, and h of that in the units' place. Then a
must be the greatest multiple of ten which has its cube
less than 274000 ; this is found to be 60. Place the cube
of 60, that is 216000, in the third column under the given
number and subtract. Place three times 60, that is 180,

in the first column, and three times the square of 60, that

is 10800, in the second column. Divide the remainder in

the third column by the numbesr in the second colunm,
that is, divide 58625 by 10800; we thus obtain 5, which
is the value of b. Add 5 to the first column, and multiply

the sum thus formed by 5, that is, multiply 185 by 5; we
thus obtain 925, which we place in the second column and
add to the number already there. Thus we obtain 1172.5;

multiply this by 5, place the product in the third column,

and subtract. The remainder is zero, and therefore 65 is

the required cube root.

The cyphers may be .omitted for brevity, and the pro-

cess will stand thus

:

186 108 274625(65
925 216

11725 68625
68625



EVOLUTION. 213

311/ Example. Extract the cube root of 109215352,

127] 48 10§215352(^478

14 f 889 64

1418 6689

49

6627

11344

674044

45215

39823

5392352

5392352

After obtaining the first two figures of the root, namely
47, we adjust the first and second cohmins in the manner
explained in Art. 308. We place twice 7 under the first

column, and add the two lines, giving 141 ; and we place
the square of 7 under the second column, and add the last

three lines, giving 6627. Then the operation is continued
as before. The cube root is 478.

In the course of working this example we might have
imagined that the second figure of the root would be 8 or

even 9 ; but on trial it will be found that these numbers
are too large. As in the case of the square root, we are
liable occasionally to try too large a figure, especially at the
early stages of the operation.

312. Example. Extract the cu'be root of 8653002877.

605\ 1200 §653002877 (,2053

_io;

6153

3025] 8

123025

r

25^

126075

18459

12625959

653002

615125

37877S77

37877877

In this example the student should notice the occnr-

rence of the cypher in the root.
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313. If the root have any number of decimal places,

the cube will have thrice as many ; and therefore the num-
ber of decimal places in a decimal number, which is a
perfect cube, and in its simplest state, will necessarily be a

multiple of threes and the number of decimal places in the

cube root will necessarily be a third of that number. Hence
if the given cube number be a decimal, we place a point

over the figure in the units* place, and over every third

figure to the right and to the left of it, and proceed as in

the extraction of the cube root of an integer; then the

number of points in the decimal part of the proposed
number will indicate the number of decimal places in the
cube root.

314. Example. Extreict the cube root of 14102*327296.

64)

7236

12

256-1

1456 >•

16 J

1728

721

173521

IJ

174243

43416

17467716

1410^-327296(,24-16

6102

5S24

278327

173521

104S06296

104806296

315. If any number, integral or decimal, has no exact

cube root, we may annex cyphers, and proceed with th*

approximation to the cube root to any desired extent

The following is the extraction of the cube root of "4 to

four decimal places

:
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213|

2196]

22088

147

639

15339,

sl

15987

13176

1611876

36.

1625088

176704

162685504

•400... (-7368

343

57000

46017

10983000

9671256

1311744000

1301484032

10259968

Examples. XXXIL

Find the value of

1. V(9a*6^).

4. ^(16a^&8c^;.

25a»&*\

2. 4/(8a35»)-

o.

3. a5'(-64o»6«).

6.

8.

4^ 7.
216a'5^

'c-/

y/ 216a^
^ \ 12oc« 7-

y(i7> ^- y(3-irO- -• yc^)-
Find the square roots of the following expressions

:

11. 16a' + 40a^) + 25&2.

13. 36:r«+ 12^:3+1.

25a' + 20a6 + 4Z)»

L5.

12. 49a*-84a26 + 366'.

14 64a' + 48a5<;+ 96*0".

25a' + 20ac + 4x^
* 16.

4;e2_i2a? + 9
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17. ar* + 2:z;3 + 3^ + 2^+l. 18. l-2a;+ 5a^-4a^ + 4a;*

19. a:* + 6a^ + 25a^ + 48.r + 64. 20. a^-^x^-^d>x+^.

21. \-Ax-\-lOx*-\l3^ + ^X^.

22. 4^ — Aa^ - *la^ + 4x^ + 4.

23. ^ - 2aj^ + 5aV- 4a^a; + 4a\

24. a?* - 2a^ + (a^ + 2&2)^- 2ab'^x + 6*.

25. a^-12jj^ + 60x^-l60a:^ + 240a^-l92x-h64.

26. ;?:®4-4a:c^-10«^.r*4-4a*:r+a'.

27. l-2.c + 3.c'-4^ + 5^-4.2?5 + 3;z:6_2;c'+-8^

4a^ X 16.27' 92/" 6.ri/ I6.2;*
OQ ^ 1. —^— J. ~ 4.

9y' z I5yz 162^ 5z'- 25z^'

Find the fourth roots of the following expressions

:

29. l+4^ + 6a^ + 4;»' + ;c*.

30. 16x^-96a^y + 2l6x^'^-2lGxy^ + 8li/*.

31. l-4x+l0ar^-l6x^ + l9x*-l6x^+10x^-4x'^ + x^.

32. {x^ -2(a + b)a^ + (a' + 4a& + b^a^- 2ab{a + b)x + arlP-Y.

Find the eighth roots of the following expressions :

33. a^^8x''-\-2Sx^-^6%a^^-*J0xl^-¥bQx^-¥2Sa^^8x+\.

34. {x^-2^y + Zx^if-2xy^ + y^]*'.

Find the square roots of the following numbers

:

35. 1156. 36. 2025. 37. 3721. 38. 5184.

39. 7569. 40. 9801. 41. 15129. 42. 103041.

43. 165649. 44. 3080*25. 45. 41-2164.

46. -835396. 47. 1522756. 48. 29376400.



EXAMPLES. XXXII, 217

49. 884524-01. 50. 4981-5364. 51. 64-128064.

52. -24373969. 53. 144168049. 54. 254076-4S36.

55. 3-25513764. 56. 4-54499761.

57. -5687573056. 58. 196540602241.

Extract the square root of each of the following num-
bers to five places of decimals

:

59. -9. 60. 6-21. 61. "43. 62. '00852.

63. 17. 64. 129. 65. 347-2o9. ^^. 14295-387.

Find the cube roots of the following expressions :

67. 8.^3 + 36^.2y^ 54-^,^2 + 27?/3.

68. 1728a:«'+1728.cV + 576.ry + 64?/».

69. a?-Z3?{fl + 'b)->^Zx{a^-})f-{a + l)f,

70. a;« + 3^ + 6^ + 7.r3 + 6a;2 + 3.z;4-l.

71. a?— '^aa^^-Z(:^ol?— '^a^x — a^.

72. %3^ + 4Sc.r5 4- 60c2.c4 - SOc^o.-^- 90<^:c2+ loSc*;?? - 27c*.

73. 1 -9.r + 39.^-2- 99.2^3 + 156.^^- 144.^5 + 64.2:^.

74. 1 -3:c+ ^x^-\^3?+\l3^- Via? + 10a;«-6a;'-l-3;c«-.r^.

Find the sixth roots of the following expressions :

75. 1 + 12a; + 60ar2 + 160.^^ + 240.ir^ 4- 192.^^ 4- 64;c«.

76. 729.r^-1458.r^+ 1215.2;^ -540ar3 + 13oa;=-18ar+l.

Find the cube roots of the following numbers

:

77.



218 INDICES.

XXXIII. Indices.

316. We have defined an index or exponent in Art. 16,

and, according to that definition, an index has hitherto
always been a positive whole number. We are now about
to extend the definition of an index, by explaining the
meaning of fractional indices and of negative indices.

317. /y m and n are any positive whole numbers
a"'x a"= a"''''''.

The truth of this statement has already been shewn
in Art. 59, but it is convenient to repeat the demonstra-
tion here.

a'"=axaxax to m factors, by Art. 16,

a" =ax

a

x ax to n factors, by Art. 16

;

therefore

tf"xa''=axaxax...xaxaxax ...to m + n factors

= a'"+", by Art. 16.

In like manner, if jo is also a positive whole number,

a"* X a" X aP = a"**" x o^= a*»+*+i» •

and so on.

318. If m and n are positive whole numbers, and m
greater than w, we have by Art. 317

a"*~" X a"= a"*"*"*"" = a"*;

therefore ^=a'"-''.

This also has been already shewn ; see Art. 72.

319. As fractional indices and negative indices have

not yet been defined, we are at liberty to give what defini-

tions we plosise to them ; and it is fouud convenient to
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give such definitions to them as will make the important
relation a'"xa" = a'"'^'' always true, whatever m and n
may he. >i

For example ; required the meaning of a*.

By supposition we are to have a^y.a^ = a^ = a. Thus a^
must be such a number that if it be multiplied by itself

the result is a-, and the square root of a is by delinitiou

such a number; therefore a* must be equivalent to the

square root of a, that is, a^ = sja.

Again ; required the meaning of a'.

By supposition we are to have

4 i i i+i+i ,

a y.a xa =a =a =a.

Hence, as before, a^ must be equivalent to the cube

root of Oy that is c^= ^a.

Again ; required the meaning of a .

3 3 a
I

By supposition, a xa xa xa =a';

therefore a = ^a\

These examples would enable the student to imder-
stand what is meant by any fractional exponent ; but we
will give the definition in general symbols in the next two
Articles.

320. Required the meaning of a" wh^re n is any
positive whole number.

By supposition,

111 111— — « -+-+- + -. Wb tanas
,a"xa"xa"x ... to n factors = a" " " =ia^ = ai

1^

therefore a" must be equivalent to the n^^ root of a>

that is, a"= l^cu
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321. Required the meaning C(f ^* where mavdn an
ani/ positive whoU numbers.

By supposition,

" " - -+- + - + -.to«Uin«

a" X a" X «" X ... to ?i factors = a" " * =«"*;

therefore a" must be equivalent to the n^'^ root of a",

01

that is, a''=Ua\
«t

Hence a" means the n^^ root of the tw*^ power of a;

that is, in a fractional index the numerator denotes a power
and the denominator a root.

322. "We have thus assigned a meaning to any positive

index, whether whole or fractional ; it remains to assign a

meaning to negative indices.

For example, required the meaning of a~\

By supposition, a^ x a"'= a^~^ = a^ = af

therefore a~'= -^ = -s

.

We will now give the definition in general symbols.

323. Required the meaning of a~°; where n 's any
positive 7iumher ichole orfractional.

By supposition, whatever m may be, we are to have

a"'xa-" = a"-".

Now we may suppose m positive and greater than ti,

and then, by what has gone before, we have

a*""" X a"= a"* ; and therefore a"""= -^

.

Therefore d!^ x a~*= -^ :

a

therefore a~*= —

.
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In order to express this in words we will define tho
word reciprocal. One quantity is said to be the recwro-
cal of another when the product of the two is equal to

unity ; thus, for example, x is the reciprocal of -

.

Hence a~" is the reciprocal of «"
; or we may put this

result symbolically in any of the following ways,

or
'

a-» '

324. It will follow from the meaning- which has been
given to a negative index thata"'-=-a" = a'"~" when m is less

than n, as well as when m is greater than n. For suppose
tn less than n ; we have

rt"* 1

a" rt"""*
,n—

m

Suppose in = n; then oT-h-a"* is obviously = l; and
cC^~'* = a\ The last symbol has not hitherto received a
meaning, so that we are at liberty to give it the meaning
which naturally presents itself; hence we may say that

325. In order to form a complete theory of Indices it

would be necessary to give demonstrations of several pro-
positions which will be found in the larger Algebra. But
these propositions follow so naturally from the definitions

and the properties of fractions, that the student ^vill not
find any difiiculty in the simple cases which will come be-
fore him. We shall therefore refer for tlie complete theoiy
to the larger Algebra, and only give here some examples aa

speoimens.

326. If 771 and n are positive whole numbers we know
that (a"*)" = a*"" ; see Art. 279. Now this result will also

hold when m and n are not positive whole numbers. For
example,

For lot (a^y-^x'y then by raising both sides to the

fourth power we have a^ = a:^; then by raising both sides
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to the third power we have a=x^\ therefore a?=«a", which
was to be shewn.

327. If w is a positive whole number we know that

a*xlf= {ah/*. This result will also hold when n is not

a positive whole number. For example, a^ x 6^ = [dbr.

For if we raise each side to the third power, we obtain in

each case ab ; so that each side is the cube root of db.

In like manner we have

ILL 1
a" X &" X c" X ... = (a&c...)".

Suppose now that there are m of these quantities

a, b, c,..., and that all the rest are equal to a; thus we
obtain

1 i_

(a")"* = {or) » ; that is, ( Ua)"* = ;^a^.

Thus the m}^ power of the n^ root of a is equal to the

n*^ root of the y?!"" power of a.

328. Since a fraction may take different forms without
any change in its value, we may expect to be able to give

different forms to a quantity with a fractional index, with-

out altering the value of the quantity. Thus, for example,
2 4 ,24

smce j: = 2. ^6 may expect that a^ = a^ ; and this is the
o o

case For if we raise each side to the sixth power, we
obtain O^; that is, each side is the sixth root of a*.

329. "We will now give some examples of Algebraical
operations involving fractional and negative exponents.

iply
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Examples. XXXIII

.

Find the value of

1. 9"^. 2. 4"^. 3. (100)"2. 4. (1000)1 6. (81)"^.

Simplify

6. (a2)-3. 7. («-«)-'. 8. ^/a-*. 9. lla-\

10. «2 X a^ X a~i

Multiply

11. ;i?^ + 2/^ by s^-y^. 12. a*+aM + 6^ by a^-6*.

13. x + x'^ + l by ;?? + ^2_2.

14. a^ + ;ir' + l by ij;-'*-^~' + l.

15. a"3 + a"^ + l by a'^-X.

16. a^-2 + a"^ by (^-oT^.

17. a + a2&^_a;3y3 by a + a^6^ + ;cV^.

18. x^-xy^ + x'^y-y^ by x + x^y^ + y.

Divide

19. x^-y^ by a^-y^. 20. a-& by a^-&i

21. 64.c-^ + 27?/-2 by 4:X~^ + Sy~^.

22. x^—xy'- + X'y-y^ by x^ — y^.

23. a3 + <*M + &3 by «3 + a^&^ + &i

24. a3 + 63_c3 + 2a^63 ^y ^^+ 53 + ^^^

25. .'C^-2a-a?^ + a3 by a^-2a^x^ + a.

26. .r'--4^^2/^ + 6.r^2/^-4.c^?/^ + 2/^ by a?*-2a,-«?/^ + 2/^.

Find the square roots of the following expressions

:

27. x^--4: + 4x-K 28. (;c + a;-y-4(4?-a?-i).

29. ;c^-4;c^ + 2:c'^ + 4;r- 4*^+ 0:^.

30. 4^^-12;c^ + 25-24»~^ + 16a;~*.
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XXXIY. Surds.

330. "WTien a root of a number cannot be exactly
obtained it is called an irrational quantity, or a surd.
Thus, for example, the following are surds

;

^^' V 3' ^^' Vi' ^'^'

And if a root of an algebraical expression cannot be
denoted without the use of a fractional index, it is also

called an irrational quantity or a surd. Thus, for ex-
ample, the following are surds ;

The rules for operations with surds follow fi'om the
propositions of the preceding Chapter ; and the present
Chapter consists almost entirely of the apphcation of those
propositions to aiithmetical examples.

331. N'umbers or expressions may occur in the form
of surds, which are not ideally surds. Thus, for example,

;^/9 is in the form of a surd, but it is not really a surd, for

is/9 = 3; and J{a^ + '2db + h'^ is in the form of a surd, but
it is not really a surd, for J{a'^ + 2ab + b^) = a + b.

332. It is often convenient to put a rational quantity
into the form of an assigned surd ; to do this we raise the
quantity to the power corresponding to the root indicated

by the surd, and prefix the radical sign. For example,

3-v/3'-V9; 4 =^43=^64; a=4/a^ a+ b= ^{a + b)'.

333. The product of a rational quantity and a surd
may be expressed as an entire surd, by reducing the

rational quantity to the form of the surd, and then multi-

plying ; see Art' 327. For example, 3 j2 = j9-Kj'2 = ,JiSi

2 ^4 = 4/8 X J4= t/32 ; ajb = Ja^ x Jb = J{q?b).

334. Conversely, an entire surd may be expressed as

the product of a rational quantity and a surd, if the root of

one factor can be extracted.

T. 1. 15
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For example, ^/32= ^/(16 x 2) = ^16 x ^2= 4 ^2;

^48= UiS X 6>= ^8x4/6 = 24/6;

4/(a36«) = 4/a«x4/&«=a^6*.

335. A surd fraction can be transformed into an
equivalent expression with the anrd part integraL

For example, V^g = 7 ^^^ 1
- V^iVT ^

y2 _ y2j<9 ^ yi8 ^ 4/18

^^3^^3x9 ^^27 3'

336. Surds which have not the same index can be
transfoimed into equivalent surds which have ; see Art 327.

Fw example, take ;^5 and 4/ 1 1 : ^o= 5^» ^ 1 1 = (11)*

;

6^=5^= 4/6'= ^125, (ll)*= llt= 4/(11)5= 4/121.

337. We may notice an application of the preceding

Article. Suppose we wish to knew which is the greater,

Jb or 4/11. When we have reduced them to the same
index we see that the former is the greater, because 125 is

greater than 121.

338. Surds are said to be similar when they have, or

can be reduced to have, the same irrational factors.

Thus 4^7 and 5^7 are similar surds; 5 4/2 and 4^\Q
are also similar surds, for 44/16 = 84/2.

339. To add or subtract similar surds, add or subtract

their coeflBcients, and affix to the result the common
irrational factor.

For example, Jl2 + ^75 - J48 = 2 ^/3 + 5 ^3 - 4 ;J3

= (2 + 6-4)^3 = 3^3.

2 y3 1 y256_2 »/12 1 V64 x 12

i'^2'^4^'9""3^8""*"4 ^^"^T"

^2^12 1 44/12^ 24/12
~3 2 ''"4 3 " 3 '
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340. To multiply simple surds which have the same
fndex, multiply separately the rational factors and tlie

irrational factors.

For example, 3^2x^3 = 3^/6; 4^^5x7 ^6 = 28^30;
2;^4x3^72 = G4/8-6x2 = 12.

341. To multiply simple surds, which have not the same
index, reduce them to equivalent surds which have the same
index, and then proceed as before.

For example, multiply 4 V5 by 2 ^/H.

By Art. 336 J5 = 4/125, 4/11=4/121.

Hence the product is 8 4^(125 x 121), that is, 84/15125.

342. The multiplication of compound surds is per-

formed like the multiplication of compound algebraical

expressions.

For example, (6^/3-5 ^2) x (2 ^3 + 3 ^2)
= 36 + 18^/6- 10 x/6-30 = 6 + 8^/6.-

343. Division by a simple surd is performed by a rule

like that for multiplication by a simple surd; the result

may be simplified by Art. 335.

, 3v/2 3 /2 3 /6 V6
For example, 3 v2-4 x/3 =^ = 4 V 3

= 4 V 9 = X '

A /. -Q'/ii ^'^•^ 24/125 yi25_ yi25x(ll)^

4^5^2^11 =2^^ = -;yY^-2Vi2i-2^121x(ll/

2 4/1830125

11

The student will observe that by the aid of Art. 335 the

results are put in forms which are more convenient for nu-

merical application ; thus, if we have to find the approxi-

mate numerical value of 3 ^/2-=-4 ^3. the easiest method is

to extract the square root of 6, and divide the result by 4.

15—12
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344. The only case of division by a compound surd

which is of any importance is that in which the divisor is

the sum or difference of two quadratic surds, that is, surds

involving square "oots. The division is practically effected

by an important process which is called, rationalising the

denominator of a fraction. For example, take the fraction

4
-
—J-
—-—T^ ; if we multiply both numerator and denonwi-

nator of this fraction by 5 a^/2-2 ^3, the value of the frac-

tion is not altered, ^Ahj^qWa denominator is inade rational;

4 4(5V2-2^3)
thus

Similai'ly,

6sl2 + 2jZ (5^2 + 2^3)(5^2-2^3)

^ 4(5;^2-2V3) ^ 10v/2-4j3
60-12 19

v/3+V2 (^y3+^/2)(2J3 + ,y2)

2 Z-J2 (2^3-x/2)(2j3+V2)
^8+_3^/6^8 +3^

12-2 ~ 10 '

345. We shall now shew how to find the square root of

a binomial expression, one of whose terms is a quadratic

surd. Suppose, for example, that we require the square

root of 7 + 4 sj'^. Since {Jx + Jyf = x + y + '2 J{xy\ it is

obvious that if we find values of x and y from x + y = l,

and 2 J{xy) — 4 ,^3, then the square root of 7 + 4 ^3 will be

p>Jx + sjy- We may arrange the whole process thus

:

Suppose v/(7 + 4 (^3) = V-^ + */?/

;

square, 1->r^^Z-x-\-y-¥l^{xy).

Assume x + y = 7, theji2j{xy)=4: J3;

square, and subtract, {x + yY— 4xy= 49— 48= 1

,

that is, {x-yy = l, therefore x—y = l.

Since x + y= 'J and x-y = l, we have x= 4, y = 3;

therefore ^(7 + 4 ^/3)= ^/4+ v/3 = 2 + n/3.

Similarly, «w/(7-4 J3) = 2- V3.
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Examples. XXXIY.

Simplify

1. 3v/2 + 4^8- v/32. 2. 2^4 + 54^32-^108.

3. 2V3 + 3v/(U)-V(5i). 4. ^-i^.

Multiply

5. ^5+V(U)-;j5by v'3.

7. l+;y3-^2by v/6- J2.

8. ./3-.V2by^+-^.

Rationalise the denomiiiatoi*s of the following fractions :

Q 3+V2 ^/3^ v/-2
^- 2-^2- '"•

v/3-^2-

2V5 4- J3 2^'3 + 3j2
3V5 + 2;^3' -iJZ-'lJb'

Extract the square root of

13. 14 4-6.^/5. 14. 16-6^7. 15. 8 + 4;,y3.

16. 4-^15.

Simplify

17. .. ^
,^.. . 18.

^(5+^24)- ^"*
V(7-4^/3)'

19.
^-l|^^3^-^

20. ^/(34V5)-HV(3-V»X
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XXXY. Eatio.

346. Ratio is the relation which one quantity bears
to another with respect to magnitude, the comparison
being made by considering what multiple, part, or parts,

the first is of the second.

Thus, for example, in comparing 6 with 3, we observe
that 6 has a certain magnitude with respect to 3, which
it contains twice ; again, in comparing 6 with 2, we see that

6 has now a diflerent relative magnitude, for it contains
2 three times ; or 6 is greater when compared with 2 than
it is when compared with 3.

347. The ratio of a to 6 is usually expressed by two
points placed between them, thus, a : b; and the former is

called the antecedent of the ratio, and the latter the conse-

quent of the ratio.

348. A ratio is measured by the fi-action which has for

its numerator the antecedent of the ratio, and for its

denominator the consequent of the ratio. Thus the ratio

of a to 6 is measured by ^ ; then for shortness we may

say that the ratio of a to 6 is equal to t or is ^

.

349. Hence we may say that the ratio of a to 6 is equal
a c

to the ratio of g to d. when r=-j.

350. If the terms of a ratio he multiplied or divided
by the same quantity the ratio is not altered.

^°^6 =
rS5

(Art. 135).

351. We compare two or more ratios by reducing
the fractions which measure tibese ratios to' a common
ucauiuiuator. Thud, suppose one ratio to be that of a to ft^
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and another ratio to be that of c to d; then the first ratio

a ad J ,, , ,. c he
r = 5->> aad the second ratio ^ = rj.
b bd' d bd

Hence the first ratio is greater than, equal to, or less

than the second ratio> according as a^ is greater than,

equal to, or less than be.

352. A ratio is called a ratio of greater inequality, of

less inequality, or of equality, according as the antecedent
is greater than, less than, or equal to the consequent.

353. A ratio of greater inequality is diminished^
and a ratio qf less inequality is increased, by adding
any number to both terms oftJie ratio.

Let the ratio be ^ , and let a new ratio be formed by

(T ^ fK

adding x to both terms of the original ratio: then ,^
b + x

is greater or less than
j^,

according as b{a + x) is greater or

less than a(b + a;); that is, according as bx is greater or less

than ax, that is, according as 6 is greater or less than a.

354. A ratio of greater inequality is increased, and
a ratio of less inequality is diminished, by takingfrom
both terms of the ratio any number which is less than
each of those terms.

Let the ratio be t , and let a new ratio be formed by

d—X
taking x from both terms of the original ratio ; then ^

—
is greater or less than , , according as b{a— x) is greater

or less thrm a{b— x); that is, nccording SiS hx is less or

greater than au:, that is, according as 6 is less or greater

than a.

3o5. If the antecedents of anv ratios be mrliiplied

togethei, and also the consequents, a new nitio is obLaine<l

which is said to be comjj'Mi//ded of ibt ibrmer ratios. Thus
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the ratio ac : hd is said to be compounded of the two ratios

a : b and c : d.

When the ratio a : b \s compounded with itself the
resulting ratio is a- : ?>2 ; this r.itio is sometimes called the
duplicate ratio of a : 6. And the i-atio (i? : b^ is sometimes
called the triplicate ratio of a : 5.

356. The following is a very important theorem con-
cerning equal ratios.

€L C 6
Suppose that t = j = >> then each of tha<w ratios

ph* 4- qd* + rf'J

where pj g, r, n are any numbei*s whatever.

di c e
For let A;= £ = -- = -

; then
b d /'

kb = a, kd= c, kf= e

;

therefore p {kb)" + q (kd)"* + r {kf,^ =pa^+ ^c"+ r«* ;

therefore k* = ^-r-—^3- ^

;

pb"* + qd^ + rf^

therefore /; = ( -tt,— ,„
^

r^ ) " •

\^6» + qd"" + rfj

The same mode of demonstration may be applied, and
a similar result obtained when thei*e are more than three

ratios given equal.

As a particular example we may suppose « = 1, then we

see that if , = -, = :^, each of these ratios is equal to
b d r

^—^-7 • and then as a special case \\e may suppose
pb + qd + rf ^

p = q=:r,so that each of the given equal ratios is equal to

a-^c + e
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Examples. XXXV.

1. Find the ratio of fourteen shillings to three guineas.

2. AiTange the following ratios in the order of magni-
tude; 3 : 4, 7 : 12, 8 : 9, 2 : 3, 5 : 8.

3. Find the ratio compounded of 4 : 15 and 25 : 36.

4. Two numbers are in the ratio of 2 to 3, and if 7 be
added to each the ratio is that of 3 to 4 : find the numbers.

5. Two numbers are in the ratio of 4 to 5, and if 6 be
taken from each the ratio is that of 3 to 4 : find the numbers.

6. Two numbers are in the ratio of 5 to 8; if 8 be
added to the less number, and 5 taken from the gi-eater

number, the ratio is that of 28 to 27 : find the numbers.

7. Find the number which added to each term of the
ratio 5 : 3 makes it three-fourths of what it would hare be-
come if the same number had been taken from each term.

8. Find two numbers in the ratio of 2 to 3, such that
their difference has to the difference of their squares the
ratio of 1 to 25.

9. Find two numbers in the ratio of 3 to 4, such that
their sum has to the sum of their squares the ratio of
7 to 50.

10. Find two numbers in the ratio of 5 to 6', such that
their sum has to the difference of their squares the ratio of
1 to 7.

11. Find X so that the ratio x : 1 may be the duplicate
of the ratio 8 : x.

12. Find x so that the ratio a—x\h — x may be the
duplicate of the ratio a : h.

13. A person has 200 coins consisting of guineas, half-

sovereigns, and llalf-cro^ms; the sums of money in guineas,
half-sovereigns, and half-crowns are as 14 : 8 : 3 ; find

the numbers of the different coins.

14. If 6-a : b-va = Aa-h : Qa-h, find a : h.

16. If r = £— =
, then ^ + m -- n = 0.

a—h o-c c-a
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XXXVL Proportion.

357. Four mimbers are said to be proportional when
the first is the same multiple, part, or parts of the second

Q C
as the thh'd is of the fourth ; that is when .- = -. the four

a
numbers a, b, c, d are called proportionals. This is usually

expressed by saying that a is to 6 as c is to d; and it is

represented thus a:h:\c:d,OY thus a :b = c : d.

The terms a and d are called the extremes, and h and c

the means.

358. Thus when two ratios are equal, the four numbers
which form the ratios are called proportionals ; and the pre-

sent Chapter is devoted to the subject of two equal ratios.

359. When four nwnbei^ are proportionals tlie pro-
duct of the extremes is equal to the product of the means.

Let a, ft, e, d be proportionals

;

a c
then x:= jT

d

multiply by bd\ thus ad=bc.

If any three terms in a proportion are given, the fourth

may be determined from the relation ad=bc.

If b = c we have ad=b^; that is, if the first he to the

gecond as the second is to the third, the product of the

extremes is equal to the square of the ineaii.

When a : b :: b : d then a, b, d are said to be in con-

tinuedpro2)ortio7i ; and b is called the me^in proportional
between a and d.

360. If the product qf two numbers be equal to the

product of two others, the four are proportionals, tJ't>e

terms of either product being taken for the nieaniy €Lnd

the terms (fthe other productfor the extremes.

X h
For let xy — ab; divide by ay, thus - = - :ay

or X : a v.b : y (Art. 357).
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361. Xla-.h v. C'.dj and c -. d :: e '.f, then a .b v.e \f.

For Y == J > and -, = :?; therefore r = :?

;

d' d f & /
or a : & :: ^ :/.

362. Iffour mirribers he proportionals, they are prO'
portionals when taken inversely; that is, if a : & :: c : c/,

then b : a :: d : c.

a c
For T = -i', divide unity by each of these equals;

thus - = -; or b : a :: d : c.
a c

3G3. If four numbers be proportionals, they are pro-
portionals when taken alternately ; that is, if a : & :: c : d,

then a : c ::b : d.

For r = -i; multiply by -
; thus - = -j;

V cL c c d
or a : c wb : d.

364. If four numbers are proportionals^ the first

together with the second is to the second as the third
together with the fourth is to the fourth; that is

\i a :b '.'. c : d, then a + b '.b :: c -^ d : d.

a c
For T = ^ ; add unity to these equals ; thus

a , c ^,. ..a +bc + d . . ,,
r + 1 = -, + 1, that IS -^— = —:;— : ora + b :b :: c + d :d,
b d b d

365. Also the excess of the frst above the secoiid is to

the second as the excess of the third above the fourth is to

the fourth.

a c
For ^ = J ; subtract unity from these equals ; thus

r- — 1 .= "^ — 1, that IS -T— = —;- or a— b : b :: c —d : a,
b d b d
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366. Also the first is to the excess of the first above the

second as the third is to the excess of the third above the
fourth.

By the last Article —=~ = —;— : also ^ = -,

:

b d b d
,, n a— 6 b c-^d d a — b c— d
tnei'efore —i— x - = —7- x - , or =

,bade a c *

or a — b : a :: c— d : c; therefore a : a — b :: c : c— d.

367. Whenfour numbers are proportionals, the sum
of the first and second is to their difference as the sunt

of the third and fourth is to their difference; that is, if

a :b :: c : df then a + b : u— b :: c + d \ c—d.

By Arts. 364 and 365 —r— =—?-> and ^r- = —3-
;^

b d b d
- a->rb a— b c + d c— d ,. ,. a + b c+d

therefore—7

—

'•
—7— =—v- -—3—

, that is = = 3,
b b d d a — b c—d

or a + b : a— b :: c+d : c-d.

368. It is obvious from the preceding Articles that if

four numbers ai'e proportionals we can derive from them
many other proportions; see also Art. 356.

369. In the definition of Proportion it is supposed that

we can determine what multiple or what part one quantity

is of another quantity of the same kind. But we cannot
always do this exactly. For example, if the side of a

square is one inch long the length of the diagonal is de-

noted by sj'2 inches ; but ^2 cannot be exactly found, so

that the ratio of the length of the diagonal of a square

to the length of a side cannot be exactly expressed by
numbers. Two quantities are called incommensurable
when the ratio of one to the other cannot be exactly ex-

pressed by Qumbers.

The stu.dent's acquaintance with Arithmetic will sug-

gest to him that if two quantities are really incommen-
surable still we may be able to express the ratio of one to

the other by numbers as nearly as we please. For example,
we can find two mixed numbers, one less than ^2, and the
other greater than V2, and one differing from the other by
as small a fraction as we please.



PROPORTION. 237

370. We will give one proposition with respect to the
comparison of two incommensarable quantities.

Let X auji y denote two quantities; and suppose it

known that however great an integer q may be we can find

another integer p such that both x and y lie between

- and : then x and y are equal.
q q

For the diflference between x and y cannot be so great

as -
; and by taking q large enough - can be made less

than any assigned quantity whatever. But if x and y were
unequal tlieir difference could not be made less than any
assigned quantity whatever. Therefore x and* y must be
equal.

371. It will be useful to compare the definition of pro-
portion which has been used in this Chapter with that
wliich is given in the fifth book of Euclid. Euclid's defini-

tion may be stated thus : four quantities are proportionals
when if any equimultiples be taken of the first and the
third, and also any equimultiples of the second and the
fourth, the multiple of the third is greater than, equal to,

or less than,' the multiple of the fourth, accordmg as the
multiple of the first is greater tlian, equiil to, or less than
the multiple of the second.

372. We will first shew that if four quantities satisfy
the algebraical definition of proportion, they will also
satisfy Euclid's.

For suppose that a : b :: c : d; th«-n — = ^ : therefore
a

l,

— ^^ whatever numbers p and q may be. Hcuce pc is

greater than, equal to, or less than qd, according as jpo^ is

gi'eater than, equal to, or less than qh. That is, the four
quantities a, 5, c, d satisfy Euclid's definition of proportion.

373. We shall next shew that if four quantities satisfy

Euclid's definition of proportion they will also satisfy the
algebraical definition.

For suppose that a, t, <?, d are four quantities such that
whate.cr liumbers p and q may be, pc is greater than,
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equal to, or less than qd^ according as pa is greater than,

equal to, or lesg than qh.

First suppose that c and d are commensurable; take

p and q such that pc= q{l; then by hypothesis pa= qb: thus

•^ = 1 = ^: therefore 1 = 3. Therefore a : 6 :: c ; c?.

qb qd d

Next suppose that c and c? are incommensurable.
Then we cannot find whole numbers p and §', such that

pc = ^G?. But we m^y take any multiple whatever of c^ as

qd, and this will lie between two consecutive multiples of c,

say between pc and {p + l)c. Thus ^ is less than unity,

( n + \\c
and n is greater than unity. Hence, by hypothesis,

-- is less than unity, and -l
is greater than unity.

c a V
Thus -, and ^ are both greater than - , and both less than

d b
°

q

-— . And since this is true however great p and q may

ft /J

be, we infer that v and ^ cannot be unequal; that is, they

must be equal : see Art. 370. Therefore a • b :: c : d.

Tliat is, the four quantities a, b, c, d satisfy the alge-

braical definition of proportion.

374. It is usually stated that the Algebraical definition

of proportion cannot be used in Geometry becjiuse there is

no method of representing geometrically the result of the
operation of division. Straight lines can be represented
geometrically, but not the abstract number which expresses
how often one straight line is contained in another. But it

should be observed that Euclid's definition is rigorous and
apphcable to incommeyisurahle as well as to commenjuir-
ablc quantities; while the Algebraical definition is, strictly

spealung) confined to the latter. Hence tliis consideration
alone v.ould fiirTiish a suflicient reason for the defi^iition

adopted by Euciid.



EXAMPLES. XXXV
L

239

Examples. XXXVI.

Find the yalue of x in each of the following propor-
tions.

1.
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XXXVII. Variation.

375. The present Chapter consists of a series of pro-
positions connected with the definitions of ratio and pro-
portion stated in a new phraseology which is convenient
for some purposes.

376. One quantity is said to 'sai^ directly as another
when the two quantities depend on each Other, and in such
a manner that if one be changed the other is changed in

the same proportion.

Sometimes for shortness we omit the word directly

and say simply that one quantity varies as another.

377. Thus, for example, if the altitude of a triangle be
invariable, the area varies as the base ; for if the base be
iocreased or diminished, we know from Euclid that the
area is increased or diminished in the same proportion.
We may express this result with Algebraical symbols thus;
let A and a be numbers which represent the areas of two
triangles havhig a common altitude, and let B and h be
numbers which represent the bases of these triangles re-

A B
spectively; then — = — . And fi'om this we deduce

A a— = -
J
by Art. 363. If there be a third triangle having the

same altitude as the two already considered, then the ratio

of the number which represents its area to the number wliicb

represents its base will also be equal to ^ . Put r = ^»

then ^ = 7/1, and A=mB. Here A may represent iheB
area oi any one of a series of triangles which have a com-
mon altitude, and B the corresponding base, and m re-

mains constant. Hence the statement that the area varies

as the base may also be expressed thus, the area baa a
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constant ratio to the base; by which we mean that the
number which represents the area bears a constant ratio

to the number which represents the base.

These remarks are intended to explain the notation and
phraseology which are used in the present Chapter. When
we say that A raries as By we mean that A represents the
numerical value of any one of a certain series of quantities,

and B the numerical value of the corresponding quantity
in a certain other series, and that A — mB^ where wi is

some number which remains constant for every correspond-
ing pair of quantities.

It will be convenient to give a formal demonstration
of the relation A ~ mBj deduced from the definition in

Art. 376. •

378. If^ vary as B, theii A is equal to B multiplied
by some constant number.

Let a and h denote one pair of corresponding values of

the two quantities, and let A and B denote any other pair

;

then — = -r , by definition. Hence A =yB- mB, where
a b * •'

,
b

'

m, is equal to the constant ,-

.

V

379. The symbol oc is used to express variation ; thus

A cc B stands for A varies as B.

380. One quantity is said to vary inversely as another,

when the first varies as the reciprocal of the second. See
Art. 323.

Or if -4 = -^, where m is constant, A is said to vary

inversely as B.

3S1. One quantity is said to vary as two others jointly,

when, if the former is changed in any manner, tbt^ product

of the other two is changed in tlie same proportion.

Or if ^ = mBC, where m is constant, A is said to vary

jointly as B and C.

T.A. 1«
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382. One quantity is said to vary directly aa a second

and inversely as a third, when it varies joiufly as the

second and the reciprocs^ of the third.

Or if -4 =a -py- , where m is constant, A is said to vary

directly as B and inversely as C.

383. I/A oe B, and B « C, then A a C.

ForletA=iniJ5, apd B'^nC, where m and n are con-

stants; then A^mnC; and, as mnis constant, A ac C.

384. Xi^ A a C, and B opC, ilAcft A*B gc C, and
V(AB) oc C.

For le|i A^mC, and B= nC, where m gnd w are con-
stants; tiien A=kB — {m4:n)C ; therefore .4 *^ x C.

Also JC^.ff)=iV(«i«C2)= C^/(»i/i); therefore ^/(^jB) a a

385u ^ A « BjO, then B « ^, aw<^ C oc 4-

For let A^mBC, then 3 = — 4 ; therefore -S x ^

.

m C G

Similarly, O cc -g*

386. J/A <x: B, and C oc D, <^i^ AC x ED.

For Ut A=mB, and O^nD-, theo AC=mnBI);
therefore AC ac BD.

Similarly, if ^x^, and Cv>D, and E^F^ then
ACE « ^ZJJ'; and so op.

387. X/'A X B, «A^i A?* x B'.

For let A = mB, tbcai A^^nCB"-, therefore ^^ x JS*.
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388. ^ A X B, then AP oc BP, wJiere V is any
quantity variable or invariable.

For letA =mB, then AP= mBP; thereforeAP oc BP.

389. If A oc B when C is invariable, and A oc C when
B is iy.variable, then A cc BC when both B and C are
variable.

The variation of A depends on the variations of the
two quantities B and C ; let the variations of the latter

quantities tiake place separately. When B is changed to h

A B
let A be changed to a' ; then, by supposition, -> = ^ •

Now let G be changed to c, and in consequence let a' be
a' C

changed to a ; then, by supposition, — = - . Therefore

-7 X — = ^ X — ; that is, — — -T— : therefore A x BC.
of a c 'a he

'

A very good example of tliis proposition is furnished in

Geometry. It can be shewn that the area of a triangle

varies as the base when the height is invariable, and that

the area varies as the Ijeight when the base is invariable.

Hence when both the base and the height vary, the area
varies as the product of the numbers which represent the

base and the height.

Other examples of this proposition are supplied by the
Questions which occur im Arithmetic under the head of the
>ouble Rule of Three, ^or instance sui)p()se tliat the

quantity of a work which can be accomplL^iied vaiies as

ttie number of workmen when the time is given, and varies

as the time when the number of workmen is given ; then
the quantity of the work \s'ill vary as the product of the
number of workmen and the time when both vary.

390. In the same manner, if there be any number of

quantities B, C, Z>, ...each of which varies as another
quantity A when the rest are constant, when they all vary

A varies aa their product.

16—2
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Examples. XXXVII.

1. A varies as ^, and A = 2 when ^ = 1; find the
value of A when B = 1.

2. If A^ + B" varies as A" - B\ shew that A-vB
varies 2s, A — B.

3. 2>A + bB varies as bA + 3i5, and -4 = 5 when ^ = 2

;

find the ratio A : ^.

4. A varies as n^ + G\ and -4=4 when B = 1, and
C=2 ; and ^ = 7 when B = 2, and C= 3 : find n.

5. ^ varies as B and (7 jointly ; and -4 = 1 when
B~l, and G= 1 : find the value of A when B = 2 and C= 2.

6. A varies as 5 and (7 jointly ; and -4 = 8 when
-5 = 2, and C= 2 : find the value of BG when -4 = 10.

7. -4 varies as B and (7 jointly; and -4 = 12 when
5=2, and (7=3: find the value of A : B when (7=4.

8. -4 varies as B and (7 jointly ; and A — a when
5 = &, and (7= c : find the value of A when B = h'^ and
C7=c2.

9. ^ varies as B directly and as G inversely ; and A = a
when ^= 6, and G=c\ find the value of A when B = c and
C=6.

10. The expenses of a Charitable Institution are partly

constant, and partly vary as the numbei' of inmates.

When the inmates are 960 and 3i)00 the expenses are re-

spectively ;£112 and £180. Find the expenses for 1000
inmates.

11. The wages of 5 men for 7 weeks being £17. 10^.

find how many men can be hired to work 4 weeks for £30.

12. If the cost of making an embankment jary as the
len^-th if the area of the transverse section and height be
constant, as the height if the area of the transverse section

a»d length be constant, and as the area of the transverse

section if the length and height be constant, and an em-
bankment 1 mile long, 10 feet high, and 12 feet broad cost

£9600 find the cost of an embankment half a mile long,

16 feet high, and 15 feet broad.
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XXXVIII. Arithmetical Progression,

391. Quantities are said to be in Arithmetical Pro-
gression when they increase or decrease by a common dif-

ference.

Thus the following series are in Arithmetical Pro-
gression,

2,5,8,11,14,

20, 18, 16, 14, 12,

a, a + b, a + 2b, a4-3Z>, a+ 4.d

The common difference is found by subtracting any
term from that which immediately foDows it. In the first

series the common difference is 3 ; in the second series it is

— 2; in the third series it is b.

392. Let a denote the first term of an Arithmetical
Progression, b the common difference; then the second
term ia a + b, the third term is « 4- 2b, the fourth term is

a+ 3b, and so on. Thus the 7i^^ term is a + {n-l)b.

393. To find the sum of a given 7iumber of terms of
an Arithmetical Progression, the first term and the com-
mo7i difference being supposed km-wn.

Let a denote the first tenn, b the common difference, n
the number of terms, I the last term, s the sum of the
terms. Then

s^-a-\-{a + b) + {a + 2b)+ +1

And, by writing the series in the reverse order, we have
also

s = l + {l-b) + {l-2b) + +a.

Therefore, by addition,

<2s -{I + a) -If {I + a) + to n terms

= 7i{l + a)\

n
tiierefore s = -{l-\-a) (l\



246 ARITHMETICAL PROGRESSION,

Also l^a^{n-l)h (2),

vt

thus 8= -{2a + {n-\)h\ (3).

The equation (3) gives the value of 8 in terms of the
quantities which were supposed known. Equation (1) also

gives a convenient expression for s, and furflishes the

following rule : the sum of any number of terms in
Arithmetical Progression is equal to the product of the

number of the term^ into half the sum of the first and
last term^.

We shall now apply the equations in the present Article

to solve some examples relating to Arithmetical Pro-

gression.

394. Find the sum of 20 terms of the series 1, 2, 3, 4,...

Here a = l, 6 = 1, n=20; therefore

20
«=^(2 + 19)= 10x21 = 210.

395. Find the sum of 20 terms of the series, 1, 3, 5, 7,...

Here a = l, 6 = 2, n= 20j therefore,

20 20
«=-(2 + 19x2) =^x40= (20)2=400.

396. Find the sum of 12 terms of the series 20, 18, 16,..

Herfi <z = 20, 6= -2, 7i = 12; therefore

j=^(40-2xll)= 6(40-22) = 6x 18 = 108.

1111
397. Find the sum of S terms of the series ri,> ^> 7» q»«'»

Here <* = r5> & = y9>^ = ^» therefore

8^2 ^ 7\ , 9 _
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398. How many terms must be taken of the seriea

15, 12, 9,... that the sum may be 42 ?

Here «= 42, a= 15, 6=— 3; therefor©

42=^130-7 8(n-l)| =|(33-3fi).

We have to find n from this quadratic equation ; by
solving it we shall obtain n = 4 or 7. The seriea is 15, 12,

9, 6, 3, 0,-8, ; amd thus it will be found that we ob-
tain 42 BB the sum of the first 4 terms, or as the sufii of the
first 7 terms,

399. Insert five Arithmetical means between 11 and
23.

Here we have to obtain an Arithmetical Progression
consisting of ^ven terms, beginning with 11 and ending
with 23. Thus a = ll,^ = 23, n= 7; therefore by equation

(2) of Art. 393,
23 = 11 + 6*,

therefor© 6= 2.

Thus the whole series is 11, 13, 15, 17, 19, 21, 2a

Examples. XXXVIII.

Sum the following series ;

1. 100,101,102, to 9 terms.

2. 1,2^,4, to id terms.

3. 1,2^,4^, ..to 9 terms.

4. 2,3^,5^, to 12 terms.

2 5
6. -; ', 1, to 18 terms.

2* "3' ~~Q' .^.to 16 terms,

7. Insert 3 Arithmeticai nweins botw^ 12 ami 20.

8. Insert 6 Arithjiietical means botivccii 14 and 16.
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9. Insert 7 Arithmetical means between 8 and - 4.

10. Insert 8 Arithmetical means between — 1 and 5.

11. The first term of an Arithmetical Progression is

13, the second term is 11, the sum is 40: find the number
of terms.

12. The first term of an Arithmetical Progression is

5, and the fifth term is 11 : find the sum of 8 terms.

13. The sum of four terms in Arithmetical Progression

is 44, and the last term is 17: find the terms.

14. The sum of three numbers in Arithmetical Pro-

gression is 21, and the sum of then* squares is 155 : find the

numbers.

15. The sum of five numbers in Arithmetical Progres-

sion is 15, and the sum of their squares is 55: find the

numbers.

16. The seventh term of an Arithmetical Progression

is 12, and the twelfth term is 7; the sum of the series is

171 : find the number of terms.

17. A traveller has a journey of 140 miles to perform
He goes 26 miles the first day, 24 the second, 22 the
third, and so on. In how many days does he perform the
jom-uey ?

18. A sets out from a place and travels 2^ miles an
hour. B sets out 3 hours after A, and travels in the
same direction, 3 miles the first hour, 3^ miles the second.
4 miles the third, and so on. In how many hours Avill B
overtake A ?

19. The sum of three numbers in Arithmetical Pro-
gression is 12 ; and the sum of their squares is 66 : find

the numbers.

20. If the sum of n tenns of an Arithmetical Pro-
gression is always equal to w^, find the first term and the
common difference.

^-%
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XXXIX. Geometrical Progression.

400. Quantities are said to be in Geometrical Pro-
gression when each is equal to the product of the preceding
and some constant factor. The constant factor is callecl

the common ratio of the series, or more shortly, the ratio.

Thus the following series are in Geometrical Progres-
sion.

1,3,9,27,81,

1 1 1 1 1
' 2' 4' 8' 16'

o, ar, ar\ ar^, ai'*,

The common ratio is found by dividing any term by
that which immediately precedes it. In the first example

the common ratio is 3, in the second it is - , in the third

it is r.

401. Let a denote the first term of a Geometrical Pro-
gression, r the conuiion ratio; then the second term is ar,

tlie third term is ar% the fourth term is ar^, and so on.

Thus the 7i^ term is ar"~'^.

402. To find the sum ofa given number of terms ofa
Geometrical Progression, the first term and the common
ratio being supposed knoicn.

Let a denote the first term, r the common ratio, n the
Dumbt-r of terms, s the sum of tlie terms. Then

s = a + ar+ar^ + ai-^->r . -^'/r""^;

therefore sr = ar + ar- + ai^+ ...+ ar"~^ + ar'.

Therefore, by subtraction,

sr — s^ar' — a,

therefore ,= £i!l-ll) (i).
r—

1
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If I denote the last term we hav©

/=ar-»-i. (2X

therefore «= ——r (3)-

Equation (1) g;iv^ the value of s in terms of the
quantities wliich were supposed known- Equation (3) is

Bometimes a convenient form.

We shall now apply these equations to solve some ex-

amples relating to Geometrical Progression.

403. Find the sum of 6 terms of the series 1, 3, 9, 27,. .

.

Here a — 1, r=^^n^Q] therefore

* 3-1 3-1
~^^

404. Find the sum of 6 terms of the series 1, -3,
9, -27,...

Here a = l, r= -3, n = 6; therefca-e

—6—1 —4

405. Find the sum of 8 terms of the series 4, 2, 1, -....

Here<»=4, f=-, n = 8; therefore
2

jM.'kJi,^_ -c_?55 2_255
*~

1
"

1 ~ 64 ""i" 32-
2^ 2

406. Find the sura of 7 terms of the series, 8,-4,

2, -1, \, ••

Here a = 8, r=—^, »=7; therefore

2/ '
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407. Insert three (}eom0trical means between 2 and
32.

Here we have to obtain a Geometrical Progression
consisting of five terms, beginning with 2 and ending with
32. Thus a = 2, /= 32, n = 5\ therefore, by equation (2)

of Art 402,
32 = 2r*,

that is r*=16 = 2*;

therefore r= 2.

Thus the whole series is 2, 4,-8, 16, 32.

408. We may write the value of », given in Art. 402,
thus

Now suppose that r is less than unity ; then the larger
n is, the smaller will r" be, and by taking n large enough
r* can be made as small as we please. If we neglect r"

we obtain

a

and we may enunciate the result thus. In a Geometrieal
Progression in which the common ratio w numerically
less than unity^ by taking a sufficient number of terms
the stem can be made to differ as little as ice plc-ase

from -—

.

1-r

409. For example, take the series 1, ^ , - , - , ...

2 4 o

Here a= l, r=-; therefore -j— =2. Thus by taking

a sufficient number of terms the sum can be made to differ

as little as we please from 2. In fact if we take four

terms the sum is 2— -, if we take fiw terms the sum is
8

2 - — , if we take six terms the sum la 2 — -^ , and so on.
lo 32

The result is Bonwtimes expressed thu<j for shortness,

the sitm of an infinite number qf terjns qf this series i4

2; or thus, the sum to infinity is 2.
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410. Recurring deciiflkls are examples of what aM
called infinite Geometrical Progression. Thus for example

3 24 24 24
•3242424... denotes - + - + ^^ + j^ + ...

3
Here the terms after — form a Geometrical Progres-

24
sion, of which the first term is —

-^
, and the common ratio

is —5. Hence we may say that the sum of an infinitt
10''

24 / 1 \
number of terms of this series is -r—: ^ ( 1 — tt: ,1 > that ii

l\)^ \ 10-/

—— . Therefore the value of the recurring decimal ii
990

^

3^ 24

10 "^990'

The value of the recurring decimal may be found pr\c
tically thus

:

Let s= -32424...;

then 10 5= 3-2424...,

and 1000 5= 324-2424...

Hence, by subtraction, (1000 - 1 0) .9 = 324 - 3 = 321

;

321
therefore 5=— .

And any other example may be treated in a similar

manner.

Examples. XXXIX.

Sum the following series :

1. 1,4,16, to 6 terms.

2. 9, 3, 1, to 5 terms.

3. 25,10,4, to 4 terms.

4. 1, ^/2, 2, 2>v/2, ... to 12 terms.
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r 3 1 1 ^ . .
5. g, ^, g, to 6 terms.

2 3
6. 3» ~1>.2' to 7 terms,

7. 1» ~3> gj ^0 infinity.

8. 1,
J, ^, to infinity.

9- 1» ~2' 4' to infinity.

2
10. 6,-2,-, to mfinity.

Find the value of the following recurring decimals

;

11. -151515... 12. -123123123...

13. -42828-28... 14. -28131313...

15. Insert 3 Geometrical means between 1 and 256.

16. Insert 4 Geometrical means between 5^ and 40^.

17. Insert 4 Geometrical means between 3 and —729.

l.b. The sum of three terms in Geometrical Progression
is 63,' and,the, difference of the first and tliird terms is 45;

find the terms.

19. The sum of the first four terms of a Geometrical
Progi'e.ssion is 40, and the sum of the first eight terms is

3280 : find the Progression.

20. The sum of three terms in Geometrical Progres-
sion is 21, and the sum of their squares is 189 : fiiid the
terms.
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XL. Harmoniccd Progression.

411. Three-quantieies ^, B^ C are said to be in Har-

monical Progression when A : G :: A —B : B — C.

Any number of quantities are said to be in Harmonical
Progression when every three consecutive quantities are in

Harmonical Progression.

412. The reciprocals of qtiantities in Harmonical
Progression are th Arithmetical Progression,

Let A, B, C he in Harmonical Progression ; then

A : C ::A-B : B-C.

Therefore A{B-C) = C{A-B).

Divide by ABC; thus q~'^ = ^~^'
This demonstrates the proposition.

413. The property established in the preceding Article

will enable us to solve some questions relating to Har-
monical Progression. For example, insert five Harmonical

2 8
means between - and — . Here we have to insert fivo

3 15

3 15
Arithmetical means between - and — . Hence, by equa-

2 8

tion (2) of Art 393,

3 1
therefore 6& = - , therefore b =— .

o lb

3 25 26
Hence the Arithmetical Progression is-, t-t, r^,

2 lb lb

27
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414. Let a and c be any two quantiU^; let 4, be
their Arithmetical mean, O their Geometrical mean, H
their Harmonical mean. Then

A — a=^c—A ; therefore A^- (a + c),

a : G :: O : c; therefore (3'~ »J{ac).

a : c :: a—H : H—c; therefore H= .

Examples. XL.

1. Continue the Harmonical Progression 6, 3, 2 for

three terms.

2. Continue the Harm^onical Progression 8, 2, 1^ for

three terms.

3. Insert 2 Harmonical means between 4 and 2.

4. Insert 3 Harmonical means between - and —

.

5. The Arithmetical mean of two numbers is 9, and
the Harmonical mean is 8 : find th# numbers.

6. The Geometrical mean of two numbers is 48, and
the Harmonical mean ia 46^^ : find the numbers.

7. Find two numbers such that the sum of their Arith-

metical, GeometricaX and Harmonica,! means is 9f, and the

prodjict of these means is 27.

8. Find two numbers auch that the product of thpir

Arithmetical and Harmonical means is 27, and tlie excjBse

of the Arithmetical mean above the Ilarmonical mean

9. If a, bf c are in Harmonical H^rogression, shew that

a+c — 2& ; Qrc :: a-c : a + c

10. If three numbers are in Geometrical Papogrcssion,

and each of them is incroasw! by the middle number, shew
that the results are in llarmouical Progression.
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XLI. Permutations and Combinations.

415. The different orders in wliich a set of thin^ can
be arranged are called ^^vc permutations.

Thus the permutations of the three letters a, &, c, taken
two at a time, are <2&, 6a, <2C, ca, &c, c&.

416. The coinhinations of a set of things are the

different collections which can be formed out of them,
without regarding the order in which the things are placed.

Thus the combinations of the three letters a, b, c, taken

two at a time, are ab, ac, be ; ab and ba, though different

permutations, form the same combination, so also do ac
and ca, and be and cb.

417. The number of permutations of n things taken
r at a titne z^ n(n— l)(n— 2) (n— r + 1).

Let there be n letters a, b, c, d, ; we shall first find

the number of permutations of them taken tico at a time.

Put a before each of the other letters; we thus obtain

w - 1 permutations in which a stands first. Put b before

each-of the other letters ; we thus obtain 72 — 1 permuta-
tions in which b stands first. Similarly there are n — \

permutations in which c stands first. And so on. Thus,
on the whole, there are n{n — \) permutations of n letters

taken tico at a time. We shall next find the number of

permutations of n letters taken tJiree at a time. It has
just been shewn that out of n letters we can form n (w— 1)

permutations, each of two letters ; hence out of the n — \

letters b,c, d, we can form {n — \) {n — 2) permutations,

each of two letters : put a before each of these, and
we haYe:(n — l)(?i — 2) permutations, each of three letters,

in which a stands first. Similarly there are {7i — 1) {n — 2)

permutations, each of three letters, in which b stands first

Similarly there are as many in which c stands first. And
so on. Thus, on the whole, there are n{n — \){n^2) per-

mutations of 7Z lettcrt. taken three at a time.
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From considering these cases it might be conjectured
that the number of permutations of n letters taken r at a
time is n{n — \)(n — 1)...{n-r->r\^; and vtq shall shew
that this is the ca.se. For suppose it known that the num-
ber of pernmtations of n lettere taken r— \ at a time is

w (w — 1)(?2 - 2). . {n — (r— 1) + 1}, we shall shew that a similar

formula will give the number of permutations of n letters,

taken r at a time. For out of the n — \ letters h, c, d,...

we can form {n — \){7i — 2) {7i — 1 — (r— 1) + 1} permuta-
tions, each of r— \ letters : put a before each of these, and
we obtain as many pernmtations, each of r letters, in

which a stands "first. Similarly there are as many permu-
tations, each of r letters, in which h stands first. Simi-
larly there are as many permutations, each of r letters,

in which c stands first. And so on. Thus on the whole
there are >t(w— l) '?z — 2).... (/i— r + 1) permutations of n
letters taken r at a time.

If then the formula holds when the letters are taken r— 1

at a time it will hold when they are taken r at a tima
But it has been shewn to hold when they are taken tliree

at a time, therefore it liolds when they are taken four at a
time, and therefore it holds when tliey are taken Jice at a
time, and so on : thus it holds universally.

418. Hence the number of permutations of n things
taken all together is n {n—\){n— 2)... 1.

419. For the sake of brevity ?i(7i-l)(n — 2)... 1 is often
denoted hy |« ; thus \n denotes the product of the natural

numbers from 1 to n inclusive. The symbol \n may be
vc2i.<[, factorial n.

420. Any combination of r things will produce [_r

permutations.

For by Art. 418 the r things which form the given
combination can be arranged in |_r ditferent orders.

421. Tfie number (f combinations of a. tJUngs taken r

, ,. . n'n-li(n-2) ... (n - r + T,
at a time is —

\L
'

17
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For the number ofpermutations of n things taken r at

a time is n {n— l){n-2) ... [n-r+l) by Art. 417; and each

combination produces ir permutations by Art. 420; heuc«

the number of combinations must be

n(n^l)(n-2)...(n-"r+l)

If W8 multiply both numerator and denominator of
[n

this expression by
|
n— r it takes the form .

—

t^^t" > *^®

value of course being unchanged,

422. To find the number ofpermutations of n things

taken all together trhich are not all different.

Let there be n lettera; and suppose p of them to be a,

q of them to be 6, r of them to be c, and the rest of them
to be the letters d, e, ..., each occurring singly: then the

number of permutations of them taken all together will be

For suppose N to represent the required number of

permutations. If in any one of the permutations the />

letters a were changed into p new and different letters,

then, without changing the situation of any of the other

letters, we could from the single permutation produce \p
different permutations: and thus if the p letters a were
changed into j^ new and different letters the whole number
of permutations would be iVx \p Similarly if the q letters

t were also changed into q ncAV and different letters tlie

wliole number of permutations we could now obtain would
be iVx |/> X g. And if the r letters c were ali^o changed

into r now and different letters the whole number of per-

mutations would beiV^x|_^x[gx[r. But this number
must be cquiii to the number of permutations of n different

letters taken pH tr. .ether, that is to [_n.

Thus iVx|^x '^x [r = [w; therefore ^=\—j
•

And similarly any other case may be treated.
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423. The student should notice the peculiar method of

demonstration which is employed in Art. 417. This is called

maihematical induction^ and may be thus described: AVe
shew that if a theorem is true in one case, whatever that
case may be, it is also true in another case so related to the
former that it may be called the next case ; we also shew
in some manner that the theorem is true in a certain case

;

hence it is true in the next case, and hence in the next to

that, and so on; thus finally the theorem must be true
in every case after that with which we began.

The method of mathematical induction is frequently

used in the higher parts of mathematics.

ExAMrLES. XLL
1. Find how many parties of 6 men each can be formed

from a company of 24 men.

2. Find how many permutations can be formed of the
letters in the word company, taken all together.

3. FukI how many combinations can be formed of the
letters in the word longitude, taken four at a time.

4. Find how many permutations can be formed of tl»
letters in the word consonant^ taken all together.

5. The number of the combinations of a set of things

taken/owr at a time is twice as great as the number taken
thi'ee at a time : find how many things there are in the set.

6. Find how many words each containing two conso-

nants and one vowel can be formed from 20 consonants
and 5 vowels, the vowel being the middle letter of the
word.

7. Five persons are to be chosen by lot out of twenty:
find in how many ways this can be done. Find also how
often an assigned person would be chosen.

8. A boat's crew consisting of eight rowers and a
steersman is to be formed out of twelve persons, nine of
whom can row but cannot steer, while the other three can
steer but cannot row: find in how many ways the crew
c:in be formed. Find also in hoAv ninny ways the crew
could be formed if one of the three were able botli to row
and to steer.

17—"
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XLII. Binomial Theorem.

424. We have already seen that {x-\-af = a^-^ ^xa + a',

and that {x-\-af = x^-¥'lj?a->r2>xd'--¥o?\ the object of the

present Chapter is to find an expression for (ic + a)" where
n is any positive integer.

425. By actual multiplication we obtain

{x + a) (;2?+ 6) = a;2 4- (a + &)jrH- aZ>,

{x-vd){x^-h){^x^c) = s^->r{a-it-l-^c)x^-\'{fih-¥}K^ca)x-\-abc^

+ {ah ^ ac >r ad ^-hc + hd + cd)x^

+ (a6c + 5c{]?+ c<ia + dab)x + a^tr/.

Now in these results we see that the following laws

hold:

I. The number of tenns on the right-hand side is one
more than the number of binomial factors which are multi-

plied together.

II. The exponent of x in the first t^rm is the same as

the number of binomial factors, and in the other terms
each exponent is less than that of the preceding term by
unity.

in. The coefficient of the first term is unity; the

coefficient of the second term is the smn of the second
letters of the binomial factors; the coefficient of the third

term is the sum of the pruducta of the second letter^ of

the binomial factors taken two at a time; the coefficient of

the fourth term is tlic sum of the products of the second
letters of the binouiial factors taken three at a time; and
so on ; the last term is the product of all the second letters

of the binomi.il riutors.

We slv.ill show that tliese laws always hold, whatever
be tho innnbcr of l)inuniial factors. Suppose the laws

to hold when n~ 1 factors ure multiplied tOoClher; that is.
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suppose tliere are n — \ factors x-\-a, x+h^ x-\-c,.,.x-^-ky

and that

{x+ a){x-k-b).. .{x + k) = af~^ +2)x"-^ + gx'-^ + r^~^ + . . . + 1*,

where p = the sum of the letters a,b,c,... k,

g= the sum of the products of these letters taken
two at a time,

r = the sum of the products of these letters taken
three at a time,

u = the product of all these letters.

Multiply both sides of this identity by av.other factor

x+l, and arrange the product on the right hand according
to powers of x ; thus

{x + a){x + b){x + c) ...{x + k)(x + l) = x' + (p + l)x''~^

-r {q +pl) x'-* + {r + ql) a;""^ + ...A-td.

Now p^l=a + b + c + ...-^k + l

= the sum of all the letters a,b,c,...k,l;

q +pl =q + l{a + b + c + ... + k)

= the sum of the products taken two at a
time of all the letters c% b, c,...k, I

;

r+ql = r+l{ab + ac + bc+ ...
)

= the sum of the products taken three at a time
of all the letters a, b, c,...k, I

;

ul- the product of all the letters.

Hence, if the laws hold when w-1 factors are multi-

plied together, they hold when n factors are mtdtiplied

together; but they have l>een shewn to hold when Joiir

6ictoi-3 are multiplied together, therefore they hold when
^»(? factors are nmlti[tlied together, and so on: thus they
hold universally.
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"We shall write the result for the multiplication of n
factors thus for abbreviation :

+ i?a^-3 + ...4- V.

Now P is the sum of the letters a, 6, c, ... A;, /, which are

n in number; Q is the sum of the products of these
ixiji 1)

letters two and two, so that there are of these

products; R is the sum of
^^^^7 ^^^~ products; and so

on. See Art. 421.

Suppose h,c,..Jcy I each equal to a. Then P becomes

^ , n{n-\) „ „ , n(7i-l)(w-2;i ,

na, Q becomes \ ,
^ a\ R becomes a';

1.2 X , Z .

o

and so on. Thus finally

^ nin-\) , ,_» w(w-lXw-2) , ,.
1.2 1 . z . o

^(n-l)(7.-2)(n-3)
,_^ ^^„

1.2.3.4

426. The formula just obtained is called the Binomial

Theorem; the series on the right-hand side is called the

expansion of (x + ay\ and when we put this series instead

of {x + aY we are said to expand {x-\-a/\ The theorem
was discovered by Newton.

It will be seen that we have demonstrated the theorem
in the case in which the exponent n is a positive integer;

and that we have used in this demonstration the method
of tnaihematical induction.

427. Take for example {x + a)^. Here n = 6,

n(n-l) _6.5_,. n{n-l){n-2) _ 6 .5 .4 ^
1.2 "1.2"" ' 1.2.3 "1.2.3 '

w(rz-l)(?i-2)(?2-3) 6.5.4.3

1.2.3.4 1.2.3.4

n(n-l)(n~2)(n~3)(n-4) 6.6.4.3.2
1.2.3.4.5 1.2.3.4.5

= 15,

= 6;
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t!ui9

Agrain, suppose we require the exp.iusion of (b^ + q//:
vre have only to put b^ for x and cy for a in the precedirif^

jdentity; thus

Asfain, suppose we require the expansion of (x — c)"; we
must put — c for a in the result of Art. 425 ; thus

1 • z

n(n-l)(n-2)

1.2.3 "^"^ ^ •

Again, in the expansion of (jr + a)" put 1 for :c; thus

(l4-a)" = l+nti+
^^ 2 1 2 3

^'^•••

and as this is true for all values of a we may put xfora; thua

/, X- , n{n-l) - w(n-l)(n-2) ,

428. We may apply the Binomial Theorem to expand
expressions containing more than two terms. For example,
required to expand {l-i-2w—x^)*. Put ?/ for 2j.'—x^; then
we have (1 + 2a; - x-)*= (1 + j/)* = 1 + 4y + • ;//" + 4^^ + jr

= l + 4{2x-a^ + 6(2x-x^^ + 4{2x-x^^ + {2x-x'y.

Also {2x - j')' = {2xY- 2 {2x)x' + {x-'f = 4;c2_ 4^3 + a?*,

{2x -x^f = (2xf - 3(2jt)2;c2 + 2{2x) (a^)"^- {x^*

= ^x^-l2x* + Qx^-afi,

(2x-x'Y = {2x)*-^{2xYa^-^Q{2xf{a^f-4:{2je){x^''-i-{x»'^

^l%x^-^2afi'^2Aj^-^''-k-x\
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Hence, collecting the tenns, we obtain (1 + 2.r - af)*

= 1 + 8^'+ 20a;2+ 8^ - 26^- &r' + 20^^- %aP + ix^.

429. In the expansion of (1+x)" the coefficients of
terms equally distant from the heginning and the end
are the same.

The coefficient of the r^ term from the beginning is

n(n-l)(w-2)...(n-r + 2) , u- , • u ^u ^—

^

^
. ' ; by multiplying both numerator

In
and denominator hy\n—r+l this becomes , —/= .

*' L |r-l|w-r-^l

The r^^ term froni the end is the {n-r+ 2y^ term fi'om

the beginning, and its coefficient is

n{n-l)...{n~{n-r + 2}+2} ^|^^^.
.„ «(^-l)...r

,

\7i-r+l '

\

n-r+l '

by multiplying both numerator and denominator by
\

r— l

\n
tliis also becomes ,-

r— 1 n—r+l

430. Hitherto in speaking of the ex}>ansioa of (x 4- a)'*

we have assumed that n denotes smie positlce integer.

But the Binomial Theorem is also applied to expand
(x + a)"' when nh sl positive fraction, or a negative quan-
tity whole or fractional. For a discussion of the Binomial
Theorem -with any exponent the student is referred to the
larger Algebra ; it will however be a useful exercise to

obtain various particular cases from the general formula.

Thus the student will assume for the present tliat whatever
be the values of x, a, and n,

/ . \« . n-1 n{7i-l) , ._, «(n-l)(w-2'i . ._-
{x+ a)*= ;c" + 77a.c"^ + -^——^ a\7f ' + -^— i^ — a\<f^

n{n-l){n-2){n-S)^^^^3^»-3.
1.2.3.4

If n is not a positive integer the series never end^
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431 , As an example take (1 -i- y)^. Here in the formula

of Art. 430 we put 1 for x, y for a, and - for n.

n{n- , K.3-0 .

1.2 1.2

n{n-\){n-2) _ 2 V2 / V'-^ "/ ^ _L
1.2.3 " 1 .2.D ^10

:G-oa-)G-«)«(»^-l)(?i-2)(?^-3) _2 V2 yV2 yV2 / 5^

1.2.3.4
~"

1.2.3.4 ~ 128

»

and so on. Thus

As another cxamp 'e take (1 + y) -. Here we put 1 for st^

y for a, and — - for n.

__1 n{n-\ )
_'^ yi{n-\){n-2) _ 5

^~ 2' 1.2 ~8' 1.2.3 lb'

«(n-l)(w~2)(w-3) 35 , t,,

1.2.3.4 =1^, and so on. Thus

/I \~h ,1 3„5,35.

Again, expand (1 +2/;""*. Here we put 1 for Xy y for a,

and — ;/i for ii.

n{n — \) miin-^l)

»(»-l)(n-2) m(m-f l)(7n-f 2)

1.2.3 " 1.2.3 '

«(n-l)(yi-2)^n-3) ^ yn(m4- lXm + 2)> + 3) ,

^^^

K2.3.4 1.2.3.4 '
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ITU /, N « , m{m-^l) „ 'm(m + \)(m->rT ^Thus (l+y)-"'=l-w^+-^^-y-'y2
^

^"^

^

/

mrm + l)(m + 2)(y7i-t-3) ,_^
1.2.3.4

2^-...

As a particular case suppose m= 1 ; thus

This may be verified by dividing 1 by 1 + //,

Again, expand {l + 2x—a>^)'^ in powers of x. Put y foi

^-;c^; thus we have (l + 2.r-a^)- = (i + y;^

,1 1 . 1 , o

2^ 8^ IG^ 12S"

^l + ^(25;-A'2)--^r2.c-a;V+^(2a?-.r2)3- J^(ar-ar2)*4-.

Now expand {'Ix— x'-)-, {2x — u-)\... and collect the
terms : thus we shall obtain

i 3
(1 + 2x— X')' = l-hx — X'+x^-^x*-i-...

Examples. XLII.

1. Write down the first three and the last three terms
of(a-.r)^.

2. Write down the expansion of (3 - 2x'Y.

3. Expand (1-2?/)'.

4. Write down the first four terms in the expansion
of Qc + 22/)'.

5. Expand (l + .r-.r^)*.

6> Expand \,l-t-x + ui')".
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7. Expand {l-'lx + x'Y.

8. Find the coefficient of a^ in the expansion of

(l+2;c + 3.i'2)'.

9. Find the coefficient of a^ in the expansion of

[l-^x + Zx^f.

10. If the second term in the expansion of ix+yj* ho
240, the third term 720, and the fourth tcriu lOSO, find

X, y, and n.

11. If the sixth, seventh, and eighth terms in the ex-

pansion of (x+yY be respectively 112, 7, and -
, find x, y,

and n.

12. Write down the first five terms of the expansion

of (a -2^)^.

13. Expand to four terms ( 1 ~ ^ ^ ) '•

14. Expand {l-1x)-\

15. Write down the coefficient of x"" in the expansion
Cf (l-«)-2.

16. Write down the sixth term in tlie expansion of

Zx-y)-i.

17. Expand to five terms {a — ub)~'s : s!ic\v th:;t it

2=1 and &= - the fourth term is greater than either tlm
o

third or the fifth.

IS. Write do\vn the coefficient of x^ m the expansion
of(l-a;)-^

1^ Expand (1 -irx + x-y to four terms in powers of %.

20. Expand {\ — x + x~)~' to four tenii.-i in powers of .
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XLIIL Scales of Notation.

432. The student will of course have learned from
Arithmetic that in the ordhiary method of expressing

whole numbers by figures, the number represented by e:ich

figure is always some multiple of some power of ten. Tims
in 523 the 5 represents 5 hundreds, that is 5 times 10";

the 2 represents 2 tens, that is 2 times 10^; and the :>,

which represents 3 units, may be said to represent 3 timc.>i

10'^; see Ait. 324.

This mode of expressing Avhole numbers is called the

comm,on scale of notation, and ten is said to be the h<ise

or radix of the common scale.

433. We shall now shew that any positive inteirer

greater than unity may be used instead of 10 for the radix;

and then explain how a given whole number may be
expressed in any proposed scale.

The figures by means of which a number is expressed
are cailed digits. V/hen we speak in future of an]/ radix
\\-Q shall always mean that this radix is some poiitivo

integer greater than unity.

434. To sheic that any whole number may be express-
ed in term,s of any radix.

Let N denote the whole number, r the radix. Suppose
that r" is the highest power of r which is not gi'eat(T than
N; divide iV by r*; let the quotient be a, and the re-

mainder P : thus

N=ar*+P.
Here, by supposition, a is less than r, and P is less

than 7^. Di\nde P by r""^; let the quotient be 6, and the
remainder Q: thus

P = br'-^ + Q.

Proceed in this way until the remainder is less than r

:

thus we find N expressed in the manner shewn by the
following identity,

N=ar" + br*~'^ + cr*'^+ +hr + k.
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Each of the digits a, h, c, k, k is less than r; and
any one or more of them aifter the first may happen to be
zero.

435. To express a given whole number in any pro-
posed scale.

By a given whole number we mean a whole number
expressed in words, or else expressed by digits in some
assigned scale. If no scale is mentioned the common scale

is to be understood.

Let N be the given whole number, r the radix of the
scnle in which it is to be expressed. Suppose k, h,..c, b, a
the required digits, n 4- 1 in number, beginning with that
on the right hand : then

iV^= ar' + br^~'^ + ct^~^ + ...+hr + k.

Divide A'^by r, and let 3f be the quotient; then it is

obvious that 'M=a7'^~^ + br"~^+ +k, and that the
remainder is k. Hence the first digit is found by this

rule : divide the given numher by the proposed radix^
and the remainder is the first of the required digits.

Again, divide 3/ by r ; then it is obvious that the
remainder is h ; and thus the second of the required
digits is found.

By proceeding in this way we shall find in succession
all the required digits.

436. We shall now solve some examples.

Transform 32SS4 into the scale of which the radix is

seven.

7
I

328S4

7 4G:'7 ...5

7i671 ...0

7(9T...6

7|_13...4

1 ...6

Thus 3-2SS4 = 1 .
7» + r> . 7* + 4 . 7^ + 6 .7' + .

7^ + 5,

so t:i;iL lIu iniiiiber cxprcsoCvl in the scale of which the

radi.\ i.-. .^cvcii is IGlGOo.
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Transform 74194 into the scale of which the radk ii

twelve.

12 [74194

12 I 6182. ..10

11

Thus 74194 = 3. 12*+6. 123+11.122 + 2.12 + 10.

In order to express the number in the scale of which
die i*adix is twelve in the usual manner, we require two
new symbols, one for ten, and tlie other for eleven : vre will

use t for the former, and e for the latter. Thus the number
expressed in the scale of which the radix is twelve is

36e2t.

Transform 645032, which is expressed in the scale of

which the radix is nine, into the scale of which the radix is

eight,

8
I

645032

727S2...4.

The division by eight is performed thus : First eight is

not contained in 6, so we have to find how often eight is

contained in 64 ; here 6 stands for six times nine, that is

fifty-four, so that the question is how often is eight con-

tained in fifty-eight, and the answer is seven times with
two over. Next we have to find how oftc:i eight is con-

tained in 25, that is how often eight is contained in twenty-
three, and the answer is twice with seven over. Next we
have to find how often eight is contained in 70, that is how
often eight is contained in sixty-three, and the answer is

seven times with seven over. Next we have to find how
often eight is contained in 73, that is how often eight is

ci iitained in sixty-six, and the answer is eight times with
two over. Next we have to find how often eight is con-
tained in 22, that is how often eight is contained in twcnry,
and the answer is twice with four over. Thus 4 is the first

of the required digits.

We will indicate the remainder of the process ; the
etudcut should carefully work it for himself, and then com-
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pare his result with that which is here obtained.

8 72782

8!'S210..

81 1023..
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XLIV. Interest.

438. The subject of Interest is discussed in treatises

on Arithmetic; but by the aid of Algebraical notation
the rules can be presented in a form easy to miderstand
and to remember.

439. Interest is money paid for the use of money.
The money lent is called the Principal. The Arnount at

tlie end of a given time is the sum of the Principal and the
Interest at the end of that time.

440. Interest is of tv.o kinds, simple and compound.
When interest is charged on the Principal alone it is called

simple interest ; but if the interest as soon as it becomes
due is added to the principal, and interest chai'ged on the
whole, it is called comijound interest.

441. The rate of interest is the mo:icy paid for the use

of ft certain sum for a certain time. In practice the sum is

usually ^100, and the time is one year; and when we say

tliat the rate is £4. hs. per cent, we mean that £4. 55., th^'t

is £4^, is paid for the use of £100 for one year. In theori)

it is convenient, as we shall see, to use a symbol to denote
the interest of one pound for one year.

442. To find the amount of a given sum in any given
time at simple interest.

Let P be the number of pounds in the principal, n the

number of years, r the interest of one pound for one year,

expressed as a fraction of a pound, Jf the number of

pounds in the amount. Since r is the interest of one pound
for one year, Pr is the interest of 1^ pounds for one year,

and/2Pr is the interest of P pounds (ov u years; therefore

3f=P + J'nr = P{i+nr).

443. From the equation M = P \ + nr), if any three of

the four quantities M, P, n, r are given, the fourth can bo
found: thus

M M-P M-P
l^nr' Pr ' Pu
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444. To find the amount of a given iwm in any
given time at compound interest.

Let P be tb« nuiaber of pounds m the principal, n the
number of years, r the interest of one pound for one year,

expressed as a fraction of a pound,M the number of pounds
in tJie amount. Let R denote the amount of one pound in

one year; so that R-l + r. Then PR is the amount of P
pounds in one year. The amount of PR pounds in one
year is PRR, or PR^; which is therefore the amount of P
pounds in two years. Similarly the amount of PR^ pounds
m one year is PR-R, or PR^, which is therefore the amount
ofP pounds in three years.

Proceeding in this way we find tiiat the amount of P
pounds in n years is PR"* ; that is

M=PR:^.

The interest gained in 7i years is

PR-'-P or P{Rr-\).

445. The Present value of an amount due at the end
of a given time is that sum which with its interest for the
given time will be equal to the amount. That is, the Prin'
cipal is the present value of the Amount; see Art. 439.

446. Discount is an allowance made for the payment
of a sum of money before it is due.

From the definition of present value it follows that a
debt is fairly discharged by paying the present value at

once: hence the discount is equal to the amount due
diminished by its present value.

447. To find the present value of a sum of m,oney due
at the end of a given time, and the discount.

Let P be the number of pounds in the present value, n
the number of years, r the interest of one pound for one
year expressed as a fraction of a pound, M the number of
pounds in the sum due, D the discounL

Let i2 = 1 -f- A

T. A. 18
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At simple interest

ilf=P(l +wrX by Art. 442;

therefore P=r^i D=M-P=^^.

At compound interest

M=^PR', by Art. 444;

therefore P=f; Z>=3/-P =^^^^.

448. In practice it is very common to allow the
interest of a sum of money paid before it is due instead of

the discount as here defined. Thus at simple interest in-

^InT
stead of . the paver would be allowed Mnr for im-

1 + wr
mediate payment

Examples. XLIV.

1. At what rate per cent will £a produce tho same
interest in one year as £b produces when tho rate is £c
per cent ?

2. Shew that a sum of money at compound interest

becomes greater at a given rate per cent for a given number
of years than it does at twice that rate per cent for half

that number of years.

3. Find in how many years a sum of money will double
itself at a given rate of simple interest.

4. Shew, by taking the first three terms of the Bi-

nomial series for (1-f r)", that at five per cent comjiound
interest a sum of money will be more than doubled in fifteen

years.
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Miscellaneous Examples.

1. Find the values when « = 5 and & = 4 of

and of (a+9&)(a-6).

2. Simplify 5a; - 3 [2;c + 9y- 2 {3a; - 4 (y- x)]],

3. Square Z-5x + 2x\

4. Divide 1 by l—x + x"^ to four terms: also divide

1 —a; by \—x^ to four terms.

_ Q. ,.- 4a;3-l7a;+12
^- ^^"^P^^^y 6.;--17a;4-12

'

6. Find the l.c.m. of 4a;*^-9, 6vr--5a;-6, and
6a;2 + 6a;-6.

a; a ^ a; a ^-+ - -2 - + - +2
7. Simplify —-——— +——

,

^ '' x-a x + a

^ CI 1 ^-2 a; + 5 7a;-6
8. Solve— +— =^-.
9. The first edition of a book had 600 pages and was

divided into two parts. In the second edition one quarter
of the second part was omitted, and 30 pages were added
to the first part ; this change made the two parts of the
same length. Find the number of pages in each part ia

the first edition.

10. In pajing two bills, one of which, exceeded the
other by one third of the loss, the change out of a £5 note
was half the difi"crence of the bills: find the amount of eacli

bill.

11. Add together 2/ + 2^-3^, z + ^x-^y, x-i- ^^y--z;

and from the result subtract -x—y-z.

1&—

2
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12. If a = l, & = 3, and c = 5, find the value of

Za? + 'b^ + <? + cfi{b-c) + 'b'^{2aT-c) + c^ (20 + h)

2a3-63 + c3 + a2(&- c) - 6^ (2a- c) + c2'(2a + 6)
*

13. Simplify(a + 5)2-(a + &X«-6)-M2&-2)-(&3-2a}}.

14. Divide

2a:^ - x*y—4^^ + ^a^y^- 'iy^ by o(?—xy^-¥li^.

a?^~ 2^^ + a?^-l
15. Reduce to its lowest terms — ^ ,

„

16. Find the L.C.M. of x^-^x-XQt, x^-*lx-Z%
{x + 1) (^' + 3) (a;- 10), and x'^ + 4x + 3.

17.
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2a^ h a
26. Simplify ^^

—-—, - ,—-— + =

.

27. Find the l.c.m. of ^^-4^ Ax^-1x-2, and
4a^ + 7^-2.

28. Solve — r^ + "^—r- =4.
6 lo D

29. A man bought a suit of clothes for ^4. 7*. Qd.

The trowscrs cost half as much again as the waistcoat, and
the coat half as much again as the trowsers and waistcoat
together. Find the price of each garment.

30. A farmer sells a certain number of bushels of
wheat at Is. 6d. per bushel, and 200 bushels of barley at
45. 6d. per bushel, and receives altogether as much as if he
bad sold both wheat and barley at the rate of 5s. 6d. per
bushel. How much wheat did he sell ]

31. If a = l,b = 2,c= -^, d=0, find the value of

a— h + c ad — he

a—h-c bd+ac V \a^ ?)'

.32. Multiply together x-a, x— h, x + a, and x-\-b;

an4 divide the result by x^ + x{a + b) + ab.

33. Divide 8x^ - xHf + - y^ by 2.zr + y.

34. Find the g.c.m. of 4;i?(a;2 + 10)-25:c-62 and

3? -7.^+10.

35. Reduce to its lowest terms
5^^ _ g^^y ^. 2^;^^ - 2y

36. Simplify -
a . J.

c
1 + a + b + j

37. Solve ^:zl-^-Z^^^^-l^^~~^^^0
9 4 14 M)
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2X'\ x + 4 5a;-l
38. Solve

9 27

39. A can do a piece of work in one hour, B and G
each in two hours: how long would -4, B, and C take,

working together ?

40. A having three times as much money as B gave
two pounds to B, and then he had twice as much as B
had. How much had each at first ?

41. Add together 2x + Sy + 4z, x-2y + 5Zt and
7x—y+z.

42. Find the sum, the difference, and the product of

3a;2- 4x2/ + 4y^ and 4x' + 2xy- '6y\

43. Simplify

2a-3(6-c) + {a-2(6-c)}-2{a-3(&--c)}.

44. Find the g.c.m. of

a:* + 67a7- + G6 and x^-k-^a^ + lx"^ + 2x4-1.

45. Simplify -^—- x
x^-i x^ + 2j^ + 2x'^+2x+l'

46. Fmd the l.c.m. of :r2-4, a^-5x4-Qj and ^-9.

47. Reduce to its lowest terms

48. Solve ?>[x-\)-4{x-2) = 2{^-x).

49. Solve ;^(9 + 4a;) = 5 - Ijx.

50. IIow much tea at 35. 9rf. per lb. must be mixed
with 45 lbs. at 35. 4cl. per lb. that the mixture may bo
worth 35. Qcl. per lb. ?

51. Multiply 3rt- 4- a& — 62 by «- — 2a&-3&-, and divide
the product by a + h.

52. Find the g.c.m. of 2.c(.r-3) + 3(a?-65)+ 15 and
2o^ — bx'^—^x+ 15.

63. Simplify
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64. SimplifY , ^ ~ i

.

65. Solve - + - = , = --(l + 22j).

3 7 *^ "26

56. Solve :. + ^
= 2' ^-^"y-S-

57. Solve 2 (a; - 3) - ^
(y- 3) = 3,

3(y-5) + ^^«-2) = 10.

58. Solve

7yz = lO{y + z), Szx= 4{z + x), 9xy=20{a;+p\

59. Solve - + ' =m, ^n.
X y X y

60. The denominator of a certain fraction exceeds the
numerator by 2 ; if the numerator be increased by 5 the
fraction is increased by unity : find the fraction.

61. Divide a^- -J by a;--.
XT X

62. Reduce to its lowest terms
~

, Si„pUfy^,_j£^^,(|,^_l).

21ar'-14;c»-29;c-10*

2fl . /x
63.

I X-lf

64. Solve 3(4?-l)+ 2(a;-2) = ;c-3.

OK a 1
^-1 2/ + 1 2:r-3 1 3 -2y

65. Solve ^- =—
, 5=-^.

66. Solve 5;r + 2 = 32/, 6ary-10;z:'-»-^——=8.

67. Sohe -^, 3~-^' —4 8 "2'
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ea Solve J{x^ + AO) = x-irA.

69. Solve ~ r— = — .

x+l x+2 2

70. A father's age is double that of his son ; 10 yeara

ago the father's age was three times that of his son : find

the present age of each.

71. Find the value when ;c= 4 of

72. Reduce ,r-^

—

—-^,—

—

to its lowest terms;

and find its value when x = 3.

73. Resolve into simple factors x'— ox + 2, ^c* — 7.1? + 10,

and x'—6j; + 5.

74. Simplify -s—;r + -=—^^
~ =

—

z. .

^ •' ^^"-3.^ + 2 ^'-7:?? + 10 x^-ex + 5

75. Solve j^(3.r4-^3^)-^(4;c-2|) = ^(5.r-l).

76. Solve 9x' - 63.r + 68 = 0.

77. A man and a boy being paid for certain days' work,
the man received 27 shillings and the boy who had been
absent 3 days out of the time received 12 shilHngs: had the
man instead of the boy been absent those 3 days they would
both have claimed an equal sum. Find the wages of each
per day.

78. Extract the square root of 9x*-6.i^ + 7x--2x +

1

;

and shew that the result is true when ;r= 10.

79. U a : b :: c : d, shew that

a-c + cu;" : l-d-\-bd-^ :: {a + cf : {b + df.

80. If a, b, c, d be in geometrical progression, shew that
d' + d^ is greater than b^ + c*.

81. If w is a whole positive number 7'""^'
-+- 1 is divisible

by 8.
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S2. Find the least common multiple of ^-— 4z/',

,•* y- G.ry + 1 2xy'^ + Sy^, and ^-^ - Gx-^// + 1 2x//^ - Sy^.

83. Solve -+^=L ^-^=2|.

84. Solve a;5 + 2a; + 2 ^ (^2 ^ 2.c + 1) = 47.

85. The sum of a certain number consisting of two
digits and of the number formed by reversing the digits is

121 ; and the product of the digits is 23 : find the number.

86. Nine gallons are dra-vvn from a cask full of wine,

and it is then tilled up Avith water ; then nine gallons of tho
mixture are drawn, and the cask is again filled up with
water. If the quantity of wine now in the cask be to tho
quantity of water in it as 16 is to 9, find how much the cask
holds.

87. Extract the square root of

l^^ + 2oy^- 30xy^ - 2ix'y^ + 9jry^ + 40.c'y'-

88. In an arithmetical progression the first term is 81,

and the fourteenth is 159. In a geometrical progression

the second term is 81, and the sixth is 16. Find the

harmonic mean between the fourth terms of the two pro-

gressions.

89. If J5 = 2-23606, find the value to five places of

decimals of —r^—r .

90. If X be greater than 9, shew that */^ is greater

than 4^ (:c 4- 18).

9 1

.

Divide (x - yf-2y{x-yf + y\x- y) by {x - 2yf.

92. Find the g.c. m. and the l.c.m. of

24 (.7^ + x-y 4- .r?/2 + y^) and 1 6 (or* - x'^y + xy^ - y^).

93. Simplify

^_ ^ y + _J__ - y
.
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94. Solve -^ + -y- = 3 ~.
95. Solve

xy + 20{x-y) = 0, yz + 30{y-z) = 0, 3x-2z= 0.

96. Solve Sar^-2x+>^{Sx^-4x-6) = l8 + 2x.

97. ^ rows at the rate of 8J miles an hour. He leaves

Cambridge at tlie same time that B leaves Ely. A spends
12 minutes in Ely and is back in Cambridge 2 hours and
20 minutes after B gets there. B rows at the rate of 7-^

miles an hour ; and there is no stream. Find the distance

from Cambridge to Ely.

98. An apple woman finding that apples have this

year become so much cheaper that she could sell 60 more
than she used to « lo for five shillings, lowered her price and
sold them one penny per dozen cheaper. Find the price

per dozen.

99. Sum to 8 terms and to infinity 12 + 4+ l§^ + ...

100. Find three numbers in geometrical progi-ession

such that if 1, 3, and 9 be subtracted from them in order
they will form an arithmetical progression whose sum is 15.

101. Muiii^ly x^ - jr^ + x^ - x^ + x^ - X + x^ -Ihj a:^ + }

;

and divide 1 — x^ by 1 - .r*.

102. Find the L.C.M. of x^—a^, x^ + c^, x*-i-a*a^ + a

a^—ax^— a'^x + o^, anda^ + aa^—a^x—a^.

103. Simplify ^
~^2h^ '

a?-b^ +
, a + b

a — b

104. Solve

x+ 5 \fx 2\ 2,„ ^ . 4:r-14 ;f+10

106. Solve r +x-\ x—5 x+1 x + 5
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106. Solve a>^ + y- + z^ = bO,

pz + x]/-zx = 7,

xy— yz — zx = 47.

107. A and B travel 120 miles together by rail. B
intending to come back again takes a return ticket for

which he pays half as much again as A ; and they find that

B travels cheaper than A by As. 2d. for every 100 miles.

Find the price of ^'s ticket

108. Find a third proportional to the harmonic mean
3

between 3 and -, and the geometric mean between 2

and 18.
^

109. Extract the square root of

y\ yj x\ X yj

110. li a \h v.}} \ c, shew that h^-.

Sn Sn n n

111. Dinde x"^ — x~ '^ h^ x^ — x'^

,

112. Reduce —j^

—

\—r-:- to its lowest terms, and
xr — x- — Vl

find its value when ;»=2.

113. Solve ,
—- = r-7- r .

a?-4 3 3(6-a;)

114. Find the values of m for which the equation
m-o;- + (m- -t- m) oj: + a- = "will have it^ roots equal to one
another.

115. Solve 3.r?/ + .r== 10, bxy-lx^^l.

116. Solve - + - = 5, - + ^ = 21.
X y ' y X **

117. Find the fraction such that if you quadruple the

numerator and add 3 to the dcnoiuinator the fmetion i.i

doubled ; but if you add 2 to the numerat )r and quaurupio
the denominator the fraction i ? h;dved.
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118. Simplify [-{^fY^-^[-{-x)-^]^.

119. The third term of an arithmetical progression is

18; and the seventh term is 30: find the sum of 17 terms.

120. If —^, 0, —^ be m liarmonical progression,

shew tliat a, h, c are in geometrical progression.

1
121. Simplify a-

6+ 1

j+
""

a—b

122. Extract the square root of

123. Resolve 3a^— 14a:^-24x into its simple factors.

^ + 5 3{5x+l) 4
124. Solve

2u;-l 5X + 4: 2x-l

125. Solve x^+~ = ^-^.

126. Solve ^2_y2^-9^ x + 4 = 3(1/-!).

127. Solve y + J^x^ - 1 ) = 2, J{x + 1 ) - ^/(.t- - 1 ) = ^!y.

128. If a, b, c, d are in Geometrical Progression,

a : b + d :: c^ : c^d + d\

129. The common difference in an arithmetical pro-

gression is equal to 2, and the number of terms is equal to

tlie second term : find what the first term must be that the

sum may be 35,

\:]0. Sum to n terms the series wliose m'^^ term is

2x3"*.

,.,, o- vf 1+ v/(l-2.g) .
X- ^il-2x)

131. Simplify -—
^77j—r-^ + —

^

132. Find the g.c.m. of ':^0x^-¥\&x^-i>Qx--2Ax and
'Z4a-*-+-14.i-^-4ar'-32a;.
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133. Solve a:--j:-l'2^0.

134- Form a quadratic equation whose tools shall be
3 and - 2.

136. Solve .r^ + — a^->r ,.

136. Solve —,?^-. = 1 +

137. Having given ^3 = 1*73205, find the value of

—.- - to five places of decimals.

138. Extract the square root of 61 - 2S J3.

X "h V
139. Find the mean proportional between —^ and

x^ — y^

140. If a, h, c be the first, second and last terms of an
arithmetical progression, find the number of terms. Also
find the sum of the terms.

141. If d, c, h, a are 2, 3, 4, 5. find the values of

0+5+C ab-cd /a—

I

a-b + c' ^LC^hd' ^6-3*

142. In the product of 1 + 4a?+ 7^ + 10a?' + J5a:* by
1 + 6x-^%a^Jr\'^a^-\- 11x^J find the coeflicient of xl^.

Divide 21.r5_ 2^4 _ 70^ - 23.C-+ 33.1- + 27 by 7^ + 4.r- 9.

143. Simplify ^^

—

j-,
—r-^-^ — .,

J Jx Ja x-a
and —7-^—

-,— —--—;
.

s'x-pja Jx+ Ja x + a
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144. Solve the following equatioTw:

„, 60-^ 3^-5 ^ 24-3a?
(1) ^5 ^ = 6 --.

(2)
x + 4: _ 5^ + 12

x + 3~ 43.C '

9
"^^

3^+5^ 5^-3^ ^+12
^^^ 20 "^ 8 "'^' y + 2~3*

145. Solve the following equations

;

/,N 20 21

(2) ^|+V3^TI = 7.

(3) 3:i;2-4;r2/= 7, Zxy-4y^= 5.

146. A bill of £20 is paid in sovereigns and crowns,
Rnd 32 pieces are used : find how many there were of each
kind.

147. A herd cost ;€180, but on 2 oxen being stolen, the
rest Average £1 a head more than at first : find the number
of oxen.

148. Find two numbers when their sum is 40, and the

5
sum of their reciprocals is — .

48

149. Find a mean proportional to 2^ and 5|; and a
third proportional to lOU.and 130.

150. If 8 gold coins and 9 silver coins are worth as

much as 6 gold coins and 19 silver ones, find the ratio of

the value of a gold coin to that of a silver coin.

151. Remove the brackets from

(x—a){x-b){x— c) — [bc{x — a) — {{a + b + c)X'-a{b + c)}x].

152. Multiply a+ 2^{a'^b) 4- 2^ by a- 2 ;t/{arb) + 2 ^b.

153. Find the g.c.m. of «*-16a?3 + 93a;"- 234a; + 21G
and 4a-'-48j;'4-1S6j?-234.
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164. Solve the following equations

:

(2)

(3)

2j; + 3 _ 2a?-

8

3;c + 9
~ Zx-\Z— , 3e.L)=n(l-I).

155. Solve the following equations

:

(1) ^{x + l) + J{2x) = l.

(2) 1x-2(i,Jx=Z.

(3) 7;r«/ - 5a;2= 35^ 4^^ _ 3^2= iqS.

156. A boy spends his money in oranges ; if he had
bougiit 5 more for his money they would have averaged

an half-penny less, if 3 fewer an half-peony more : fiud how
much he spent

157. Potatoes are sold so as to gain 25 per cent, at

6 lbs. for 5c?. : fiud the gain per cent, when they are sold at

5lbs. for6J.

158. A horse is sold for £24:, and the number ex-

pressing the profit per cent, expresses also the cost price

of the horse : find the cost

159. Simphfy ^{^0^ + sJilQa^x"^ + Qaa^ + ^)}.

160. If the sum of two fractions is unity, shew that the
first together with the square of the second is equal to the
second together with the square of the first.

161. Simplify the following expressions :

25a- 1 96- [36- {4a - (06 - 6c)}] - 6a,

[{(a-"':-'}-^]-[{(«'-)-"'}-].
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162. Find the g.c.M. of 18a' - 1 Sa^o; + 6<z;c2_ g^^ ajid

163. Find the L.C.M. of \S{a^-y^\ l2{x-yY, asid

164. Solve the following equations

:

„, 2X-4: 3.r-2 ^
(1) -^- + -^=7.

. 9^+20 _ 4^-12 «

(3) ill ^

(4) 2{x-y)=-Z{x-Ay\ 14(a;+ y) = ll(a? + 8)

165. Solve the following equations :

(1) 32^-5;c2=12.

(2) V(2^ + 3)^/(:c-2)= 15.

(3) ic2 + 2/2=290, ;C2/ = 143.

(4) 3j;2-4y2=8, 5;c2_6;ry= 32.

166. A and ^ together complete a work in 3 days
which would have occupied A alone 4 days: how long
would it employ B alone \

2
167. Find two numbers whose product is - of the sum

of their squares, and the difference of their squares is

96 times the quotient of the less number divided by the
greater.

168. Find a fraction which becomes - on increasing its
o

numerator by 1, and ^ on similarly increasing its denomi-

nator.
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169. li a : h :: c : d, shew that

11111111aoaocdca
170. Find a mean proportional between 169 and 256,

and a third proportional to 25 and 100.

171. Remove the brackets from the expression

6-2{&-3[a-4(«-&)]}.

172. Simplify the following expressions :

X 2.c^ + y2 ^xif-Zx^-y^ _ 4.ry3 - 2.rV- y*

y xy x-y x-y- *

{p-q—m)p— {m+q—p)q^{q+ ni)m+ m{p-Tn) + q*f

/^P+^P ^ / gjl \p-9

173. Find the g.c.m. of ;r* + ajF3-9«V + lla'a?-4«*
and x*-ax^- Za-x- + ba?x- 2a\

174. Solve the following equations

:

2:c+ l x + l
(1) X-

(2)

3 5 '

lO.g+17 12.2? + 2 5^-4
IS 13a;-16~ 9 '

(3) 9.^+^= 70, 7^-^=44.

(4)
6.r+7 2;c+19

Zx-^l x-^l

175. Solve the following equations

:

(1) ;,+4-l^ = 3.
X

(2) 2.c'-3y2= 2, xy--2Q.

(3) 2y2-x2^i^ Zx^-4xy= l.

(4) x-vy=% ;c»-»-2/'=126,

T.A. 19
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176. "When are the clock-hands at right angles first

after 12 o'clock?

177. A number divided by the product of its digits

gives as quotient 2, and the digits are inverted by adding

27 : find the number.

178. A bill of £26. 15«. was paid with half-guineas and
crowns, and the number of half-guineas exceeded the num-
ber of crowns by 17 : find how many there were of each.

179. Sum to six terms and to infinity 12 + 8 + 5^ +• .. ..

180. Extract the square root of 55 — 7 /v/24.

181. If ^' =^^—r, and 2/= *^
,
find the value of

tjO— 1 VOT 1

3^2_ \^x— 12
182. Reduce to its lowest terms

a;=*-8ur-J2;c+144'

183. If two numbers of two digits be expressed by the

aame digits in a revei-sed order, shew that the difference of

the numbers can be divided by 9.

184. Solve tlie following equations:

3.r-3 3a?-4 21-4X
(1)

4 3 9

bo -^

, X 14-.r , ^

(3) 4.t' r = l^

185 Solve the following equations:

(1) s/(.'t' + 3) X V(3.?^ - 3) = 24.

(2) V(.c-f2) + ^(3.f + 4) = 8.

(3) x^ - X- {2x- 3) = 2.r + 8.

186. Find two numbers in the proportion of 9 to 7

such that the square of tlieir sum shall be equal to the

cube of their diflerence.



MISCELLANEOUS EXAMPLES. 291

187. A traveller sets out from A for B, going' 3^ miles

an hour. Forty minutes afterwards another sets out irom
B for A, going 44 miles an hour, and he goes half a mile

beyond the middle point between A and B before he meets
the first traveller ; find the distance between A and B.

188. Two persons A and B play at bowls. A bets B
four shillings to three on every game, and after playing a
certain number of games A is the winner of eight shillings.

The next day A bets two to one, and wins one game more
out of the same number, and finds that he has to receive
three shillings. Find the number of games.

189. If ni = x — x~'^ and n = y — y~'^,

Bhew that mn -»- ^/{(m^+ 4) (w'+ 4)}= 2 (a^ + — j.

9 3 3
190. Sum to nineteen terms - + r + t + ....

4 2 4

191. Multiply |'-|-f^ by |Vf-^.

Divide ^-4.2^^ + ^.1^-^ -c'-^-^+ S? by *^-.r + 3.
4 8 4 4 2

192. Reduce to its lowest terms

ar* - 90^ + 29.c^- 39.r + 18
*

193. Find the l. c. m. of x^-¥ 2x^y+4xi/'+ Sy^ and
af^-2x-y + Axy^-Sy\

194- Solve the folloTving equations

:

(1) ^(^ + 6)-^(16-3.r) = 4^.

(2) -13 ^ = 3^-20.

(3) ^(.r+y) = ^(2.c + 4), ^(x-y}= ~ (.c-24X

19—2
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195. Solve the following equations

:

(1) ^(^^-3)= ^(^-3).

(2) J(^ + 3) + v/(3a;-3) = 10.

(3) x + y= Q, {x''- + y'^){a^ + y^) = l4A(i,

196. The express train between London and Cam-
bridge, which travels at the rate of 32 miles an hour, per-

forms the journey in 2^ hours less than the parliamentary
train which travels at the rate of 14 miles an hour: find

the distance.

197. Find the number, consisting of two digits, which
is equal to three times the product of those digits, and is

also such that if it be divided by the sum of the digits the

quotient is 4.

198. The number of resident members of a certain
college in the Michaelmas Term 1864, exceeded the num-
ber in 1863 by 9. If there had been accommodation in

1864 for 13 more students in college rooms, the number in

college would have been 18 times the number in lodgings,
and the number in lodgings would have been less by 27
than the total number of residents in 1863. Find the
number of residents in 1864.

199. Extract the square root of

a*- 2a^h + :iaW-- 2ab^ + h\

and of {a + 6)*- 2 {a^ + ¥) {a+ 6)2+2 {a*+ V).

200. Find a geometrical progression of four terms
such that the third term is greater by 2 than the sum of
the first and second, and the fourth term is greater by 4
than the sum of the second and third.

201. Multiply 8— 3.r +

by 9-2^; +

7 -2a;

7a:'-55 + 30a;

6 -3a;

202. Find the g. c. m. of x^ + 4.r + 1 6 and a;< - or^ + So: - S.
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203. Add together
2 + 3^' (2 + 3.r/' (2 + 3^/»

'

Take , from
l+x + x"^ \ — x + x^

204. Solve the following equations:

(1)
— ^=39-o.r.

(2) {a + b){a—x)=a(J)-x).

2j? + 3y X ly-'sx
(') -r^ + r2=2i. d

-2y-

205. Solve the following eqiiationB:

„, ^ 35-3.Z; ,,
(1) 6a: + = 44.

X

(2) 4(.r2+ 3^)_2^(j;2+ 3-pj = ij,

(3) x:' + xy = \5, y--\-xy = lQ,

206. A person walked out from Cambridge to a viTTago

at the rate of 4 miles an hour, and on reaching the railway

station had to wait ten minutes for the train which was
then 4^ miles off. On arriving at his rooms which were
a mile from the Cambridge station he found that he had
been out 3j hours. Find the distance of the village.

207. The tens digit of a number is less by 2 than the
units digit, and if the digits are inverted the new number
is to the former as 7 is to 4 : find the number.

208. A sum of money consists of shillings and crowns,
and is such, that the square of the number of crowns la

equal to twice the number of shilling; also tlie sum i«

worth as many ilorins as there are pieces of money : find
the sum.

209. Extract the square root of

Ax^ + Sax^ + ^'X^+\Ql^x^^\Qalrx + \Qb^.

210. Find the arithmetical progression ol wmcn me
first term i^ 7, and the sum of twelve terms is 348.
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211. Dmde 6ar* -25^y + 47a;V- 49-^V + 62ay-45y'

212. Multiply

3 + 5ii? — by 5-2.^4- —
.

4 + 7;c
•'

3— 4:c

213. Reduce to its lowest terms

4:g^-4.5.r^-H62^-185

ai^ — Iba:^ + bljc"- - lbbx+ 150'

214. Solve the following equations:

^^ 5 11

(2) x+ -y-=l1, y+ ^x = ^,

, 1 1^1 1 14 1 1 _ 5
^^^ x'^y~r x^~z~9' y'^z'lS'

215. Solve the following equations :

^ ^ X x + 3 6

(2) 1 0;ry - 7.^2 = 7, 5y-- 3xy = 20.

(3) x + y= 6, x* + y^ = 2':2.

216. Divide £34. 4*. into two parts such that the num-
ber of crowns in the one may be equal to the number of

shillings in the other.

217. A number, consisting of three digits whose sum is

9, is equal to 42 times the siuu of the middle and lcft-h?.nd

digits; also the right-hand digit is twice the sum of the
other two : find the number.

218. A person bought a number of railway shares when
they were at a certain price for .£2i)2o, and afterwards
when the price of each share was doubled, sold tliem all

but five for iJ4000 : find how many shares he bought



MISCELLANEOUS EXAMPLES. 2^5

219. Four numbers are in arithmetical progressiork-

Iheir sum is 50, and the product of the second and third is

156: find the numbers.

220. Extract the square root of 17 4- 12 ^^2.

221. Divide a?-lhy x^-\; and

m {qx^— rx) +p {mx^— na^)—n {qx— r) by mx

—

».

222. Simplify

a^bx-¥j^ a'- h'^c^^^^
'

223. Fmd the l. c. m. of 7-c^-4jr2_2l4?+12 and

224. Solve the following equations :

(0 ?^-^^=.
(2) 17^-13?<-144, 23.r+19?< = 880.

/3) 1.1^1 -1+1^1 -1-1=A
^ ' X y S'.c z 9' 2 y 72'

225. Solve the following equations

:

(1)
-^-^A.i,

^ ' 100 25.f 4

(2) -0075^2 + •75;!?= 150.

(3) ^/(^ + y) + V('^-y) = ^/(•,

6(^-a) + a(6-f^) = 0.

226. A person walked out a certain distance at tlie

rate of ?,\ miles an hour, and then ran part of the way back
at tlie rat^ of 7 miles an hour, walking the remaining dis-

tance in 5 minutes. He was out 25 minutes : how far did

he run ?

227. A man leaves his property amounting to £7500
to be divided between his wife, his two sons, and his three

dauifhtcrs as follows: a son is to have tmce as muck aa
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a daughter, and the widow £500 more than all tl>€ fiye chil-

dren together : find how much each person obtained.

228. A cistern can be filled by two pipes in 1^ hours.

The larger pipe by itself will fill the cistern sooner than
the sm:dler by 2 hours. Find what time each will sepa-

rately take to fill it.

229. The third term of an arithmetical progression is

four times the first term ; and tiie sixth term is 17 : find

the series.

230. Sum to n terms 3| + 2| + If + ...

231. Simplify the following expressions:

yWJ+ 6+ c y, rvA+b~c v/ j.a-'b+ e w j,b+e—»

_b a + b ^ a^+ b^-

a + b 2ii ' 2a{a-h)*

a''-ab + ¥ a^-h"-
X

a3-3a6(a-6)-63 a^ + y^'

232. Reduce to its lowest terms
9.1=* + 53.1:2- 9;c~ 18*

233. Solve the follawmg equations:

^^ x'^2x 3x 3*

(2)
J- + -^ = 8.

^ ' \^-x \-x

/«\ 4.r + 5y Ix—ti ^ 1
(3) -4o^=*-S'. -T^+ 22,= -.

234. Solve the follo^ving equations :

^^^
;r + 3~;c + 10 ''*

(2) ax^^}^^<?=a^^1lc-^1^-c)x ^a.

(3) V(^ + 2/) + N/(^-y)= 4» «» + y2=4L
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235. A body of troops retreating before the enemy,
from which it is at a certain time 26 miles distant, marches
18 miles a day. The enemy pursues it at the rate of 23
miles a day, but is first a day later in starting, then after

two days' march is forced to halt for one day to repair a
bridge, and this they have to do again after two days' more
marching. After how many days from the^beginning of the
retreat will i\\Q retreating force be oyertalien 1

236. A man has a sum of money amounting to £23. 15*.

consisting only of half-crowns and florins ; in all he has 200
pieces of money : how many has he of each sort ?

237. Two numbers are in the ratio of 4 to 5 ; if one is

increased, and the other diminished by 10, the ratio of the
resulting numbers is inverted : find the numbers.

238. A colonel wished to form a solid square of his

men. The first time he had 39 men over; the second time
he increased the side of the square by one man, and then
he found he wanted 50 men to complete it Of how many
men did the regiment consist ?

239. Extract the square root of

and of a2 + 462 + 9c2 + 4a& + 6ac + 12&c.

240. Multiply x^if' - 2xy + 4:X^y^ by x^ + 2yK

241. Simplify

AOxy - {dx- Sy) {5x + 2y) - {Ay- 3^) (1 5.<; + iy\

J \-¥x l —x \-x + x^ l-¥x + x^ ^
and + — 4- 2.\—x l + x \+x^ l-af

242. Find the g.c.m. of c(^+ ax^-¥2a-j(?+ Sa^x+a^t
and x^-\-ax^ + 2aV + Sa^j? + aly^x + a* + a^V^.

243. Two shopkeepers went to the cheese fair with the
same sum of money. The one spent all his money hw'f 5.<f.

in buying cheese, of which he bought 250 lbs. The other
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bought at the same price 850 lbs., but was obliged to

borrow 35*. to complete the payment. How much had
they at first ?

244. The two digits of a number are inverted; the
number thus formed is subtracted from tho first, and
leaves a remainder equal to the sum of the digits; the dif-

ference of the digits is unity: find the number.

245. Find three numbers the third of which exceeds
the first by 5, such that the product of their sura multi-

plied by the first is 48, and the product of their sum mul-
tiplied by the third is 128.

246. A person lends £1024 at a certain rate ot

interest ; at the end of two years he receives back for his

capital an'd compound interest on it the sum of ;£115G :

find the rate of mterest.

247. From a swm of money I take awaj £50 more
than the half, then from the remainder £30 more than the
fifth, then from the second remainder £20 more than the

fourth part; at last only £10 remains: find the original

sum,

248. Find such a fraction that when 2 is added to the

numerator its value becomes -, and when 1 is taken fron
o

the denominator its value becomes - .

4

249. If I divide the smaller of two numbers by the

greater, the quotient is "21, and the remainder is "04162
; if

I divide the greater number by the smaller the quotient ia

4, and the remainder is '742 : find the numbers.

250. Shew that ^-^^ --^ = -^ r .

x + y ;r*+y*

251. Simplify

6a 4- [4<i- {8*- (2<z 4- 45)- 22&} - 7&]

- [76 + (Sa- (36 + 4a) 4- 85} + 6a].

252. Multiply a— x successively by a + .r, a*+ 2^, a*+ u^,

c^-hJ^i also multiply o""" 6"~'' by a*"^b''~''c
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253. Find the g.c.m. of 46(2':^ + 8a-u;2 - 9a^ + 6^^ and

254 Solve the following equations

:

(1) *-^r=^ 1--

(3) a-:c = V{<^'-^x/(4a2-7.2?'')}-

255. Divide the number 208 into two parts, such that
the sum of one quarter of the greater and one third of the
less when increased by 4, shall equal four times the diffe-

rence of the two parts.

256. Two men purchase an estate for ^9000. A
could pay the whole if B gave )iim half his capital, while B
could pay the whole if A gave him one-third of his capital:

find how much money each of them had.

257. A piece of groimd whose length exceeds the
breadth by 6 yards, has an area of 91 square yards : find

its dimensions.

258. A man buys a certain quantity of apples to divide

among his children. To the eldest he gives half of the whole,

all but 8 apples; to the second he gives half the remainder,

all but 8 apples. In the same manner also does he treat the

third and fourth child. To the fifth he gives the 20 ai)ples

which remain. Find how many he bought.

259. The sum of two numbers is 13, the difierence of

their squares is 39 ; find the numbers.

260. A horse-dealer buys a horse, and sells it again for

^144, and gains just as many pounds per cent, as the horse

had cost him. Find what he gave for the horse.

261. Simplify

(a-f-6)(a-6)-{a-i-d--c-(&-a-c) + (6 + c-a)}(a-5-(;).
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262. Multiply a^ + a^-\- a^^-x^+l by X'-l) and

1 by + 1.

X a "" a X

263. What quantity, when multiplied by x— , will

264 Simplify the following expressions:

f a + f) a-h W- \ a-h
t2(a-&) 2(a+ 5)'^a2-62j 26

*

265. Solve the following equations

:

5a; + 3 2>r-3

:c — 1 2j;— 1

, . 5a; + 3 2.r-3 ^
(1) ^;:-r + .9737=6-

(2) v/(3 +^)+v/^=^7v^.

(3) ^+9y = 91, ^| + 9;c=167.

266. Solve the following equations

:

(1) ;r'-a?-6= 0.

,^, :r+l ^ + 2 2a; + 13
f2) f-

=-
.

^ ' x-\ x-1 x^\

(3) x^-xy-vif'= n, x + y = 5.

267. The ratio of the sum to the difference of two
numbers is that of 7 to 3. Shew that if half the less be

added to the gr^^ater, and half the greater to the less, the

ratio of the numbers so formed \\-ill be that of 4 to 3.

268. The price of barley per quarter is 15 shillings

less than that of wheat, and the value of 50 quarters of

barley exceeds that of 30 quarters of wheat by £7. 10*.:

find the price per quarter of each.
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269. Shew that

(pcd+cda + dab + dbcf - (a + 6 + c + dfabcd

= (6c - ad) {ca - bd) {ab— cd),

270. Extract the square root of

and of 33-20^^2.

271. li a= y-\-z-2x, b = z + x-2t/, and c= a?+ y- 22r,

find the value of b' + c^ + 2bc-a'^,

272. Divide ar*-21;c + 8 by l-3;z? + a;'.

«,« Ajjx 4.U ^ + ^ ^-^ J a^ + ^c*

273. Add together ,
, and -s—-s

.

„ , Sa + a; - 27a2 + 3rt.r + 7.c2
Take from -—^ ^r-^ .

3a — a; liia^ + ax—2x'^

,r ,.. 1 « I2ax-5x'^ . ^ 20ax-1a^
274. Multiply S^-^^^sF ^^ "^-^i^z^--

Dividel-j^byl+j^.

275. Simplify j ,«'-;^ + ^
a+ and

^^
j^

^.

.

b+ T- -2 + — + -Q
c + a a^ a»c o;^

276. Solve the following equations

:

(1)
"L-i-^^o^;.XX X

(2) 5y-3a; = 2, 82/-5;i?=l.

. 3x--2y ^-y ^. 2^-4,
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277. Solve the followinj^ equations

:

(1) d-{x—af = h-{^x + df,

(2)
_:? +5i±l = 5.

^ ' x-2 iC + 3

(3) J{\^x-\)-J{2x-\) = D.

278. A person walked to the top of a mountain at the
rate of 2\ miles an hour, and down the same way at tlie

rate of 3| miles an hour, and was out 5 hours : how far

did he walk altogether ?

279. Shew that the difference between the square of a
number, consisting of two digits, and the square of the

number formed by changing the places of the digits is divi-

sible by 99.

280. li a '.h w c '. d, shew that

^/(a2 + &2) : J{c^-^d^) :: ll{a^ + J^)'. J/(c3 + ^).

281. Find the value of ^^^^^ + v^i!^z51\

vhen a = 3, 5 = 4.

282. Subtract {h — d}(c— d) from {a-b){c-d): what is

the value of the result when a - '2b, and t/= 2c ]

283. Reduce to their simplest forms

:

x-—'2ax-1Aa^ . x-y x y
and +

a?'— 1ax—AAd^ x + y x— y y— x

olv'

(1)

284. Solve the equations

;

4 i _ ^
Z + x x Ix

^'
5 2 ^' 3 2~^*

(3) ^r^2x-i)-^^c^x + \Q>) = ^{nx-k'9).
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285. Solve the equations

:

(1) 10-^+1^= 9.

^ ' \a X J \ X a J

(3) .'c2-^-?/ + 2/2 = 7, bx-2y= d.

286. Id a time race one boat is rowed over the course
at an average pace of 4 yards per second ; another moves
over tlie first half of the course at the rate of o^ yards {ler

second, and over the last half at Ah yards per second,

reaching the winning post 15 seconds later than the first.

Find the time taken by each.

287. A rectangular picture is surrounded by a narrow
frame, whicli measures altogether ten linear feet, and costs,

at three shillings a foot, live times as many shillings as
there are square feet in the area of the pictui'e. Find the
length and breadth of the picture.

288. li a \h :. c : d, shew that

a + b + c + d : a + b —c-d :: a — b + c-d : a — b — c + d,

289. The volume of a pyramid varies jointly as the
area of its base and its altitude. A pyramid, the base of

which is 9 feet square, and the height of which is 10
feet is found to contain 10 cubic yards. Find the height
of a pyramid on a base 3 feet square that It may contain
2 cubic yards.

290. Find the sum of n terms of the arithmetical pro-111
gression

1+x' l-;c" l-x'"

291. Find the value of a^-l^ + c^ + Zabc, when a = '03,

•1, c==07.
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292. Simplify ^^—^—
-^—^- - a\ and shew that

-{a-^h+c){a\h-c) + ¥-{c-a)-^c\a-h))=0.

293. If « + 6 + c = 0, shew that a^-\-h^ + <?= Zabc,

294. Reduce to its lowest terms

;g^ + 23^ + 6a;-9

X* + 4^x^ + 4:0^— 9'

295. Solve the following equations:

(\\
10-^ + 17 12.g4-2 _ 5x-4:

^^ 18 13^-16" 9 •

(2) 6x-57/ = l, y-x=l2,

(3) |+8y = 66, |+&r=129.

296. Solve the following equations

:

^ ^ 4 a;+ 4

(2) ^(2:c+ 2)v^(4:c-3) = 20.

(3) ^/(3.c + l)-^/(2a:-l)= l.

297. A siphon would empty a cistern in 48 minutes,
a cock would fill it in 36 minutes ; when it is empty both
begin to act : find how soon the cistern will be filled.

298. A waterman rows 30 miles and back in 12 hours,

and he finds that he can row 5 miles with the stream in

the same time as 3 against it. Find the times of rowing
up and down.

299. Insert three Arithmetical means between a—h
and a + h.

300. Find .r if 2**
:
2** :: 8 : 1.
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VIII. 1. Sa^. 2. \2aK 3. 4a^.

4. Ibxh/z*, 5. A^sfi/z\ 6. 12a^6-9a^>«.

7. 24a^-27a'&. 8. 6a7V-SarV + 10;rV-^-

9. x^if z^ — xri/z^ + x'^ip-s^.

10. 4a:V-* + 6.'c^y^^-10a;V^'. H- 2;c2 ^. 3^^^_ gj^.

12. 6.r*-96. 13. ;ir*-2a; + l.

14. l-2a?-31.T2 + 72a:3-30.r^ 15. a:'-41;r- 120.

16. x* + 151;i?-2o4. 17. 1x^ -\hixf^^^'^i^-1'5>3^^X•^\,

15. ;r«+ 1008a; + 720.

1 9. 4.T'' - 5.1'^ + S-r*- 1 0.5^ - Sjt - bx- 4.

20. ;?,'« + 2a:«+ 3.2r*+ 2;c'+l. 21. x^-'^a^x,

22. rt^ + 4a3.c + 4aV-;c^. 23. -102>3-a?>2 + 26a25-7a».

24. a^-a252 + 2a63-6<. 25. a* + 3a«52+ 454,

^. 12;j,*3-17:cV + 3^' + 2y3. 27 aP-x^"^ + x'^y*-'j^.

28. 6.r^ + 17^y 4- 26;cV^ + 1^^f + i*^-

29. x^-<rif + ^xy-2x-2y-\-\. 30. ar^-322/*.

31. 243:^5 _y6^ 32. :c2_4y2+ |2y^«f;^2,

33. a3 4-a»6 + a62 + 53 + 252;c-(a-&)^.

34. a^ + V^ + i^-^abc. 35. a4-»-8«Pi?'(a«-2) + 16ft*u:*.

36. a*-1a^h^ + h^ + ^h<^-c*. ?7. a?*-«*

38. a;3 + -p2(^4.2,+ (.) + ^(a5 + a<7 + 2>c)4./ii,;.

.39. .^+a^a* + a\ 40. ar*-5a»^4-4a*.

IX. 1. Saj*. 2. -3a'. S. Zxy.

4. -SaWc^. 5. 4a*5V- •• «*-2i? + 4.

7. -rt«+ 4a-5. 8. ^-3:ry + 4y*. 9. 5d^o'* + ab~4.

10. 15a'6'-12a53 + 9aZ>c'-5c*. 11. x-4. 12. x->i.

13. x^ + x + 3. 14. 3ar'-2x+4. 15. 3j:» + 2Afl.

16. a:'-3.c + 7. 17. x^ + x*-i-x' + x' + X'¥l.

18. a* + ab-b^. 19. a^^ ^. 3^^ + 9,^.^5 ^. 27j/».

20. x^-xhj-^xy^. 21. ar*4-a;'y+.a;'jr + .r2;^ + Z^.

22. rt* - Iti^h + 4a'&' - 8a?>3 + 1 66*.

23. la^-Qifb+lSah^-lW. 24. V + a^ + y*.

25. ;r2 + 2.ry + 3j/'. 26. j:'-2.r + 2. 27. ;i:*-3Jf-l.

28. tf*-5a; + 6. 29. x»-4x + a 30. V^-^^^o-
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31. a^-x-\9. 32. l-Zx + ^x'-a^

33. x^ + 'ia^ + Za^+^-k-l. 34. a- + 2a5 + 3i*.

35. a^ + 2a^h + 2aP + h\ 36. ;i;* - 3.2^ + 4a; + 1.

37. it*-¥2a^ + Zx^+ 2x-\-\. 38. ;c«-^^ + 2^-2.
39. a:— c. 40. ax^ + hx-^-c. 41. a:*— 2;cy+y*.

42. a^ + x{y + l)-^-y^-y + \. 43. 7.T + 4;2r.

44. a + b + c. 45. a + 2b + c.

46. a' + a(26-c) + &*-6c + c«. 47. a(6 + c)-6c.

48. a;2-;c(a + 6) + a^. 49. ;c + y-;2r. 50. x + y + z.

X. 1. 22o2;2 + 420.Ci/ + 1962/2. 2. 49:i:*-70.rV + 25y*.

3. ;r< + 4z3-8;r4-4. 4. ;i?4-10x^ + 39a;2-70;c+49.

5. 4.r^-12a:3-7:c' + 24a:+16.

6. a^-h 42/2 + 9;2;2 4. 4a;y 4. Qj;z + \2yz. 7. x* + 2x^y + x'^y^ - y*.

8. x* + xh^^+ y^. 9. X^-x^y'-2xy^— y*.

10. x^-x^y^ + 2xy^-y^. 11. x« + 2:r* + 5.r2- 1.

12. ic*-18.c' + 81. 13. a* -4a262_ 4^^-54

14. 16.c* + 96.r32/ + 144a:V-8V- 15. a*;c*-ftV'

16. aV-2a-?>2j;22^2 + 2,y^

XI. 1. a' + t' + c'. 2. a« + 5»+ c».

3. <i' + 6' + c' + c?*+2ac +2M 4. 6(a + & + c).

5. 2(a + & + c). 6. '2b{x^-y). 7. 6;c + ay + (<» + &)-2^.

8. ;c(2a4-c) + 2/(26 + a) + 2(2c + 6).

9. 2{a + h-h-c){x + y + z).

10. 2(a' + 7)' + 6-»-rt&-?>c-<:a). 11. 6-lla.

12. 6'-f/^ 13. 2a4-4?>y. 14. {x + df. 15. a.

16. 2a-56 + 4e. 17. 6. 18. x^ + x^y-\-xy^-^if.

19. o^-^x^y + xy^-^y^. 20. 12rt?)(;. 21. a-r6 + c + rf.

22. 36. 23. 9^2 - 30a/> 4- 256'.

24. - 6c* + c (9a + 4W-6a6. 25. {x^ + xy \- y^)"^

.

26. {a^~xy-\-y*)\ -27. a'-2a6 + 36».

28. ;r»-8.r?/+15y*. 2f). a* rrh^-\-b\ 30. a* -6*.

31. 2a*--6ab + 4h\ 32. .r-i. 33. (:c - 1 ) (.r + 4).

20—2
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34. a-\-x. 35. a' + 6\ 36. x^-ax-^a^.

37. (a; + 4)(j + 5). 38. (or + .5) (j; + 6).

39. (j;-5)(d;-10). 40. (.i'-10)«. 41. {x-U){x+\2\
42. (;c + 4)^-1 1). 43. {x-Z){x + ^){x'^-¥^),

44. (.^' + 5)fdr*-5;c4-•25).

i -. {x- 2) (* + 2) (a^ + 4) {x* + 16).

46. {x - 2) (.5+2^ (.i-^ + 2x + 4) (a;' -1x-k- 4).

47. (a + 45)(rt + 56). 48. {x-Qy){x-*Jy),

49. (a + &-5c)(a + &-6r).

50. (2a; + 2i/-a-^)^.c + ^-3a-36).

XII. 1. 3.^;'. 2. 4rt'Z>'. 3. 12aV^.
4. la^ai'y*. 5. 2(.i;+l). 6. 3(;c+l).

7. 4(a'+ 6'). 8, a^-y\ 9. a; + 5. 10. x-7.

11. a?-10. 12. a;-12. 13. x^+Zx + 4.

14. a;'-5jr+ 3. 15. a^-6x + 7, 16. a:*-6j;-5.

17. « + 3. 18. x-4. 19. j^'-ar + l.

20. s^-x + \. 21. 3a: + 2. 22. a:*-:»-l.

23. a^-2. 24. A--2. 25. x* + l.

26. o^' + Sjr + S. 27. 7.r' + 8a; + l.

28. x*-2x^ + ^J^-2x + l. 29. ^c'-Sr+l.

30. j# + l. 31. A- + 7. 32. a;+3y. 33. x-t-a,

34, a;~'^. 35. x—y.

XIII. 1. 12a'6'. 2. SGaWd^. 3. 24rtV>'.c32/».

4. (a + ft)(a-6)». 5. l'2ab{a^ + b^\ 6. (a + 5) (a^ _ i>3)^

7. (a? + l)(.r + 3).:.r-4). 8. {x + 2) {x+ 4) (x^ + 3,^ * I).

9. a; {2x+ 1; (3a- - 1) (4.r + 3).

10. Qs^-5x + G){x-l){x-4:\

11. (V + 3j; + 2)(.'C-3)(a; + 5).

12. (.r' + a;+l)(a:'+l)(a;4-l)(:c-l).

13. {x^-x'-4x-h4){x-l){x-4).

1 4. (.^-^-ax + a') (.ir" + rt.r 4- a') (j? - a)*.

i5, aoa^i^'c'. 16. 120(a + 6A'rt-Z')'-
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1/. 24(a-2>)(a' + &3). 18. \(i'^db\a + h) {a -h).

19. a^-\. 20. x^ 1 21. :r^»-l.

22. (a?+l)(a?4-2)(.r + 3). 23. {x+\){x->r2){A-'-h2x-2\

24. (a:3_i9^_3o)(^ + 5^+10).

XIV. 1.3^+—. 2. Aac+~. 3. 2«+ P^.
7 9 4a

4. 2;r-^. 5. ^+-^-. 6. 2x ^_.
6j; a?+3 ar-3

7. a:' + 3a^+3a'+—;;-. 8. x-\-
x—2a'

'

x*-x-i-l'

2 4a?
9. ar3 + ar2 + ar4-l+—-. 10. a^-x- + x-l. 11. -7.

;r— 1 So

12. 8(2!±.*;). 13. ^!^. u.
3(a + 6)

' ' 2(a + 6)' * {x-l)-{x+l)'

_ 4;c :^^4-2^ 2ra-&) (;g'-l)(ar+l )
1.0. r- . lo. , . 17. TT^ fc. 10. 9—-;

.

2a-x ^ a -^b „ a + b 2ax

CUV— 3?/-
*

X—o X—1
x-i-a-b — c

:r-pO — a —

c

a.-» + 3j;+2*

0^4-4

3jr + .r+2
'

.r--K7./--2<?^

2x^ + 3'/.i- + 4<i*

'

.r-3
•zo.

0:*+ 1

"
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_ a(a+ ^)(«2 4-?>2) (ar-I)(a;+l)«

g {x'^ + ax + or) a^+ ax-\-ar

a;—

c

40.
(.1* - a) (.r - 6) (a?— c)

''

AVI. 1. . . ^. ~"^ To. U. 9 1,9 '

2c& ^a + ?> + c „ 1 „ 12.r
4. -0--L-9. 5. —-^— . 6. . 7.

c^ — lP-'
' ahc '

' x— y' ' \ — ^x^'

„ a + x ^ a + b ,^ Aa „ 2a2 + 9c2
8. . 9. r ^. 10. . 11. —

ax la — lb a + x 6ac

12. *. 13.^-^. 14. y:l,. 15. '«
a_6' "• ^-6» •

x(4.2r'-l)" (dr-2)(;c + 2)»'

,^ « ,^ a*+6a^x^+x* ,„ 2
16. -.r-^. 17. 7

—

:i . 18.
a^-b"' a'^-a^ ' {x + l){x + 2){x + 3)'

6x^-1X 4x^ 2x^ 2x^

{x^-l){x-2) y{x--y') \-x^ x--\
2^2 „, 2a* + 6a262 3^-

23. -^-5 5^. 24. i—TT-. 25.
x{aP'-d^' ' a^-b* ' a^-l'
4a^{a'-ax + x^) 4(:r4-10) 2.^2-9^ + 44

26- ^4_^ •
^7-

;p4_i6 • 2**- ^^ + 64 •

x^ — Aax— ^2 2<i ;c2 _ 2,x

6 J _2^
^ • ;c(.r+l)(ar + 2)* (l+.z;2)(l+^)- ^^' ;r* + ys-

37 Jy!_ 38. _2f!±2_ 33 4(g^x^-6V)

*

a;3_^ • *

.i'-* 4- .t- 4- 1
*

' a*x* — b*i/*

40. :3-i^. 41. 0. 42, -i^.. 43. #„.
48a3 ^„ 246*

44. 7-T oTT—5—rr-TTT 4j.
(a^-a*)(ar«-9a2) ^(a2-6-'^(a«-4^)'



ANSWERS. 311

i6 ^ 47 ? 48 ^^^±^Z^
{x-a){x-b)' {x-a){x-h) {x-a)'x—b)

49. Z ~ i:. 50. , ^~f~ y,. 51. 0.

52. --7 r- rv. 53. 1. 54. ry -..
CyC-a)\^c-b) {x—a){x — b){x—c)

55
^x'-a^-b*-c'

gg 1_

{x—a){x— b){x-c)' ' (x-a){x-b){x-r)'

XVII. 1. 12. 2. 1, 3. ^. 4. r^, -,,.
5a ary^z^ {x-l)(.c ^ 2;

a* -6* ^ a^b ax
5. a?-a. 6. —J--. 7. -2

—

u- 8- -
ao a^ — b^ a'-~x'

9. (§14. 10. £±£. 11. -iL
. 12. (^flzA=.

ar-k-'ir ^ + b x — y abc

, ., a:^ - a^r* + rt*.c — a' , . ^^ «^ 2/" ?''•

1 "i 14 ^.L- tl - 1^ I

a'^ X- b^ y^

30. X. 31. 1
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f,.
ab-pq __ 1 /^ , ^ . Q^ KR <^-a^

54 ;—^-^— . 55. -(a 4- + 3). 56. —-^—^.

60. 50. 61. 25. 62. — . 63. (a -6)'. 64. a,
ol

XXI. 1. 30. 2. 2. 3. 13, 20. 4. 35, 50, "fo.

5. 17, 31. 6. 28, 14. 7. 28. 8. November 20ih.

9. 52. 10. 36,27. 11. 48,36. 12. 14, 24, .38.

13. 28, 32. 14. 103. 15. 54, 21. 16. 8.

17. 8, 12. 18. 10. 19. 36, 9. 20. 36, 12.

21. 100, 88. 22. 14. 23. 24, 76. 24. 21.

25. 36,24. 26. 24,60,192. 27. 840. 28. 300rK).

29. 420. 30. 24. 31. 5U0. 32. 10, 14, IS, 2?, 26, :J0.

33. 36,26,18,12. 34. 50,100,150,250. 35. 5,6.

36. 24, 36, 56. 37. 88, 44. 38. 130, I'^O, 130, 90.

39 13,27. 40. 75,2-5. 41. 85,35. 42. irOO.

43. 18, 3, 3. 44. 24000. 45. SO. 46. 26, 16, 32, 27, 42.

47. £140. 48. \0\(l.

XXII. 1. 72. 2. 20, 30. 3. 200 miles from

Edinburgh. 4. 12, 16. 5. 8, 16. 6. 32, 16.

7. 48. 8. 30. 9. 9, 16. 10. 30. 11. 18.22. 10, 40.

12. 6,24. 13. 10, 15,3,60. 14. 10 .shillings. lo. 55,45.

16. At the end of 56 hours. 17. 27, 17. IS. 168, 84, 42.

19. 16, 25, 7, 42. 20. 240, 180, 144 days. 21. 15, 21.

22. 2560. 23. 36, 54. 24. 60. 25. 12. 26. s ])cnca

27. 875,1125. 28. 25. 29. 10,20. 30. 20.50.

31. 5^^^. 32. 40,50. 33. 11,17. 31. 28.

3.5. 24. 36. 1024. 37. 450, 270. 38. 2200, 1620,

1100,1080. 39. 60. 40. 74-12 + .32. 41. 30.

42. 60. 43. 240. 44. 3^. 9rf. 1*. 4c?. 45. 50(/.

46. £133J. 47. 24. 48. 60. 49. £120000.

50. 25. 51. 4^, 3^. 52. 39. 53. 40
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54. 200000000. 55. 6^. 56. 48. 57. 49^^ mimit^

past three. 58. 32^ minutes past three. 59. £28S.

60. 2 seconds. 61. 40 minutes past eleven,

62. £300 and ^200. 63. 14. 64. 640.

XXIII. 1. 10 ; 7. 2. 17 ; re. 3. 2 ; 13.

4.
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12. 20; 52. 13. 70; 50. 14. |. 15. (24-1)20.

16. 15; 65. 17. 12 ; 5. 18. 14; 10. 19. 24.

20. 1;2. 21. 59. 22. 100 lbs. 23. 150 yards;

30, 20 yards per minute. 24. 21 ; 11. 25. 50 ; 75.

26. 70; 42; 35. 27. 90 ; 72 ; 60. 28. 12 milca

29. 4 miles walking, 3 miles rowing, at first. 30. 3:>^

miles per hour; 48^ distance. 31. 45; 30 miles per hour.

32. 30; 50 miles per hour. 33. 60 miles; passenger

train 30 miles per hour. 34. 150 ; 120 ; 90. 35. 3^5. ;

35. ; 2^5. 36. 4 ; 59 ; 55. 37. 120 ; 80 ; 40. 38. 432.

39. 420 ; 35 ; 21 shillings. 40. 2 ; 4 ; 94.

XXVI. 1. ±4. 2. ±25. 3. ±7. 4. ±9.

5.
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53. 4,0. 54. 1^,0. 55. 13,^. 56. 6, -3J.

57. 5, -
1-,V 58. 5, \\. 59. 5, - 1^. 60. 2§, 0.

61. a=t^. 62. (a±6)2. 63. ^ ^{dh). 64. a, -^^^t'.

XXVII. 1 ±2, ±3. 2, 49. 3. 4. 4. ±4.

5. 5,-3. 6. 3,-2. 7. 6,0. 8. 12,-3.

9. 9,-12. 10. ±3. 11. 2,-15i 12. 4,111

13. If. 14. 16. 15. 1. 16. ^, ^. 17. 4.
" 5 5

IS. 4. 19, -^—r^^TTa • 20. —r—
. 21. 3a2.

(« — by 2

22. 0, ±-,-. 23. 0, ±5. 24. 0, =fc ^2. 25. 2, ± 1.

26. 0, ±^(a&). 27. a, -2a, -2a. 28. a, ^, -^.

XXVIII. 1. 36, 24. 2. 36, 24. 3. 30, 24.

4. 18, 12, 9. 5v 12, 10. 6. 4, 6. 7. 196.

8. 3, 4g. 9. 11. 10. 7. 11. 6,12. 12. 15.

13. 24. 14. 27 lbs. 15. 8.*. Pf?., 7^. 16. £20.

17. 126, 96. 18. %d. 19. 10, 9 miles. 20. 56.

21. 192, 128. 22. 9 gallons. 23. 64. 24. Equal.

25. 4 per cent.

XXIX. 1. 5. -4; 4, -5. 2. 4, -
li- ; 1, -"(I.
/ 3.)

3. ±8; ±6. 4. 6,12; 2, -4. 5. 7, -4; 4, -7.

48 , 41 ^ „ G ^ J ^ 4 ^ J3

29 53 '^ 3
9. 2, -„^;4, --. 10. fi, ; 5, 0. 11. -,0;.^,0.

12.3,6;|,| n.4,J;S,J. 1 .. ";^ '', U; ";'', u. 15. a, 4.
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,- (36-a)a , (Sa-h)b _ 2ab* , 2ba*

18. a,0;0,&. 19. :*i4,

±J-;
±3, ^^^ 20. ^5; ±4.

21. ±7; i6. 22. ±15; ±7. 23. ±4, ±14; ±1, =f4.

23
24. ±9; ±4. 25. ±3, ±3G ; ±5, =f -„ . 2G. ±9; ±3.

27. ±8; ±6. 28. ±2; ±1. 29. ±9, ±8;^2; ±7, --t x/2.

30. ±4; ±1. 31. 0, 1, ^; 0, 2,
l^-

^^'
='v(2a2 + 2)' ="7(2^^^)' ^^-

'''
"=

^/2 '
'=^' "^

Ta"-

^+1 , a—

1

«., r, ^ ^

34. ±rt, ±—7- ; ±1, ± —7H-. 35. 6, -4
; 4, -6.

36. 5, 4; 4,5. 37. 4, 2 ; 2, 4. 38- 4, -3; 3,-4.

39. 1,2; 2,1. 40. ±4, ±3; ±3, ±4. 41. 2, 1;^,^

42. ±5; ±3. 43. 2, 1, - 1, -2 ; 1, 2, -2, -1.

., 1 -2±^3 -1±V13. , „^ ,^ -1-F^13
44. g, 2 »

—'"4 » ^' "^^v^^j 2

45. 3,-^; 6, -|. 46. 5, -3; 2, -|.

.^-», ^o.319_973
47. 2;1. 48. 4,2;4,-4;2,2,-4,4.

49. a+6 + 1, -il^j 6, —^. 50. ±^; ±36-
* a+1 ' ' a+1 3

51. ±^; ±2&. 52. 0, a+6,~(a-&)±^v/((« + 36)(a-Z^)};

C4. (a;+y)(y + 5r)(2+a?)= ±a5c; &c. 66. *1; *2; ±3.

1^^ 8 3 3 8
^^- 3' 2' 2' 3'

"'•
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XXX. 1. 11; 7. 2. 6; 18. 3. 8; 24. 4. 8; 16.

5. 10; 15. 6. 10; 12. 7. 7; 5. 8. 18; 8: 6; 16.

9. 5; 3. 10. 4; 2. 11. 2 ; 2. 12. 4; 6.

13. 7 ; 4. 14. 12 ; 8. 15. 20 ; 15. 16. 30 ; 40.

17. 60; 10. 18. 6-4. 19. 160 ; £2. 20. 24; 4*.; 3s.

21. 756 ; 36 ; 27. 22. 4^ walking ; 4^ rowing at first.

23. 10 ; 12 miles per hour. 24. 6 miles.

XXXI. 1. Sx^y^z^\ 2. -8:c«2/V. 3. 81a*5^c'».

4.0^ _64^ - ^
7. a'+ 1a!^b + 21a*&'+ 35a^&' + Zba%*'+ 21a'6' + lah^ + U.

9. fl«-3«^fc' + 3a''6^-&«. 10. l-Zx + ^a^-x".

11. 8 + 12a; + 6:c'+^. 12. 27-54.c + 36.2;»-8.r='.

13. l + 4a; + 6a;2 4-4;c' + :c*. 14. 5:^-8^;^+ 24:^2 -32^:4- 16.

15. 16a;* + 96;c»+216;c' + 216a;+ 81. 16. 2a^a:^-k-Qaxlry\

17. 2a<:i?*+12aV6V + 2&V- 18. 2(5ar+lO;r3 + .Z'^).

19. l-4;c2 + 60?^ -4^:^ + 0;'. 20. \ + 2x + 2x'^-¥2j^+x\

22. l+2a;-:c2-2;r3 + a;*, 23. 1 + 6a; + 1 3.^2 ^. 12^^34- 4j:*.

24. l-6;»+15a;''-18a?=* + 9a?*. 25. 2 (4 + 250;* +1 Go:*).

26. X + Zx + Qx^ + la^ + Qa^ + ^xl^ + a^.

28. \+Zx-5x^ + 'ia^-x^.

29. 1 + 9a; 4- 33a;V 63a;' +660;* + 36a'' fSoT^.

30. 1 - 9a; + 360;^- 81a;' + 1 OSa;^ - Sla;^ + 27.^'.

31. 2(36a;4171.^'^+144ar5). 32. 1 - 2a; + Sx^- ;r* + 2ar' + «•.

33. 1 4- 4.i; + 1 0.r" + 20.i-^ + 26X* + 24a;^ + 16a;«.

34. A{ah + ad+hc + cd). 35. 2(^24.0^4.^2+ 52+ 2^,^^.^2)^

36. 1 + 6a; + 1 5a;2 + 20a.-' + 1 ^x* + e.r' + x^.

37. 1 - 1 2a; + 6O.1;'- 1 60a;' 4- 240a;* - 1920^* + 64a;".

38. 1 4- 8^ + 2Sa;'' + :')6.c' 4- 70a;* 4- 56a;5 + 28a;" + 8a;^ 4- a;*.

39. 1 - 3a;' + 3a;« - ./ ". 40. 1 4- 3a;2 + Qx*' 4- 7a;" 4- 60;^ + 3a;^o + x^\

XXXII. 1. 3a'Z>». 2. 2ah. 3. -<ah\ 4. 1ab'^<*.

'iab _^^ fi — <) —
Ic^' 5c2' be' 26*

•

5a6 „ ea^?* « 3a « a
6. -a6V. 6. , .. 7. - -:^. 8. ^. 9.
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10

14,

IS,

21.

24,

27.

30.

33.

37.

41.

45.

49.

53.

57.

61.

G5.

68.

71.

74.

77.

83.

88.

2a^

Qa + Zbc.

11. 4a + 56.

5a + 26

12. 7a'" -66. 13. 6:r' + l.

15. ~^P-^. 16. ^^ -. 17. x' + x + l.

l-:c + 2:c'. 19. a;= + 3^+ 8. 20. x^-^x-^,
1-2j; + 3.1-2. 22. 2a;*-^2_2. 23. a;'* - ao? + 2a2.

^- aa:+ ¥. 25. a;' - 6.i'- +12^7-8. 26. x^ + 2a;c2 - la^x - a\

l-x+oc'-a^ + x*. 28. r--^---. 29. l+;c.

2;r-3y.

x+l.
61.

123.

6-42.

620-1.

12007.

•75416.

•65574.

18-63488.

28. — - 1^ - ^^
Sy 5z 4z'

31. l-x+x\ 32. a;2-(a + 6)a; + a6.

34.

38.

42.

46.

50.

54.

x^ — xy-\- 2/^. 35. 34.

72. 39. 87.

321. 43. 407.

•914. 47. 1234.

70-58. 51. 8-008.

504-06. 55. 1-8042.

58. 443329. 59. •94868.

62. -09233. 63. 412310.

66. 119-5G331.

12a;2+ 4y3.

x^—ax—a^.

27. 78. 35.

69. x-a-l.
72. Ix^-V^cx-Zc^.

75. l + 2a;.

79. .54. 80. 61.

36. 45.

40. 99.

44. 555.

48. 5420.

52. -4937.

56. 2-1319.

60. 2-49198.

64. ir357Sl.

67. 2;c + 37/.

70. X^->rX-¥\.

73. l-3;r + 4a;2.

76. 3;r-l.

81. 88. 82. 92.

138. 84. 148.

•604. 89. 1111.

85. 378.

90. 2755.

86. 39-2. 87. 5-76.

91. 45045. 92. 17479.

XXXIII. 1.

6. a-« 7. a». \. a

2.|. 3.1. 4 100. 6.1

'. 9. a-\ 10. a^, 11. x^-y^.

\2. a-h. 13. a;2+ 2.c- + ^-4. 14. x* + l +;c-'*. 15.a-^-l.

17. a2 + 2aM + a6-.rV.

1 9. X- + x^y^ + x^y^ + y\

21. i().i-~^- i-2.,--*t</-^^ \)y~^.

16. a2-3a3 + 3(i~3_rt-2,

18. x^ + x^y-xy^-y^^
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22, x + y. 23. a -aV+6. 24 a* + 6*-A
25. ;c^4-2:c^<x^ + 3.r^a + 2a;y + a2. 26. a;*-2x*t/ +y^.

27. a?^-2,r~^. 28. x-2-x-'^. 29. a?" - 2^-^ + j;^.

30. 2a^ -3 + ^'^.

XXXIV. 1. 7v/2. 2. 94/4. 3. |^/3. 4. ?^.

5. ^-^~. 6. ^. 7. 2 + 2J2-2J3. 8. 2 + ^ JG.

9. 4 + 1^/2. 10. 5 + 2^6. 11. ^^^~^

12. Vl8 + 9^6 + 4^/15 + 6^10y 13. 3+ ^'5.

•14. 3-^7. 15. ^6+^2. 16. J\- J%
17. ^/3-^/2. 18. 2 + ^3. 19. ^/3. 20. <^10.

2 7 5 2 3 8 5
XXXV. 1. -. 2. ^,3, 3, 4, 9. 3. -.

4. 14, 21. 5. 24, 30. G. 20, 32. 7. 1.

8. 15, 10. 9. 6, S. 10. 35, 42. 11. 4.

12. —^ . 13. 50, 60, 90. 14. 0, 2 : 5.

XXXVI. 1. 14. 2. 18. 3. 15. 4. 12. 5. 4.

6. 4. 7. 2, 2^. 8. 6. 9. 1, - 1. 13. 45, 60, 80.

14. 4, 6, 9.

XXXVII. 1. 4. 3. 5 : 2. 4. 2. 6. 4.

6. 5. 7. 8. 8. abc. ^ -U - ^^- ^^^H-

11. 15. 12. £15360.
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XXXVIII. 1. 936. 2. 77i 3. 69. 4. 139^
5. 37i 6. -115. 7. 14,16,18. 8. 14^, 14|,...

9. 6.^,5,... 10. --, ^,... 11. 10,4. 12. 82.

13. 5, 9, 13, 17. 14. 5, 7, 9. 15. 1, 2, 3, 4, 5.

16. 18, 19. 17. 7. 18. 5. 19. 1, 4, 7. 20. 1, 2.

XXXIX. 1. 1365. 2. 13f. 3. 40f. 4. 63(^/2 + 1).

,665 ^463 „ 3 „ 4 ^2 ^ ,

^•6-48- ^- -% • 7- 4- ^-S- ''Z'
^^•^•

11 ^ 19 ^^ iq 212 657
'^' 33* '^' 333- ^"^^ 495* ^^ IDSO"

15.4,16,64. 16.8,12,18,27. 17. -9,27,-81,243.
18. 3, 12, 48; or 36, -54, 81. 19. 1, 3, 9,... 20. 3, 6, 12.

XL 1 ^ ^ 1 2 * ^ ^ 3 ^
^2

^^-
^- 2' 5'^- ^' 5' 13' 2- ^- ^'y

-t.

i|, 1^, ^ . 5. 6, 12. 6. 36, 64. 7. 1, 9. 8. 3, 9.

XLI. 1. 134596. 2. 6040. 3. 126. 4. 30240.

5. 11. 6. 1900. 7. 15504; 3S76. 8. 27; 99.

XLII. 1. ai3_i3^i2^ + 78a^^c2 ._78aVi+13aa?^'-a?".

'2. 243 -810.cV 1080.r* - 720^;'' + 240^;' - 32.c^!

3. 1 - 14y + 842/2- 280y^ + 56(V - 6722/= + 448y*- 128y".

4. a;"4-27?^-^2/+2n(n-l)^"-V+ " -~ „
^ ~ '^

^''~V»

5. l+4;c + 2.2r2_3^_5^ + 8;c5^2.2;«-4;c' + a'* 6. l-l-5a!

-I- 15:^2+ 30.^^4- 45;c*+51.c*+ 45.c''+ ZOx' -\- Iba^ + 5a^+ a^^,

7. 1 - 8a; + 28.^2 - 56.c^ + 70^' - 56 j.-^ + 28:c«- 8.r^ + ^«.

8.5922. 9.1590. 10.a; = 2,y = 3, rz = 5. ll.x = A,y = ^, n = ^

i « *«^ Za'^^ar 7a~ 4 j;^ 77a~ ^
12. ai-- ^

~- ^^^.

13. i + f + ^%!^. 14. i4-2.r + 4.»* + 8.r» + ...

2 3 54

T. A. 21
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16. r + l. 16. 3-iI^i|£^
(3;r)-*-V.

-11 -11 _ii 1040 19 4Q40 "
17. a »+10a 'fe + 65a » 62+ i^a-T53 + l^^-Tg»4,

o o

(r4-l)(r + 2)(r + 3) ix^-..^3a^ 3;r-^

20. i+f-^_Z^.
2 8 16

XLIIL 1. 2042132. 2. 22600. 3. 11101001010.

4. 2076. 5. ^4592. 6. Radix 8. 7. Radix 6

8. 9^21 ; te. 9. Radix 5. 10. eee.

XLIV. 1. -. 3. n = -.
a r

Miscellaneous. 1. 729,369,1,41. 2. 41;c-5l2/.

3. 9-30a; + 37^-20a:3+4;,.4, 4 1 +;i._;p3_;j;4^

l-^ + a;3_^. 6. 2^13^. 6. (4^8_9)(9^_4).
0^ — 4

T. -. 8. 3. 9. 240,360. 10. £2, £2*.

6 6 6' 62
14. 2^2_^_2y«. 15.

^\~^~^
,

16. (;c-10)(a?+l)(x + 3\ 17. 7 ^^s, \., i^v.^ '^ ^^ (.7?-10)(:r+l)(;r + 3)

18. 5. 19. 7. 20. £40. 21. 2a-26-a:-2y,

a + 3&+4;«?4-4y. 22. 11. 23. x*-a*. 24. ^ + f - -
.

2 3 4

25. a^-1. 26. ^^^,. 27. (16*3-1) (^-4).
0^ — 4a-

28. 6. 29. 14*, 215, 52^5. 30. 100.

31. 1. 32. {a^^a:^\{x^--h'% {x-a){x-h).
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33. 4^-2ar32/ + a:V-^y'+^. 34. ar-2.

35. ^^t^~^\ . 36. 1. 37. 4. 38. 2. 39. 30 minutes.
2 (3^- + 2/2.)

40. £18,^6. 41, 10a; +10^. 42. lafi-lxy ry'^,

-x^-Q3cy + 1y^, 12a;* - 1 Ox^y - xhj^ + 2Qxi^ - 1 2//*.

43. a + h-c. 44. a;' + l. 4,5. -^v 46. {*^-A){x^-9\
a;+ 1

*7. s-^^^ 7. 48. 1. 49. ^. 60. 30 lbs.
2ar +x—l 25

51. Za^-^a^h-lla^V'-ah^ + Zh*', 30^ - 8a'& - 4a&' + 365.

55. 1; 2. 56. 3

a» + 5» a^ +V

52. 2;c-5. 53. 2. 54. (^L±_l^. 55 1.2. 56. 3 ; G.

57. 6; 8. 58. 4; 5'; 2. 59.
ayw + &n ' hm — an

'

60. |. 61. «*.+ a;2+i4. ^ + 3.

11^ + 2 2ax
6-2- K •>

, ., ^o - 63. -F^. 64. 1. 65. 4; 3.
7a;-^ + 7a; + 2 a^^+l

66. 2; 4. 67. 3; -3. 68. 3. 69. 2.

^«— 1 8
70. 20; 40 years. 71. 1. 72. ^^ , \.

73. (a;-2)(^-l), (^-2) (^-5), (x-\)(x-5). 74. 0.

2 17 4
75. - . 76. IT ,

- • 77. 3 shillings, 2 shillings.
5 00

78. 3ar2-a;+l. 82. {ar'-^y^)^ 83. 3; -2.

84. 5. 85. 47 or 74. 86. 45 gallons.

87. 4jr»-3^y2 + 5y3, 58. 524. 89. 4*85409. 91. x-y.

92. 8{a^ + y*);4S{x*-y^). 93.^—^^. 94. 1. 95. 4,5,6.
X —y

5
96. 3, -r. 97. 20 miles. 98. Pre.sent price 3 pence

o

per dozen. 99. 18[l-^j; 18. 100. 4, 8, 16.
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101. x^-\, l+x^-^x^. 102. {a^-cf){afi-(j^. 103. a.

/35
104. 1. 105. 13, ^ k/ Yi'

106. *3; .fc4; :t=5:

or .4 3; ±5; =F 4. 107. 20 shillings.

108. 48. 109. - + 1--. 111. af+l + a?~".

y X

"2-
i5T25rr3JT6' r 113. 7.^. U4. lor -3.

115. =.2;^1. 116. ~, |; 2-. |.

117. \. 118. -«-'. 119. 612.

121.
2ah^.y.^a^h • 122. 3:^^-5^ + 2^'.

123. « (3a; + 4) J? -6). 124. ^. 125. 2,-.

126. 6, -j; 4,^ 127. 1, ^; 2; |. 129. 3.

130. 3(3"-l). 131. -. 132. 2a: (3^ + 4).

133. 4, -3. 134. a?2-;r-6 = 0. 135. a:* = a* or ^.

ar + y
a^

136. ±2. 137. 8-19615. 138. 7-2^/3. 139.

140. i±^, (a±cnc^h^2a)
^ ^^^

b— a 2(6 -a)
4 rfl

142. 197, 3x^-2x''--5x-Z. 143. a(a« + 62), _^i_

80
144. (1)4. (2) 0,5. (3) 5; 7. 145. (1) 3, ~. (2) 8.

(3) ±7; =t5. 146. 16; 16. 147. 20. 148. 16, 24.

149. — , 169. 150. As 5 to 1. 151. x^. 152. a"+ 4&

163. x-Z. 154. (1) 5. (2) 3. (3) 7; 4.

155. (1)8. (2) 9. (3) *9; ^7. 156. 30 pence.
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167. 80. 158. £20. 159. x + 2a,

161. a, 21a-27& + 6c, a^i"""^. 162. 2{a-x).

163. 72(^-y)«(^ + 2/3). 164. (1) 9. (2) S. (3) 12.

(4) 20; 2. 165. (1) 6, ^. (2) 11. (3) ±11, ±13.;

±13, ±11. (4) ±2; =Fl. 166. 12 days. 167. 4, 8. 168. *
.

15

170. 208; 400. 171. 23&-18a. 1-72. 2,p-,x^.

173. a^-Zax^ + Za-x-a\ 174. (1) 13. (2) 4. (3) 6; 10.

(4)3. 175. (1)2,4. (2) ±5; ±4. (3) ±1, ±7;

t1, ±5. (4) 1, 5; 5, 1. 176. 16i*j- minutes after 12.

177. 36. 178. 40,23. 179. 36 fl-^], 36.

180. 7-J6. 181. 15. 182. -^-,~^-. 184. (1) 9»

(2) 6; 8. (3) 4, -\. 185. (1) 13, -15. (2) 7. (3) 2, -1.
4

186. 288, 224. 187. 29 miles. 188. On the first day

A won 8 games and lost 4 games. 190. — Soi.

\B>x*+\2j^-AZx^ + ZQx-\S 6.c'-20j?' + ^ + 36
191.

144
' 4

(2) 7. (3) 40; 16. 195. (1) |, "I-
(2) 13. (3) 2,4;

4,2. 196. 56 miles. 197. 24. 198. 23+1.5.

199. a*-a& + &S a'+h\ 200. 2,4,8,16.

l + 9.r-.1.3.r^
;.^-2.:-k4 203 -^^^

^"^'
3(7-20^) • "

• ^ • (2 + 3.1')"
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205. (1) 7, |. (2) l;-4. (3) i3; ±2. 206. 10 mile^
o

207. 24. 203. 6 cro\viis+18 shilliugs.

209. 2a''^+2(W;+ 46*. 210. 7, 11, 15, ...

/J.2

211. 3;c3_2j;3y + 3^yi_r2^. 212. -
\1 + bx-2%x-

213. ^^f. f^oi"^^^o. • 214. (1) 9. (2) 16 ; 4.
^-10.c^ + 3Lc-30 ^ ' ^ '

(3) 3; 6; 9. 215. (1) 3, -6. (2) ±7; ±5. (3) 2, 4; 4, 2.

216. 1*14 of each. 217. 126. 218. 21. 219. 11,12.

13,14. 220. 3 + 2 J2. 221. x^ + J^+\,pa^+ qx~r.

222. jrr^^^,
a-k-h + c

^23. (7*-4)(3j;-2)fj^-3\
o{a + bx)^ a-b-e

224. (1) 9. (2) 23; 19. (3) 12; -24; 36. 225. (1) 28, -3.

7
226. r^ of a mile. 227. 503; 1000; 4000. 228. 2 hours;

4 hours. 229. 2,5,8,.... 230. y^{^-n).

231. ^r2^2j+fc
&(a2 + 52) ^8 + 53

234. (1) 5,
^1

(2) ^-^. (3) 5; ±4. 235. 19.
5 V ^

236. 150, 50. 237 . 40, 50. 238. 1975.

239. a^ + a^h + ab'^ + 1^, a + 25 + 3c. 240. ;rV* + 8a-V-

241. 14.ry, ~-A_ —\ 242. a- + a. 243. 105 sliil-

1—x*
lings. 244. 54. 245. 3^ 5, 8. 246. 6^ per cent

247. 2200 248, ^. 249. 6-678, 1-234. 251. 2a-b,
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262. a^*-x'\ c. 263. x(3a + 2;r). 264. (1) 5.

(2) 114; 77. (3) 0, %. 255. 112; 96. 256. ^ hat

£5400, B has ^^7200. 257. 7; 13. 258. 80.

259. 8; 6. 260. £80. 261. c^ + lhc.

262. «"-l, -^3(2^* + 3a.t:'-4a'';c'-3a»;r+2a*).

263. ^-.+l4 + ^. 264.^^t|,l. 265.(1)?.

(2)1. (3) 18; 9. 266.(1)3,-2. (2)6,?. (3) 2, 3; 3, 2.

X 1
268. 45 shillings, 30 sliillings. 270. x^ + ---j 6-2 J2.

271. 0. 272. a:»+3a; + 8. 273. -^^—-j^,

12ag-8ga;4-5a^ 4.g* ,.__-.

\ba? + ax-2a^' ' (4a-3;i;)(5a-2;c) '

^'^
^'

275.
/(^-^^^l ^'-^^^,

. 276. (1)2.
ao{c->rd) + a + c+ d^ a^+ax + x*

(2)11;7, (3)4;^«. 211.(1)"-^,^. (2)4,7.

(3) 5. 278. 7 + 7 mUes. 281. |r . 282. 2 (a- 6) (c - d),

-2&C. 283. ^^, -4^,- 284. (1) 4. (2)6; 4.

Q 17 n 5^
(3) 5, |. 285. (1) -, ^. (2) 2a, -a, a, -|. (3) 1, -;

47
-2,=^. 286. Second boat 16 minutes. 287. 3 feet;

2 feet 289. 18 feet. 290. ^i.^^ + ^^=^].

291. 0. 292. b\ 294.
"^ ^^

a:2 4.2ar + 3
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295. (1) 4. (2) 61; 73. (3) 16; 8. 296. (1) 7, -8.

(2) 7, -— . (3) 1,5. 297. 144 minutes.
4

298. 4^ hours \vith the stream, 7^ hours against the

stream. 299. a-^h, a, a+ bs 300. 3,-1.

THE END.

PRIMED AT THE STRAM PRESS ESTABLISHMENT OF COPP, CLARK * CO.

OOLBORNE STREET. TORONTO.










